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APPLICATIONS OF SCHWARZ LEMMA FOR THE
CLASS M (α, θ)

Bülent Nafi Örnek and Nurbanu Tuğçe Akca

Abstract. We shall introduce the class of analytical functions known as

M (α, θ) and examine the various characteristics of the functions that belong
to this class.

1. Introduction

Let S denote the class of functions h(z) = z +
∞∑
p=1

bp+1z
p+1 that are analytic

in the unit disk K = {z : |z| < 1}. Also, let M (α, θ) be the subclass of S satisfying
the condition

(1.1)

∞∑
p=1

(
p+ 1 +

∣∣p+ 1− 2αe−iθ
∣∣) |bp+1| ⩽ 1−

∣∣1− 2αe−iθ
∣∣ ,

for some |θ| < π
2 , and 0 < α ⩽ cos θ. Let h(z) ∈ M (α, θ) and think about the

following functions

ϑ(z) =
2αe−iθ

f(z)
− 1, f(z) =

zh′(z)

h(z)
,

where f(z) = 1 + b2z +
(
2b3 − b22

)
z2 +

(
b32 − 3b2b3 + 3b4

)
z3 + ....

Here, ϑ(z) is an analytic function in K and ϑ(0) = 2αe−iθ − 1. Now, let us
show that |ϑ(z)| < 1 for z ∈ K. From the definition of ϑ(z) and f(z), we have

ϑ(z) =
2αe−iθ

f(z)
− 1 =

2αe−iθ − f(z)

f(z)
=

2αh(z)− eiθzh′(z)

eiθzh′(z)
.
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106 ÖRNEK AND AKCA

If we substitute the value of the function h(z) and take its modulus, we obtain

|ϑ(z)| =

∣∣∣∣∣∣∣∣∣∣
2α

(
z +

∞∑
p=1

bp+1z
p+1

)
− eiθz

(
1 +

∞∑
p=1

(p+ 1)bp+1z
p

)

eiθz

(
1 +

∞∑
p=1

(p+ 1)bp+1zp+1

)
∣∣∣∣∣∣∣∣∣∣

=

∣∣∣∣∣∣∣∣
2αe−iθ − 1 +

∞∑
p=1

(
2αe−iθ − (p+ 1)

)
bp+1z

p

1 +
∞∑
p=1

(p+ 1)bp+1zp+1

∣∣∣∣∣∣∣∣
and

|ϑ(z)| ⩽

∣∣1− 2αe−iθ
∣∣+ ∞∑

p=1

∣∣p+ 1− 2αe−iθ
∣∣ |bp+1|

1−
∞∑
p=1

(p+ 1) |bp+1|
.

From (1.1), we have∣∣1− 2αe−iθ
∣∣ ⩽ 1−

∞∑
p=1

(
p+ 1 +

∣∣p+ 1− 2αe−iθ
∣∣) |bp+1| .

If we use this expression in the above inequality, we find that |ϑ(z)| < 1 for |z| < 1.
In this study, we will determine an upper bound for the second coefficient in

the Taylor expansion of the function h(z). In other words, we will find a value that
bounds this coefficient from above. Additionally, considering the non-zero zeros of

the function 1− zh′(z)
h(z) , we will establish a different upper bound for this coefficient.

Now, let us consider the function.

w(z) =
ϑ(z)− ϑ(0)

1− ϑ(0)ϑ(z)
.

Here, w(z) is an analytic function, w(0) = 0 and |w(z)| < 1 for z ∈ K. Thus, the
function w(z) satisfies the conditions of the Schwarz lemma ( [5], p.329). Applying
the Schwarz lemma, we obtain

|w′(0)| = |ϑ′(0)|
1− |ϑ(0)|2

⩽ 1.

