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ON SOME FIXED POINT RESULTS FOR
(a, 8, 2)-CONTRACTION MAPPINGS IN PARTIAL
b-METRIC SPACES VIA SIMULATION FUNCTIONS

Gurucharan Singh Saluja

ABSTRACT. In the present work, our aim is to examine some fixed point theo-
rems using («, 8, Z)-contraction mappings in the framework of complete par-
tial b-metric spaces under cyclic (o, 8)-admissible mapping imbedded in sim-
ulation function. Some consequences of main results are also deduced. We
present some examples to illustrate and support our results. The results ob-
tained in this work provide extension as well as substantial generalization and
improvement of several well-known fixed point results from the existing liter-
ature.

1. Introduction

Bakhtin [5] and Czerwik [9] introduced b-metric spaces as a generalization of
metric spaces (see, also [10]). They proved the contraction mapping principle in b-
metric spaces that generalized the well-known Banach contraction principle in such
spaces. Matthews (see, [14,15]) introduced the notion of partial metric spaces as
a part of the study of denotational semantics of data flow networks. In this space,
the usual metric is replaced by partial metric with an interesting property that the
self-distance of any pint of space may not be zero. Further, Matthews showed that
the Banach contraction principle [6] is valid in partial metric space. Shukla [26]
generalized both the notions of b-metric and partial metric spaces by introducing
partial b-metric spaces. He proved Banach contraction principle as well as the
Kannan type fixed point theorem in partial b-metric spaces. Also some examples
are given which illustrate the results obtained in this new space.
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Recently, Samet et al. [24] proved a generalization of Banach contraction prin-
ciple by introducing the concept of (o — v) contractive type mappings and a-
admissible mappings. The notion of cyclic («, §)-admissible mapping was intro-
duced by Alizadeh et al. [1] by generalizing the concept of a-admissible mapping
of Samet et al. [24]. They proved various fixed point theorems in the framework of
metric spaces. Also, Khojasteh et al. [12] introduced the notion of Z-contraction
by defining the concept of simulation function. Consequently, they proved the
existence and uniqueness of fixed point for Z-contractive mappings (see [12], The-
orem 2.8). The concept of Khojasteh et al. [12] is further modified by Argoubi
et al. [2]. They proved the existence of common fixed point results of a pair
of nonlinear operators satisfying a certain contractive condition involving simu-
lation functions in the setting of ordered metric spaces. Later on, several authors
studied the existence of fixed point by using the simulation function, for example
see [2-4,7,8,11,13,17-23,25,27] and many others).

In this work, we consider («, 8, Z)-contraction mappings under simulation func-
tions involving cyclic («, §)-admissibility in partial b-metric space. Using the above
said contractions, we establish some fixed point results. The results obtained in this
work generalize and extend the corresponding results of [8] and [19] from metric
space to the setting of partial b-metric space.

2. Preliminaries
In this section, we need the following concepts to prove our main results.

DEFINITION 2.1. ([5]) Let Ay # () be a set and the mapping py: Ay x Ay — R
(RT stands for nonnegative reals) satisfies:

(po1) po( o, p) = 0 if and only if Ny = py for all Xp, puy € Ay;

(pv2) pu( Ao, pn) = pu(pn, Av) for all Ay, py € Ap;

(pp3) there exists a real number s > 1 such that py(Ap, ) < $[ps( N, ) +
pu(Vy, )] for all Ny, pp, vy € Ay.

Then py is called a b-metric on Ay and the pair (Ay, py) is called a b-metric
space with coefficient s.

DEFINITION 2.2. ( [15]) A partial metric on a nonempty set T, is a function

p: Tp x Y, = RT (RT stands for nonnegative reals), such that for all Ay, ji,,vp €
Ty:

(p1) Ap = pp if and only if p(Ap, Ap) = p(Ap, tp) = P(Hip, f1p);

(2) P(Ap, Ap) < P(Ap, 1ip);

(p3) P(Aps tip) = P(ps Ap)s

(pa) P(Ap, 11p) < P(Ap; vp) + P(Wp, p1p) — P(Vp, vp).-

A partial metric space is a pair (Yp,p) such that T, is a nonempty set and p
is a partial metric on Y.

