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ON THE (p,q)— FIBONACCI N-DIMENSIONAL
RECURRENCES

Orhan Diskaya and Hamza Menken

ABSTRACT. In this study, one-dimensional, two-dimensional, three-dimensional
and n—dimensional recurrences of the (p, ¢)—Fibonacci sequence are examined
and their some identities are given.

1. Introduction

A rabbit problem is included in the book “Liber Abaci” written by Fibonacci
in 1202. An interesting number pattern was encountered in the solution of this
problem. This number sequence is the most important number sequence discovered,
namely the Fibonacci number sequence. The Fibonacci sequence F), is defined by
the recurrence

F7L+2 :Frz+1+F7u n 20

with the initial values Fy = 0 and F; = 1. For the recent process of Fibonacci and
Fibonacci-like sequences, we refer the reader to [2, 6, 7, 8,9, 10, 12]. In these stud-
ies, interesting properties of this number sequence were noticed. The Lucas, Pell,
Pell-Lucas, Jacobsthal, Jacobsthal-Lucas, Tribonacci, Padovan, and Perrin num-
ber sequences are some other number sequences defined similarly to the Fibonacci
number sequence. In addition, the Fibonacci sequence has been generalized until
today and has been associated with other mathematical structures and interesting
results have been obtained. One of the generalizations of Fibonacci sequence is
the (p, ¢)—Fibonacci sequence. For n € N and p? + 4¢q > 0, the (p, q)—Fibonacci
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sequence Fy,(p, q) is defined by the recurrence

Foy2(p,q) = pFni1(p,q) + aFn(p,q)

with the initial values Fy(p,q) = 0 and Fi(p,q) =1 [11].
In this study, some components of the (p,¢)—Fibonacci sequence are mentioned.
These components are given below.

2. Two-dimensional recurrences of the (p,¢)—Fibonacci sequence

In this section, we first introduce the two-dimensional recurrences of the
(p, ¢)—Fibonacci sequence based on the one-dimensional recurrence.

DEFINITION 2.1. For n,m € N and p? + 4¢ > 0, the two-dimensional of
(p, ¢)—Fibonacci sequence F,';" is defined by the recurrences

(2.1) L
(2:2) Fq ™ =pFp ™+ abyyr
with the initial values FS”QO =0, FI}”S =1, FS”ql =1, and Fz}”ql =1+i.
PRrROPOSITION 2.1. The following properties are apply:
1. F;fZIO:Fn(p7q)a

2. ng;@ = iFn(p,q),
3. By = Fnr1(p,@) + iFu(p.q),
4. Ft = Fup,q) +iFnia(p, ).
5. F)m = Fo(p, ) Frns1(p, @) + iFni1(p, @) Fon (P ).
PROOF. 1. By the recurrence FJ'f?™ = pFltbm 4 gFm m = 0 and

the Mathematical Principle of Indﬁction, we can prove the first assertion.
With this way, for n = 0:

E)Y = Folp,q) =0

Hence F)) = 0 and the equality is true. Suppose that the desired equality
is true for any k£ < n. Thus, we write

FF¥O = Fi(p,q).
Let’s show that it is true for k + 1. Then
k43,0 _ k42,0 k+1,0
Eog =pEy 7 +abyy
= pFri2(p, @) + ¢Fr11(p, q)
= Fry3(p, q)-

Thus, the validity of Proposition 2.1 (1) has been confirmed.
2. The recurrence F}"""t2 = pF/m ! 4 gFm n = 0 and the Mathematical
Principle of Induction are used for the proof of this part. For m = 0:

F)? = iFy(p,q) =0
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the equality is true, since Fz?ﬂ? = iFy(p,q). Suppose it is true for any
k < m, Thus

0k _ -
Fp7q - ZFk'(p7 Q)
Let’s indicate that it is accurate for k + 1. Then
0,k+3 _ . 0,k+2 0,k+1
Fyg 7 = ol alyy
= piFiy2(p,q) + qiFr41(p, q)
= il13(p,q)-

So, the validity of Proposition 2.1 (2) has been confirmed.