Also, we have |ϑ(0)| =
∣∣2α− eiθ

∣∣ and |ϑ′(0)| = 2α |f ′(0)|. Therefore, we obtain

2α |f ′(0)|
1− |2α− eiθ|2

⩽ 1

and

|f ′(0)| ⩽
1−

∣∣2α− eiθ
∣∣2

2α
.
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Since 1 −
∣∣2α− eiθ

∣∣2 = 1 −
(
4α2 − 4α cos θ + 1

)
= 4α cos θ − 4α2 = 4α (cos θ − α)

and |f ′(0)| = |b2|, we take

|b2| ⩽ 2 (cos θ − α) .

Lemma 1.1. If h ∈ M (α, θ), then we have the inequality

|b2| ⩽ 2 (cos θ − α) .

Now let us consider the following function, taking into account the non-zero

zeros of the function 1− zh′(z)
h(z) ,

Θ(z) =
w(z)

n∏
i=1

z−ci
1−ciz

.

Since w(z) function satisfies the conditions of the Schwarz lemma, we obtain

Θ(z) = ϑ(z)−ϑ(0)

1−ϑ(0)ϑ(z)

1
n∏

i=1

z−ci
1−ciz

=
−2αe−iθ(b2z+(2b3−b22)z

2+...)
1+b2z+(2b3−b22)z

2+...−|1−2αeiθ|2+(2αeiθ−1)(b2z+(2b3−b22)z
2+...)

1
n∏

i=1

z−ci
1−ciz

,

Θ(z)
z =

−2αe−iθ(b2+(2b3−b22)z+...)
1+b2z+(2b3−b22)z

2+...−|1−2αeiθ|2+(2αeiθ−1)(b2z+(2b3−b22)z
2+...)

1
n∏

i=1

z−ci
1−ciz

,

|w′(0)| = 2α |b2|(
1− |1− 2αeiθ|2

) n∏
i=1

|ci|
⩽ 1

and

|b2| ⩽

(
1−

∣∣1− 2αeiθ
∣∣2) n∏

i=1

|ci|

2α
= 2 (cos θ − α)

n∏
i=1

|ci| .

We thus obtain the following lemma.

Lemma 1.2. Let h ∈ M (α, θ) and c1, c2, ..., cn be zeros of the function 1− zh′(z)
h(z)

in D that are different from zero. Then we have the inequality

|b2| ⩽ 2 (cos θ − α)

n∏
i=1

|ci| .

A stronger upper bound for the coefficient b2 is achieved according to this

lemma when the zeros of the function 1− zh′(z)
h(z) are taken into account. These two

lemmas are also derived from analytical functions within the unit disc.
To analyse the behaviour of the derivative of this function at the boundary of

the unit disc, the following lemma is required [10,15].
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Lemma 1.3. Let g(z) be an analytic function in K, g(0) = 0 and |g(z)| < 1 for
z ∈ K. If g(z) extends continuously to boundary point 1 ∈ ∂K = {z : |z| = 1}, and
if |g(1)| = 1 and g′(1) exists, then

(1.2) |g′(1)| ⩾ 2

1 + |g′(0)|
and

(1.3) |g′(1)| ⩾ 1.

Moreover, the equality in (1.2) holds if and only if

g(z) = z
z − τ

1− τz

for some τ ∈ (−1, 0]. Also, the equality in (1.3) holds if and only if g(z) = zeiγ .

Inequality (1.5) and its generalizations have significant applications in the geo-
metric theory of functions, and they remain active topics in the mathematics liter-
ature [1–4,6–13].

The following lemma, known as the Julia-Wolff lemma, is needed in the sequel
(see, [14]).

Lemma 1.4 (Julia-Wolff lemma). Let g be an analytic function in K, g(0) = 0
and g(K) ⊂ K. If, in addition, the function g has an angular limit g(1) at 1 ∈ ∂K,
|g(1)| = 1, then the angular derivative g′(1) exists and 1 ⩽ |g′(1)| ⩽ ∞.

Corollary 1.1. The analytic function g has a finite angular derivative g′(1)
if and only if g′ has the finite angular limit g′(1) at 1 ∈ ∂K.