DEFINITION 2.3. ( [26]) A partial b-metric on a nonempty set ®,, is a function
po: Pp, X Dy, — RT such that for all (,n,0 € Dy, :

(pv1) ¢ =n if and only if py(C, C) = po(C, M) = pu(n,1);

(pv2) Po(C, Q) < pu(¢im);
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(po3) po(Csm) = pu(n,C);

(ppa) there exists a real number s > 1 such that pp(C,n) < s[pp(¢,0) +pp(6,m)] —
pb(07 0) .

A partial b-metric space is a pair (®p,,py) such that ®,, is a nonempty set and
Db 1S a partial b-metric on ®p,. The number s is called the coefficient of (®p,,ps).

REMARK 2.1. In a partial b-metric space (9, ,ps) if {,n € ®,, and pp({,n) =0,
then ¢ =7, but the converse may not be true.

REMARK 2.2. It is clear that every partial metric space is a partial b-metric
space with coefficient s = 1 and every b-metric space is a partial b-metric space
with the same coefficient and zero self-distance. However, the converse of this fact
need not hold.

EXAMPLE 2.1. ( [26]) Let ®,, = R", where RT = [0,+00), m > 1 a constant
and py: ®p, X D, — RT be defined by

po(¢,n) = [max{¢,n}|™ +[¢ —n™ forall(,n € ©p,.

Then (®p,,ps) is a partial b-metric space with coefficient s = 2™ > 1, but it is
neither a b-metric nor a partial metric space. Indeed, for any ¢ > 0, we have
po(C,C) = ¢™ # 0; therefore, py is not a b-metric on ®,,. Also, for { = 5,
n =10 =4 we have py(¢,n) = 5™ + 4™ and py(C,0) + pu(0,n) — ps(6,0) =
5™ 4 144™m 4+ 3™ — 4™ =5 + 14 3™, so pp(¢,n) > pp((,0) + pu(0,m) — pu(6,6)
for all m > 1; therefore, py is not a partial metric on @y, .

)

Every partial b-metric "p,” on a nonempty set ®,, generates a topology 7, on
®,, whose base is the family of open py-balls where 7, = {By, ((,¢) : ( € ®p,, e >
0} and

pr (C’ 6) = {"7 € (I)Pb : pb(Ca 77) < pb(c’ C) + 5}7
for all ( € ®,, and ¢ > 0. Obviously, the topological space (®p,,7p,) is Tp, but
need not be T7.

Now we recall the definition of Cauchy sequence and convergent sequence in
partial b-metric spaces.

DEFINITION 2.4. ( [26]) Let (®,,,ps) be a partial b-metric space with coefficient
s. Then:
(1) a sequence {(,} in (D, pp) is said to be convergent with respect to T, and

converges to a point ¢ € Oy, , if limy o0 Po(Gns ) = Pu(C,C);

(2) a sequence {(,} is said to be Cauchy sequence in (®p,,pp) if iy, m—soo
6(Cn, Cm) exists and is finite.

(3) (®p,,pp) is said to be a complete partial b-metric space if for every Cauchy
sequence {Cn} in ®p, there exists ¢ € ®p, such that
o dim py(Gos Gm) = T py(Ga, €) = po (G, C).-
(4) A mapping F: ®,, — ®,, is said to be continuous at (o € @y, if for every
e >0, there exists 6 > 0 such that ]-"(pr (Co, 5)) C By, (]—"(CO),s).
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Note: In a partial b-metric space the limit of convergent sequence may not be
unique.