3. By the recurrence F}'f>™ = pF Mt 4 qF™ n = 1 and the Mathemat-

ical Principle of Induction, we can prove the third assertion. With this
way, for m = 0:

F;’g = Fl(p7Q) +ZF0(p7Q) =1

the equality is true. Suppose that the desired equality is true for any
k < m. Thus, we write

F)¥ = Fra(p,q) +iFy(p, q).
Let’s show that it is true for k¥ + 1. Then
1,k+3 _ . 7o1,k+2 1,k+1
quq - pr,q + szhq
=p (Frs3(p, @) + iFkr2(p,9)) + ¢ (Fry2(p, @) + iFkt1(p, )

= (PFry3(p, @) + ¢Fri2(p, @) + i (PFra2(p, @) + ¢Fr11(p, q))
= Fk+4(p> q) + iFk+3(pa q)

Thus, the validity of Proposition 2.1 (3) has been confirmed.

4. The recurrence F'#*™ = pFrtlm 4 gFm m =1 and the Mathematical

Induction Principle are used for the proof of this part. For n = 0:
F)l =Fo(p,q) +iFi(p,q) =i
the equality is true. Suppose it is true for any k < n, Thus
EFl = Fr(p,q) + iFe1(p,q)
Let’s indicate that it is accurate for k + 1. Then
Fli;r?,,l _ szlf,:;Z’l n sz]f;Ll
=P (Frt2(p, @) + iFky3(p, ) + 4 (Frsa(p, @) + iFkt2(p, q))

= (PFry2(p, @) + ¢Fr1(p, @) + i (PFry3(p, @) + ¢Fri2(p, q))
= Fry3(p, q) + iFrya(p, q).

So, the validity of Proposition 2.1 (4) has been confirmed.
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5. By the recurrence F/#>™ = pFrtbm 4 gFnam and Flmt? = ppramtt 4
g™ the Mathematical Principle of Induction, we can prove the fifth
assertion. With this way, for m = 0:

EY = Fu(p, 0)Fi(p, q) + iFns1(p, q) Fo(p, q)

and for n = 0:
F)m = Fo(p, @) Frg1(p. @) + iF1(p, Q) F(p, q)
=iFn(p,q)

the equalities are true. Suppose that the desired equalities are true for
any k < n and k < m, respectively, thus, we write

EFm = Fo(p, @) Frns1(p, @) + iFrs1(p, ) Fra (P, q)
and
b = Fo(p, @) Fag1 (0, @) + iFogr (9, ) Fro(p, ).
Let’s show that these equalities is true. Then for n =k + 1,
Fpi3m = pFp g™ + qFy it
=p (Frr2(p; Q) Fmr1(p, q) + iFky3(p, @) Fin(p, 9))
+ ¢ (Frt1(, @) Fnt1(p, @) + iF12(p, ) Fin (P, )
= (pFry2(p, @) + qFrv1(p, @) Frni1(p,q)
+i(p, @) (PFrt3(p: @) + qFrt2(p; @) Fm
= Fy3(0, Q) Frns1(p, @) + iFrra(p, @) Fin(p, q)
form=k+1,
F;L’;Ik:-‘r?) — pF;f;Ik+2 + qF;:;Ik-i-l
=p (Fu(p, @) Frts(p, @) + iFpi1(p, ) Fry2(p, q))
+ ¢ (Fn(p, @) Fit2(p, @) + iFns1(p, @) Frt1(p, 9))
= Fu(p,q) (pFr+3(p, @) + ¢Fk12(p, 9))
+iF1(p, @) (PFr12(p, @) + qFr11(p, q))
= Fu(p, @) Frya(p; @) + iFn1(p, Q) Fra3(p, )

Thus, the validity of Proposition 2.1 (5) has been confirmed.