2. Main results

In this section, we discuss various versions of the boundary Schwarz lemma for
the class M (α, θ) class. Furthermore, we have obtained estimates for the modu-
lus of the angular derivative within a class of analytic functions on the unit disc,
assuming the existence of an angular limit at a boundary point.

Theorem 2.1. Let h ∈ M (α, θ). Assume that, for 1 ∈ ∂K, h has an angular
limit h(1) at the points 1, h′(1) = α

cos θh(1). Then we have the inequality

(2.1)

∣∣∣∣∣
(
zh′(z)

h(z)

)′

z=1

∣∣∣∣∣ ⩾ cos θ − α

2 cos2 θ
.

Proof. Let

w(z) =
ϑ(z)− ϑ(0)

1− ϑ(0)ϑ(z)
, ϑ(z) =

2αe−iθ

f(z)
− 1, f(z) =

zh′(z)

h(z)
.

If we take the derivative of the function w(z), we get

w′(z) =
1− |ϑ(0)|2(

1− ϑ(0)ϑ(z)
)2ϑ′(z).
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Also, since h′(1) = α
cos θh(1), ϑ(0) = 2αe−iθ−1, ϑ(1) = e−2iθ, we have |w(1)| =

1. Therefore, w(z) function satisfies the conditions of Lemma 1.3. That is,

1 ⩽ |w′(1)| = 1− |ϑ(0)|2∣∣∣1− ϑ(0)ϑ(1)
∣∣∣2 |ϑ′(1)| =

1−
∣∣2αe−iθ − 1

∣∣2
|1− (2αeiθ − 1) e−2iθ|2

2α
|f ′(1)|
|f(1)|2

=
4α (cos θ − α)

(2α− 2 cos θ)
2 2α

|f ′(1)|(
α

cos θ

)2 =
2 cos2 θ

cos θ − α
|f ′(1)| .

Thus, we obtain

|f ′(1)| ⩾ cos θ − α

2 cos2 θ
and ∣∣∣∣∣

(
zh′(z)

h(z)

)′

z=1

∣∣∣∣∣ ⩾ cos θ − α

2 cos2 θ
.

□

The inequality (2.1) can be strengthened from below by taking into account,

b2 = h′′(0)
2 , the second coefficient of the expansion of the function h(z) = z+b2z

2+

b3z
3 + ....

Theorem 2.2. Under the same assumptions as in Theorem 2.1, we have

(2.2)

∣∣∣∣∣
(
zh′(z)

h(z)

)′

z=1

∣∣∣∣∣ ⩾ 1

cos2 θ

2 (cos θ − α)
2

2 (cos θ − α) + |b2|
.

Proof. Let the function w(z) be as given above. From the Lemma 1.3, we
obtain

2

1 + |w′(0)|
⩽ |w′(1)| = 2 cos2 θ

cos θ − α
|f ′(1)| .

Since

|w′(0)| = |b2|
2 (cos θ − α)

,

we take
2

1 + |b2|
2(cos θ−α)

⩽
2 cos2 θ

cos θ − α
|f ′(1)|

and

|f ′(1)| ⩾ 1

cos2 θ

2 (cos θ − α)
2

2 (cos θ − α) + |b2|
.

□

The inequality (2.2) can be strengthened as below by taking into account b3 =
h′′′(0)

3! which is the coefficient in the expansion of the function h(z) = z + b2z
2 +

b3z
3 + ....
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Theorem 2.3. Let h ∈ M (α, θ). Assume that, for 1 ∈ ∂K, h has an angular
limit h(1) at the points 1, h′(1) = α

cos θh(1). Then we have the inequality
(2.3)∣∣∣∣(zh′(z)

h(z)

)′

z=1

∣∣∣∣ ⩾ cos θ − α

2 cos2 θ

(
1 +

2 (2 (cos θ − α)− |b2|)2

4 (cos θ − α)2 − |b2|2 + |2 (2b3 − b22) (cos θ − α)− b22e
iθ|

)
.