EXAMPLE 2.2. ( [26]) Let ®,, = RY, where Rt = [0,4+00), k > 0 be any
constant and define py: D, X D, — RT by

pp(C,m) = max{¢,n} +k forall(,n € D,,.
Then (®p,,ps) s a partial b-metric space with arbitrary coefficient s > 1. Now,
define a sequence {(,} in @,, by ¢, =1 for all n € N. Note that, if n > 1, we have
Po(Cnsm) = n+k = pp(n,n); therefore, lim, oo po(Cnyn) = pu(n,m) for all m > 1.
Thus, the limit of convergent sequence in partial b-metric space need not be unique.
Samet et al. [24] introduced the concept of a-admissible mappings.

DEFINITION 2.5. ( [24]) Let ® # () be a set. Let T: ® — ® and a: & x & —
[0,400) be given mappings. We say that T is a-admissible if for all (,n € ¥, we
have

(2.1) a(C,n) 2 1= o(T((),T(n) 2 1.
Alizadeh et al. [1] introduced the concept of cyclic («, 8)-admissible mappings.

DEFINITION 2.6. ( [1]) Let ® # 0 be a set, let T: ® — ® be a mapping and
a,B: ® — [0,400) be given mappings. We say that T is a cyclic («, B)-admissible
mapping if for all { € @, we have

a(€) =2 1=B(T() =21,

and

(2.2) B(O) > 1= a(T(Q) > 1.

In 2015, Khojasteh et al. [12] introduced simulation functions and defined Z-
contraction with respect to simulation function and it includes large class of con-
tractive conditions as follows.

DEFINITION 2.7. ( [12]) A simulation function is a mapping Q: [0,00) X
[0,00) = R satisfying the following conditions:
(Ql) 9(070) =0;
(Q2) Qt,s) <s—t forallt,s>0;
(Q3) if {tn} and {s,} are sequences in (0,00) such that lim, . t, = lim,
Sp=1>0, then
lim sup Q(t, s,) < 0.

n—oo

The following are examples of simulation functions.

EXAMPLE 2.3. Let Q: [0,00) x [0,00) — R be defined by:

(1) Q(t,s) = 135 —t for all s,t € [0, 00).

(2) Q(t,s) =As—t for all s,t € [0,00), where A € [0,1).
(3) Q(t,s) =s— At for all s,t € [0,00), where A > 1.
(4) Q(t,s) = 75 — (t+1) for all s,t € [0,00).

(5) Qt,s) = ;37 —te' for all s,t € [0,00).
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(6) Qt,s) =Es—t for all s,t € [0,00) where k € [0,1) and r € (1, 00).
(7) Qt,s) = (s) — ¢(t) for all t,s € [0,00) where 1, ¢: [0,00) — [0,00) such
that ¥ (r) = ¢(r) =0 if and only if r =0 and Y(t) <t < P(t) for all t > 0.

DEFINITION 2.8. ( [12]) Let (®,0) be a metric space and let T: ® — ® be a
self-mapping of ®. We say that T is a Z-contraction with respect to ), if there
exists a simulation function Z such that

(2.3) Q(o(T¢. To),o(¢m)) 20
forall {,n e ®.

REMARK 2.3. ( [12]) Every Z-contraction mapping is contractive and therefore
it is continuous.

It is worth mentioning that the Banach contraction is an example of Z-contraction
by defining ¢: [0,00) x [0,00) — R via ((¢,s) = As — ¢ for all ¢, s € [0,00), where
A€ 0,1).

Argoubi et al. [2] slightly modified the definition of [12] as follows.

DEFINITION 2.9. ([2]) A simulation function is a mapping Q: [0, 00) %[0, c0) —
R satisfying the following conditions:

(Q1) Q(t,s) <s—t forallt,s >0;

(Q2) if {t,} and {s,} are sequences in (0,00) such that lim, e t, = lim, o
Sp=1>0, then

lim sup Q(,,, s,) < 0.
n—oo

It is clear that any simulation function in the sense of Khojasteh et al. [12] is
also a simulation function in the sense of Argoubi et al. [2]. The following example
is a simulation function in the sense of Argoubi et al. [2].