3. Three-dimensional Recurrences of the (p,¢)—Fibonacci sequence

In this section the three-dimensional recurrence of the (p,q)—Fibonacci se-
quence is defined.
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DEFINITION 3.1. For n,m,r € N and p? + 4¢ > 0, the three-dimensional of
(p, ¢)—Fibonacci sequence Fy';™" is defined by the recurrences

(3 1) F]:’;;_Q ,m,r pF;L’:]H ,m,T + qFZ;rt;]m,r
(3 2) ngm+2,r _ Fn m+1,r ng&m,r
(3 3) F;,qm,r+2 F;)’L’qm ,r+1 + qFZ;rt;]m,r
with the initial values Foqoo =0, F1 00 =1, FO>170 =1, FOO =3, Fpl;ql’o =147,
F1’01—1+],F07 —z—i—j,andF1 —1+z+y,wherez =j2=—1.
ProprosSITION 3.1. The following properties are apply:
L. Fpn:qo 0 = Fn(p, Q)7
2. FOm0 = iF,(p,q),
3. Fpo;?’r JF-(p,q),
4. Fnb0 = Fo(p,q) + iFns1(pq),
5. F0t = Fo(p,q) + jFaa(p,q),
6. F;:fl;l’l = Fu(p,q) +iFu1(p, q) + i Fny1(p; 9),
7. Fyi? = Fruy1(p, @) + iFn(p, q),
8. Fpml = iFm(p,q) + jFmi1(p,q),
9. Fpimt = Fony1(p, @) + iFn(p,q) + §Fmi1(p, @),
10. FYO7 = Foya(p,q) + 5 F(p, q),
11 Fpp" =iFa(p,q) + jFr(p, q),
12. Fpip" = Frya(p, @) + iFri1(pq) + 5Fr(p, @),
13. Fm0 = Fo(p, ) Fosr (p, @) + iFng1 (9, 0) Fin(p, @),
14. F)" = Fu(p, ) Frai(p, @) + G Fnia (0, ) Fr(p, @),
15. F0m" = iFp(p, @) Frg1(p, @) + jFms1 (0, @) Fr(p, @),
16. Fpumt = Fo(p, @) Fons1 (0, Q) +iFni1 (D, @) Fon(p, )45 Fag 1 (p, @) Fon 1 (9, ),
17. Fb" = Fo(p, @) Frp1 (9 q) + iFng1 (0, Q) Frga (9, 0) + G Fni1 (0, O Fr(p, @),
18. Fy" = Frs1(p, @) Fri1(p @) +iF (0, ) Frg1 (9, @)+ F s (0, ) Fr (D, ),
19. Fpm" = Fn(p: ) Foi1 (P, ) Fri1 (P, @) + iFni1 (P, ) Fn (s ) Fra (P q) +

G Fni1(p, @) Fins1(p, ) Fr (p; ),
PROOF. The proofs are easily shown by the Mathematical Principle of Induc-

tion as in Proposition 2.1. O

The fourth-dimensional recurrences of the (p, ¢)—Fibonacci sequence are called
quaternions. Various investigation on the quaternions can be found in [14, 15, 1,
3, 13, 4, 5].

4. n—dimensional recurrences of the (p,¢)—Fibonacci sequence

In this section the n—dimensional recurrences of the (p, ¢)—Fibonacci sequence
is defined.
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DEFINITION 4.1. For ng,n1,...,nn—1 € N and p? + 4¢ > 0, the n—dimensional
of (p,q)—Fibonacci sequence Fp """ """~ is defined by the recurrences

no+2,m1,... -1 _ no+1,m1,...,nn—1 QM50 —1
(4.1) Fpa =pFyg +aqFyy
no,M1+2,..Np—1 _ mo,m1+1l,...,nn—1 QML ey —1
(4'2) Fp,q - pr,q + qu,q
(4.3) L=

_ 2 MO,y —1+1 MO, ML 5y Py —1
Fosn1,enn—1t = pF0M T + gFomnn
b,q b,q p.q

with the initial values

0,0,0,...,0 __
Fp,q =0,

1,0,0,...,0 _
Fp,q =1,
0,1,0,...,0 __
Fp,q = €2,
0,0,1,...,0 _
Fp,q = €3,

0,0,0,...,1 __
Fpy = 6n,

0,1,1,...,1 __
Foon =e1+ex+...+ep1,

p,q
1,0,1,...,1
Fp,,q” ’ :1+62+...+6n_1,

FLLO-ob — 1 4oy + . Fepi,

p,q

Fybbe0=14er+er+..+enn
Fhbblesb =14 e dey+ .. +ep .

p,q

Note that here the unit vectors are 1 =eg, i =€, ex = j,...,en_1.