Proof. Let the function w(z) be as given above and d(z) = z. By the maxi-
mum principle, for each z ∈ K, we have the inequality |w(z)| ⩽ |d(z)|. Therefore,
we take

ϕ(z) =
w(z)

d(z)
=

1

z

(
ϑ(z) − ϑ(0)

1 − ϑ(0)ϑ(z)

)

=
1

z

−2αe−iθ
(
b2z + (2b3 − b22)z

2 + ...
)

1 + b2z + (2b3 − b22)z
2 + ... −

∣∣1 − 2αeiθ
∣∣2 +

(
2αeiθ − 1

) (
b2z + (2b3 − b22)z

2 + ...
)

=
−2αe−iθ

(
b2 + (2b3 − b22)z + ...

)
1 + b2z + (2b3 − b22)z

2 + ... −
∣∣1 − 2αeiθ

∣∣2 +
(
2αeiθ − 1

) (
b2z + (2b3 − b22)z

2 + ...
)

is an analytic function in K and |ϕ(z)| < 1 for z ∈ K. In particular, we have

(2.4) |ϕ(0)| = 2α |b2|
1− |1− 2αeiθ|2

=
|b2|

2 (cos θ − α)
⩽ 1

and

|ϕ′(0)| =
∣∣2 (2b3 − b22

)
(cos θ − α)− b22e

iθ
∣∣

4 (cos θ − α)
2 .

The auxiliary function

φ(z) =
ϕ(z)− ϕ(0)

1− ϕ(0)ϕ(z)

is analytic in K, φ(0) = 0, |φ(z)| < 1 for |z| < 1 and |φ(1)| = 1 for 1 ∈ ∂K.

Moreover, since the expression 1.w′(1)
w(1) is a real number greater than or equal to 1

(see [3]) and h′(1) = α
cos θh(1) yields |w(1)| = 1, we take

1.w′(1)

w(1)
=

∣∣∣∣1.w′(1)

w(1)

∣∣∣∣ = |w′(1)| .

From Lemma 1.3, we obtain

2

1 + |φ′(0)|
⩽ |φ′(1)| = 1− |ϕ(0)|2∣∣∣1− ϕ(0)ϕ(1)

∣∣∣2 |ϕ′(1)|

⩽
1 + |ϕ(0)|
1− |ϕ(0)|

∣∣∣∣w′(1)

d(1)
− w(1)d′(1)

d2(1)

∣∣∣∣
=

1 + |ϕ(0)|
1− |ϕ(0)|

∣∣∣∣w(1)d(1)

∣∣∣∣ ∣∣∣∣w′(1)

w(1)
− d′(1)

d(1)

∣∣∣∣
⩽

1 + |ϕ(0)|
1− |ϕ(0)|

{|w′(1)| − |d′(1)|}

=
2 (cos θ − α) + |b2|
2 (cos θ − α)− |b2|

(
2 cos2 θ

cos θ − α
|f ′(1)| − 1

)
.
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Since

|φ′(0)| =
|ϕ′(0)|

1− |ϕ(0)|2
=

|2(2b3−b22)(cos θ−α)−b22e
iθ|

4(cos θ−α)2

1−
(

|b2|
2(cos θ−α)

)2
=

∣∣2 (2b3 − b22
)
(cos θ − α)− b22e

iθ
∣∣

4 (cos θ − α)
2 − |b2|2

,

we obtain
2

1+
|2(2b3−b22)(cos θ−α)−b22eiθ|

4(cos θ−α)2−|b2|2

⩽ 2(cos θ−α)+|b2|
2(cos θ−α)−|b2|

(
2 cos2 θ
cos θ−α |f ′(1)| − 1

)
,

2(2(cos θ−α)−|b2|)2

4(cos θ−α)2−|b2|2+|2(2b3−b22)(cos θ−α)−b22e
iθ| ⩽

2 cos2 θ
cos θ−α |f ′(1)| − 1

and

|f ′(1)| ⩾ cos θ−α
2 cos2 θ

(
1 + 2(2(cos θ−α)−|b2|)2

4(cos θ−α)2−|b2|2+|2(2b3−b22)(cos θ−α)−b22e
iθ|

)
. □

If 1− zh′(z)
h(z) have zeros different from z = 0, taking into account these zeros, the

inequality (2.3) can be strengthened in another way. This is given by the following
Theorem.