EXAMPLE 2.4. Let Qy: [0,00) x [0,00) — R be the function defined by

— 1; if (t’s) = (070)’
Q(t,s) = { As—t, otherwise,

where X € (0,1). Then Qy is a simulation function.

LEMMA 2.1. ([12], Lemma 2.5) Let (®,0) be a metric space and T: & — & be
a Z-contraction with respect to Q € Z. Then the fized point of T is unique, if it
erists.

LEMMA 2.2. ( [16], Lemma 1)

(1) A sequence {(n} is a pp-Cauchy sequence in a partial b-metric space (P, , pp)
if only if it is a b-Cauchy sequence in the b-metric space (®,,,0p,).

(2) A partial b-metric space (p,,pp) is complete if and only if the b-metric
space (®,,, 0p,) is b-complete. Moreover, lim,,_, 0p, ((, () = 0 if and only if

nli_)ﬁ(lopb(C,Cn) = eriblgoopb(ﬁméhm) = (¢, Q)-
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PROPOSITION 2.1. ( [16], Proposition 3) Every partial b-metric space (®p,,Dp)
defines a b-metric o,,, where

Opy, (Cﬂ?) = 2pb(<777) 7pb(<.a C) 7pb(na n)a
for all ¢,n € ®,,.

3. Main results
Firstly, we introduce the following definition.

DEFINITION 3.1. Let (®,,,pp) be a complete partial b-metric space with arbi-
trary coefficient s > 1, let K: ®,, — ®,, be a mapping and «, B: ®,, — [0, +00) be
two functions. Then K is said to be a («, B, Z)-contraction mapping, if it satisfies
the following conditions:

(1) K is cyclic (o, B)-admissible,

(2) there exists a simulation function Q € Z such that

(3.1) Q(py(K(Q). Km), A5(G,m) >0,
for all {,n € ®,,, where
AZ(C?U) = max {pb(C7n)apb(C7KC)7pb(naK:n)a
pb(<7 ICC) + pb(n7 K:C) }
2s '

Now, we are ready to prove our main result.

THEOREM 3.1. Let (®,,,pp) be a complete partial b-metric space with coefficient
s> 1, K: @, — &, be a mapping and o, B: ®,, — [0,+00) be two functions.
Suppose that the following conditions hold:

(1) K is a (o, B, Z)-contraction mapping.

(2) There exists an element oy € O, such that a((o) = 1 and 5((o) > 1.

(3) K is continuous.

Then K has a fized point 7 € @, and py(1,7) = 0.

PROOF. Assume that there exists {y € ®,, such that «({p) > 1. We divide the
proof of Theorem 3.1 into the following three steps:

Step 1. Define a sequence {(, } in ®,,, such that 11 = K¢, for all n € NU{0}.
If ¢, = (p+1 for all n € NU {0}, then K has a fixed point and the proof is finished.
So, we assume that (, # (,41 for some n € NU {0}, that is, py(¢pn, Gut1) # 0 for
n € NU{0}. Since K is cyclic (o, 8)-admissible mapping, a({p) > 1 and (o) > 1,

B(¢) = B(KG) > 1.
It implies that

a(G2) = a(KG) > 1.

And also, we have

a(C1) = a(K¢o) > 1.
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It implies that
B(¢2) = B(KG) = 1.