PROPOSITION 4.1. The following properties are apply:

L o000 = F, (p,q),

EYnn00 — ey (p,q),

q T = en—ann71(pa C]),

Epot00 = F (p,q) + €1 Fn,41(p, q),
= Foy(p,q) + en—1Fn+1(p, ),
= Fuo (0, @) + e1Fng41(p; @) + - + en—1Fn,1+1(p, ),
= 7l1+1(p7 Q) + eanl (pa Q>7
EYra0eol — e By (p,q) + en—1Fn, +1(p,q),
Fpl;;hl’m’l = n1+1(p7 q) + e1fy, (pyq) + ... + en—1Fn,+1 (p.q),
= Fﬂn-‘rl(pa Q) + en—ann_l (pa Q)a
= ean1L+1<pu C]) + e’ﬂ*lF’ﬂn—l (pu q)a
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1,1,1,...
Fp,q " ' = an+1(paq) +€1an+1(p;Q) + +en71an,1(p7Q)a
Fpominz0 = E (p,q)Fpy41(0, @) Fr,_y11(D, Q)
+ e1Fng+1(0s Q) Fny (9, @) Fno_y1(p, @) + - +
+ en—2Fn+1(0, Q) Fr41(0, @) F,y (0 0),

Fno,oynmmynnq

D,q = Fno(pv (I)anﬂ(]?a q)"'an_1+1(pa Q)
+ e2Fng+1(P, @) Fy (P, @) Frp_41(P @) + o+

+en—1Fng1(0, @) Fnyi1(0,q)--.Fn,, (D, q),
0,710,250 er1n
Fyi V" = e By (D, ) Frg 1 (0, Q) - Fon,_41(p5 Q)

+ 62Fn1+1(p, q)F”Z (p7 Q)"'an_ﬁ-l(pa Q) +.ot

+ en*QFn1+1(p7 q)Fn2+1(pa q)"'an—l (p7 Q)a
F}Zf?fnhn%m’l = Fno (p7 q)Fn1+1 (pa Q)-~-an,2+1(p, q)
+ €1Fn,+1(p, @) Fny (P, @) Frnpy 1 (D, 0) + o +

+ en*QFﬂ0+1(p7 q)FnrH(pa Q)"'anfz (p7 Q)

+ en—1F+1 (0 ) Fny 41 (0, @) Fop 1 41(P: 0),

Fn0117n21~~»777«n—1

P,q :Fno(p,q)Fn2+1(p,q)---an_1+1(p, Q)
+e1Fno 1 (D Q) Fnp 11 (P, @) P 4125 )
+ 62Fn0+1(p, Q)Fnz (p7 Q)"'anfﬁrl(pu CI) +ot
+ en—ano+1 (pa Q)Fn2+1(p7 Q)"'F’I’Ln—l (p7 Q),

F07"1 sN250 M —1

P2 = Fn1(P, @) Frp 1 (P, @) Fr, 41 (P 9)
+ eanl (p’ Q)Fn2+1(p7 Q)"'an_1+1(pa q)
+ e2Fn1+1(pv Q)Fnz (p7 Q)"'anfﬁrl(pu CI) +ot
+ en—2F,41(P @) Fny+1(p @) Fn,, (P, 0),
Fgg’n17n2,m7nn71 = Fno (p> q)Fnl-i-l(pv q)"'an_1+1(pa q)
+ eanoJrl(pv q)Fnl (pv Q)"'anfﬁrl(pu CI) +ot

+ enleno+1<p7 Q) Fny11(p, Q)---anﬂ (pv Q)a

PROOF. The proofs are easily shown by the Mathematical Principle of Induc-
tion as in Proposition 2.1 . O
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