Theorem 2.4. Let h ∈ M (α, θ) and c1, c2, ..., cn be zeros of the function 1 −
zh′(z)
h(z) in K that are different from zero. Assume that, for 1 ∈ ∂K, h has an angular

limit h(1) at the points 1, h′(1) = α
cos θh(1). Then we have the inequality∣∣∣∣( zh′(z)

h(z)

)′
z=1

∣∣∣∣ ⩾ cos θ−α
2 cos2 θ

(
1 +

n∑
i=1

1−|ci|2

|1−ci|2
(2.5)

+

(
2(cos θ−α)

n∏
i=1

|ci|−|b2|
)2

((
(2(cos θ−α))

n∏
i=1

|ci|
)2

−|b2|2
)
+

n∏
i=1

|ci|
∣∣∣∣2(cos θ−α)

(
2b3−b22+b2

n∑
i=1

1−|ci|2
ci

)
−b22e

iθ

∣∣∣∣
.

Proof. Let the function w(z) be as given above and c1, c2, ..., cn be zeros of

the function 1− zh′(z)
h(z) in K that are different from zero. Also, consider the function

Υ(z) = z

n∏
i=1

z − ci
1− ciz

.

By the maximum principle for each z ∈ K, we have

|w(z)| ⩽ |Υ(z)| .
Consider the function

s(z) = w(z)
Υ(z) =

(
ϑ(z)−ϑ(0)

1−ϑ(0)ϑ(z)

)
1

z
n∏

i=1

z−ci
1−ciz

=
−2αe−iθ(b2z+(2b3−b22)z

2+...)
1+b2z+(2b3−b22)z

2+...−|1−2αeiθ|2+(2αeiθ−1)(b2z+(2b3−b22)z
2+...)

1

z
n∏

i=1

z−ci
1−ciz

=
−2αe−iθ(b2+(2b3−b22)z+...)

1+b2z+(2b3−b22)z
2+...−|1−2αeiθ|2+(2αeiθ−1)(b2z+(2b3−b22)z

2+...)
1

n∏
i=1

z−ci
1−ciz

.
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In particular, we have

|s(0)| = |b2|
2 (cos θ − α)

1
n∏

i=1

|ci|

and

|s′(0)| =

∣∣∣∣2 (cos θ − α)

(
2b3 − b22 + b2

n∑
i=1

1−|ci|2
ci

)
− b22e

iθ

∣∣∣∣
4 (cos θ − α)

2
n∏

i=1

|ci|
.

The auxiliary function

r(z) =
s(z)− s(0)

1− s(0)s(z)

is analytic in K, |r(z)| < 1 for |z| < 1 and r(0) = 0. For 1 ∈ ∂K, we take |r(1)| = 1.
From Lemma 1.3, we obtain

2

1 + |r′(0)|
⩽ |r′(1)| = 1− |s(0)|2∣∣∣1− s(0)s(1)

∣∣∣ |s′(1)|
⩽

1 + |s(0)|
1− |s(0)|

(|w′(1)| − |Υ′(1)|) .

It can be seen that

|r′(0)| = |s′(0)|
1− |s(0)|2

and

|r′(0)| =

∣∣∣∣∣2(cos θ−α)

(
2b3−b22+b2

n∑
i=1

1−|ci|2
ci

)
−b22eiθ

∣∣∣∣∣
4(cos θ−α)2

n∏
i=1

|ci|

1−

 |b2|
2(cos θ−α)

1
n∏

i=1
|ci|


2

=
n∏

i=1

|ci|

∣∣∣∣2(cos θ−α)

(
2b3−b22+b2

n∑
i=1

1−|ci|2
ci

)
−b22e

iθ

∣∣∣∣((
(2(cos θ−α))

n∏
i=1

|ci|
)2

−|b2|2
)

Also,we have

|Υ′(1)| = 1 +

n∑
i=1

1− |ci|2

|1− ci|2
, 1 ∈ ∂K.