By continuing the same process as above, we have «((,) > 1 and ({,) > 1 for all
n € NU{0}. Thus a((,)B(Cnt1) = 1 for all n € NU {0}. Therefore, we obtain

(32 Q(Po(G) KGr1)): A (G Garn)) 2 0,

for all n € N, where

AZ(Cm Cn-‘rl) = max {pb(gna Cn-‘rl)apb(Cna ’Cc:n)vpb(gn—i-lv ICCn+1);

pb(Cna ’CCn) + pb(Cn+1a ICCn) }
2s

= max {pb(Cm <n+1)apb(€m <n+1)’pb(<n+1v Cn+2)a

pb(Cnu CnJrl) + Pb(<n+17 <n+1) }
2s

= max {pb(Cna Cn+1)apb(<n; Cn+1)7pb(Cn+17 Cn+2)a

pb(Cna Cn-i—l) + pb(Cn-l-lv Cn-‘rl) }
2s

= max { (G, Gorn) 2o G o)

It follows that
(33)  (Po(Garrs Gura)smax {pb(Gos Gurt): Po(Gurr, Gura) }) 2 0.
Condition (€2,) of Definition 2.7 implies that

0 < QpalGurts Gur)smax {PolGus Gurn) Po(Gren s Gusa) })
(34) < max {pb(Cn, Cnt1) Po(Cnts Cn+2)} = Po(Cnt1, Cnva)-
Thus, we conclude that
(35 polGurns Gure) < max {po(Cas Gurr) Po(Gurn s Gusa)

for all n > 1. From equation (3.5), we have

(3.6) P6(Cnt1s Cnt2) < Db(CnyCnyr) forallm > 1.

It follows that the sequence {py(Cpn, Cnt+1)} is non-increasing. Therefore, there exists
a constant ¢ > 0 such that

(37) Jirréopb(Cnv Cn+1) =C.
If ¢ # 0, that is, if ¢ > 0, then by condition (€22) of Definition 2.7, we obtain
(38) 0 < lim SupQ<pb(<n7 Cn+1)7pb(Cn+17 C7l+2)) < 0,

n— oo
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which is a contradiction. This implies that ¢ = 0, that is,
(3.9) nli_)ﬂéopb(Cm Cng1) = 0.

Step 2. Now, we show that {(,} is a partial b-Cauchy sequence in ®,,. For
this, we have to show that {¢,} is a b-Cauchy sequence in (®,,,0,,). Suppose the
contrary; that is, {¢,} is not a b-Cauchy sequence. Then there exists e > 0 for
which we can find two subsequences {ka)} and {Cm(k)} of {¢n} such that m ) is
the smallest index for which

(310) m(k) > n(k) > k) Opb (Cn(k)?cm(k)) 2 €.
This means that
(311) Upb (Cn(k) 9 C’m(k)—l) < E.

From equation (3.10) and using the triangular inequality, we have
€ Upb (Cn(k)7<m(k))

S[Crpb (Cn(k) ) Cm(k)—l) + Op, (Cm(k)—lv Cm(k) )]

“Opy (Cm(k)fla Cm(k)fl)

(3'12) < S[Upb (Cn(k) ’ Cm(k)*l) + Opy (Cm(k)*h Cm(k) )]

Taking the limit as & — oo in the above inequality and using equations (3.9) and
(3.12), we get

<
<

e .. . .
(3.13) = <liminf oy, (Cagyy s Gy —1) < imsup oy, (Cogyy s Gy —1) < €.
S k—o0 k— 00

Also from (3.12) and (3.13), we have

(3.14) e < limsup oy, (Cngyy s Gmgry) < SE-

k— o0

Further,

Op,, (Cn(k) ) Cm(k)-i-l) < S0py, (Cn(k) ’ CM(}C)) + S0py, (CM(k) ) C’M(k)-l-l)a

and hence

(3.15) Hm sup o, (G iy +1) < 5°€.

k—o0
Again,
Opy, (Cn(k)*lv Cm(k)Jrl) < S50p, (Cn(k)flv Cm(k)) + 50p, (Cm(k) ) Cm(k)Jrl)v

and hence

(3’16) lim sSup Upb (C’ﬂ(k)717 C’HL(k)Jrl) < SE.

k—o0

Again, we have
Op, (Cn(k)—la CM(k)—l) g SUPb (Cn(k.)—la Cn(k)) + SCpr (<"(k) ) <m<k)—l)a
and hence

(3']‘7) 1imsupo—pb(cn(k)fl,C’n’L(k)fl) g SE.

k—o0



FIXED POINT RESULTS FOR («, 8, Z)-CONTRACTION 241

Finally, we have

Opy, (C"L(k) ) CM(k)—l) < SOp, (Cn(k) ) Cn(k)—l) + S0p,, (Cn(k)—h CTI’L(k)—l)a

and hence

(318) lim sup op, (Cn(k) ) Cm(k)fl) < 825.

k—o0

On the other hand, by the definition of ¢, and (3.9),
hm Sup Upb (Cﬂ(k)—la Cm(k) ) = 2 hII:l Suppb(cn(m—l) CWL(k) )
— 00

k— o0

Hence by equation (3.13), we have

3 . . €
(319) oo < Uminfpy(Gugy -1, Gmey) < lllzrisogppb(Cn<k)71,Cm(k>) <35
Likewise,
. s€
(320) thUPPb(Cn(kam(k)) < a5
k— o0 2
€ .
(32]‘) 278 g h]{;isolippb(cn(k) ) me)—‘rl)ﬂ
. S€
(322) lim Suppb(cn(k)fla Cm(k)+1) < )
k—o0 2
. S€
(3’23) hm Suppb(é‘n(k)flv Cm(k)fl) < a0
k— o0 2
. 825
(3'24) hm Suppb(Cn(kam(k)fl) < 2 .
k—o0
Since «(¢,) > 1 and B(¢,) > 1 for alln =1,2,3,..., we conclude that
(3’25) a(C’rL(k)fl)ﬁ(C’ﬂL(k)fl) 2 1~

Since K is a («, 8, Z)-contraction. Hence from equation (3.1), we have

(326) Q <pb(lc(<n(k)—1)v K((m(k)—l)); AZ(CH(M—M CWL(k)—l)> 2 0,

where

Ag((”l(k)717<—m(k)*1) = max {pb(gn(k)fluCm(k)fl)vpb(Cn(k)flvKgn(k)fl)a
pb(Cm(k)—la ICCm(k)—l)7

pb(Cn(k>—17 ICCn(k)—l) + pb(CM(k>—17 ICCTL<k)—1) }
2s

= max {pb(CH(k)—la CM(k)—1)7pb(<n(k)—l7 Cﬂ(k) )7
pb(CM(mfl? CTH()Q)))

2s '

(3.27)
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Taking the upper limit as ¥ — oo in equation (3.27) and using equations (3.9),
(3.23) and (3.24), we get

hmsup Ag(Cn(k)—hCm(k)—l) = maX{hmsuppb(Cn(k)—laCm(k)—l)ﬂ()?Ov
k—o00 k—o0
0 + hm Supk—H)O pb(Cm(k)—la Cn(k)) }

2s
s%e
s€ 5

g a0 07 07 L}

max{ 2 2s

(3.28) - Inax{%,0,0,%} :%.

Now taking the upper limit as & — oo in equation (3.26) and by conditions (£3),
(Q3) of Definition 2.7 and using equations (3.20) and (3.28), we get

0< hlrcn Sup((pb(Cn(k>7Cm(k))7 Ag(gn(k)fla Cm(k)fl)) <0,
—00

which is a contradiction. Thus we have proved that {¢,} is a b-Cauchy sequence in
b-metric space (®y,,0p, )-

Step 3. Finally, we prove that K has a fixed point. Since (®,,,, py) is a complete
partial b-metric space, then from Lemma 2.2, (®,,,0p,) is complete b-metric space.
Therefore, the sequence converges to some 7 € ®,,, that is, lim,_,o op, (¢, 7) = 0.
Again, from Lemma 2.2,

(3.29) Jim py (7, Ca) = Hm py(Cus Gn) = po(T, 7).