Therefore, we obtain
2

1+
n∏

i=1
|ci|

∣∣∣∣∣2(cos θ−α)

(
2b3−b22+b2

n∑
i=1

1−|ci|2
ci

)
−b22eiθ

∣∣∣∣∣((
(2(cos θ−α))

n∏
i=1

|ci|
)2

−|b2|2
)

⩽
2(cos θ−α)

n∏
i=1

|ci|+|b2|

2(cos θ−α)
n∏

i=1
|ci|−|b2|

(
2 cos2 θ
cos θ−α |f ′(1)| − 1−

n∑
i=1

1−|ci|2

|1−ci|2

)
,
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(
2(cos θ−α)

n∏
i=1

|ci|−|b2|
)2

((
(2(cos θ−α))

n∏
i=1

|ci|
)2

−|b2|2
)
+

n∏
i=1

|ci|
∣∣∣∣2(cos θ−α)

(
2b3−b22+b2

n∑
i=1

1−|ci|2
ci

)
−b22e

iθ

∣∣∣∣
⩽ 2 cos2 θ

cos θ−α |f ′(1)| − 1−
n∑

i=1

1−|ci|2

|1−ci|2

and so, we get inequality (2.5). □

The relationship between the coefficients b2 and b3 in the h(z) = z+
∞∑
p=1

bp+1z
p+1

function’s Maclaurin expansion is demonstrated in the following theorem.

Theorem 2.5. Let h ∈ M (α, θ), 1− zh′(z)
h(z) has no zeros in K except z = 0 and

b2 > 0. Then we have the inequality

(2.6)
∣∣2 (2b3 − b22

)
(cos θ − α)− b22e

iθ
∣∣ ⩽ 4

∣∣∣∣(cos θ − α) b2 ln

(
b2

2 (cos θ − α)

)∣∣∣∣ .
Proof. Let b2 > 0 in the expression of the function h(z). Having in mind

the inequality (2.4) and the function 1− zh′(z)
h(z) has no zeros in K except z = 0, we

denote by lnϕ(z) the analytic branch of the logarithm normed by the condition

lnϕ(0) = ln

(
b2

2 (cos θ − α)

)
< 0.

The auxiliary function

q(z) =
lnϕ(z)− lnϕ(0)

lnϕ(z) + lnϕ(0)

is analytic in the unit disc K, |q(z)| < 1 for z ∈ K, q(0) = 0.
By Schwarz lemma, we obtain

1 ⩾ |q′(0)| = |2 lnϕ(0)|
|lnϕ(0) + lnϕ(0)|2

∣∣∣∣ϕ′(0)

ϕ(0)

∣∣∣∣
=

−1

2 lnϕ(0)

∣∣∣∣ϕ′(0)

ϕ(0)

∣∣∣∣ .
= −

|2(2b3−b22)(cos θ−α)−b22e
iθ|

4(cos θ−α)2

2 ln
(

b2
2(cos θ−α)

)
b2

2(cos θ−α)

and ∣∣2 (2b3 − b22
)
(cos θ − α)− b22e

iθ
∣∣ ⩽ 4

∣∣∣∣(cos θ − α) b2 ln

(
b2

2 (cos θ − α)

)∣∣∣∣ .
□
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114 ÖRNEK AND AKCA

[3] H. P. Boas, Julius and Julia: Mastering the Art of the Schwarz lemma, Amer. Math. Monthly

117 (2010) 770-785.

[4] V. N. Dubinin, The Schwarz inequality on the boundary for functions regular in the disc, J.
Math. Sci. 122 (2004) 3623-3629.

[5] G. M. Golusin, Geometric Theory of Functions of Complex Variable [in Russian], 2nd edn.,
Moscow 1966.
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[11] B. N. Örnek, Bounds of Hankel determinants for analytic function, Korean J.

Math.28(4)(2020), 699-715.
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