On the other hand, from equation (3.9) and (pp2), limy,— 00 Po(Cn,y ¢n) = 0, which
yields that

(330) nILI{:OPb(T, Cn) = nli)rr;opb(Cn; Cn) = pb(Ta T) =0.

Now, since lim,, 00 pb(7, () = 0 or {,, — T as n — oo, the continuity of K implies
that K¢, — K7. Since (opy1 = Kon and (2,41 — 7, by uniqueness of limit,
we get K7 = 7. So, 7 is a fixed point of K and py(7,7) = 0. This completes the
proof. O

4. Consequences of Theorem 3.1

In this section, we give some very interesting fixed point results which can
be derived from the condition (3.1) of Theorem 3.1, on several form of functions
Q € Z. We give a few examples as corollaries which extend and unify the existing
results of the literature.

COROLLARY 4.1. Let (®,,,pp) be a complete partial b-metric space with coeffi-
cients > 1, K: &, — ®,, be a mapping and o, 5: O, — [0, +00) be two functions.
Suppose that the following conditions hold:

(1)

(4.1) po(K(C), K(n) < v Ay (Cm),
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for all ¢,n € ®,,, where v €[0,1) and

Ab(&m) = max{py(¢m), po(C, KC), ol Kn),

o (¢, K¢) +pb(77,lCC)}
2s '

(2) There exists an element (o € D, such that a(¢o) =1 and B({o) > 1.

(3) K is continuous.

Then K has a fized point 7 € ®p,, and py(1,7) = 0.

PROOF. The result follows from Theorem 3.1, by taking as 2-simulation func-
tion
Qt,s) =vs—t,
for all ¢,s > 0 with 0 < v < 1 in (4.1), we have the conclusion. O

The following result is a particular case of Corollary 4.1.

COROLLARY 4.2. ([26], Theorem 1) Let (®y,,py) be a complete partial b-metric
space with coefficient s > 1. Suppose that the mapping K: ®,, — ®,, satisfying the
following contractive condition:

(4.2) po(K(C), K(n)) < vpu(C,m),

for all {,n € ®,,, where v € [0,1) is a constant. Then K has a unique fized point
T € ®,, and py(r,7) = 0.

COROLLARY 4.3. Let (®p,,ps) be a complete partial b-metric space with coef-
ficient s > 1 such that for some positive integer n, K™ satisfies the contraction
condition (4.2) for all {,n € ®,,, where v is as in Corollary 4.2. Then K has a
unique fized point u € @, and py(u,u) = 0.

PRrROOF. From Corollary 4.2, let pg be the unique fixed point of K", that is,
K™(po) = po- Then

K(K"po) = Kpo or K™(Kpo) = Kpo.

This gives Kpg = po. This shows that py is a unique fixed point of K. This
completes the proof. O

REMARK 4.1. Corollary 4.2 extends the well-known Banach fixed point theorem
[6] from complete metric space to the setting of complete partial b-metric space.

REMARK 4.2. Corollary 4.2 is a special case of Corollary 4.3 for n = 1.

Note that the continuity of the mapping K in Theorem 3.1 can be dropped if
we replace condition (3) by a suitable one as in the following result.

COROLLARY 4.4. Let (D,,,pp) be a complete partial b-metric space with coeffi-
cients > 1, K: &, — ®,, be a mapping and o, 5: O, — [0, +00) be two functions.
Suppose that the following conditions hold:

(1) K is a (o, B, Z)-contraction mapping.

(2) There exists an element (o € D, such that a(¢p) =1 and B({o) = 1.
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(3) If {Cn} is a sequence in @, converges to v € ¥, with a((y,) = 1 (or
B(Cn) =2 1) for alln € N, then a(v) = 1 (or B(v) = 1).
Then K has a fized point v € ®,, and py(v,v) = 0.

By setting the function S: ®,, — [0,4+00) to be a in Theorem 3.1, then we
obtain the following result.

COROLLARY 4.5. Let (®p,,ps) be a complete partial b-metric space with coef-
ficient s > 1, K: ®,, — ®,, be a mapping and o: ®,, — [0,+00) be a function.
Suppose that the following conditions hold:

(1) There exists Q € Z such that if (,n € @, with a(¢) > 1, then

(4.3) QP (K(Q). ). A4(m) >0,
where

AZ(QU) = max {pb(C,n),Pb(CJCC)7Pb(7Ia’07)7

e (¢, KC) +pb(77,iCC)}
2s '
(2) If ¢ € @, with a(C) = 1, then a(K(C)) > 1.
(3) There exists an element (o € D, such that a((p) > 1.
(4) If {¢n} is a sequence in ®,, converges to q € @, with a((,) = 1 for all
n €N, then a(q) > 1.
Then K has a fized point g € ®,, and pp(q,q) = 0.

Now, we give an example in support of Corollary 4.2.
EXAMPLE 4.1. Let ®,, ={1,2,3,4} and py: ®,, x ®,,, = R be defined by

|C - 77|2 + Hla.X{Cﬂ]}, Zf C 7é n,
pb(Cvn) = C? ZfC:n?é 1a
0, if¢=n=1,
for all {,n € ®,,. Then (®p,,pp) is a complete partial b-metric space with the

coefficient s =4 > 1.
Define the mapping K: ®,, — ®,, by

K(1)=1,K2) =1, K(3) =2, K(4) = 2.

Now, we have

p(K(1).K2) = po(1,1) =0 < S 3= 3p,1,2),
pu(K(1),K(3)) = py(1,2) = 3 <
p(K(1),K(4)) = pp(1,2) =3 <

pb(K:(2)>IC(3)) = pb(la 2) =3<

oo™ nw e w
. . L

w

Il

]

o

=

-

B~

N—

Po(K(2), K(4)) = pp(1,2) =3 <
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P(K(3), K(4) =py(2,2) =2 < 55= 2pu(3,4)

Thus, IC satisfies all the conditions of Corollary 4.2 with v = % < 1. Now
by applying Corollary 4.2, IC has a unique fized point namely 1 is the unique fized
point of K. We note that, since pp(2,2) = 2 # 0 it follows that p, is not a b-metric.
Also py is not a partial metric. Indeed, pp(4,1) = 13 > 9 = pp(4,3) + pp(3,1) —
pp(3,3). Therefore, results from [9] and [15] are not applicable while Corollary 4.2
18 applicable.

The following example is in the support of Theorem 3.1.
EXAMPLE 4.2. Let @, = [—1,1] and pp: ®,, X ®,, — R be defined by
2 .
— +max{(,n}, if ,
pdgm:{c il {¢,n} C#n

0, otherwise,
forall (,n € &, .
Also, define the mapping IC: ®,, — ®,,, the two functions o, : ®,, — [0, 4+00)
and the function Q: [0, +00) X [0,4+00) = R as follows:

S if ¢elo,1) G301
— ) 9 3 _ > 7 ,
*©) { %, otherwise, o(¢) { 0, otherwise,
5 if ¢elo,1]
- 4 7 ' ’ = S - .
B(C) { 0, OtherWise, Q(t’ 8) s+1 t

Then, we have the following
(1) (®p,, o) is a complete partial b-metric space with the coefficient s =4 > 1.
) Q is a simulation function.
) There exists o € @, such that a((o) > 1 and B({p) > 1
) K is continuous.
) K is cyclic («, B)-admissible mapping.
) For {,n € ®,, with a(¢)B(n) > 1, we have

Q(po(K(Q). Km), AL(Gm)) >0,

(2
(3
(4
(5
(6

where

Ab(¢m) = max{py(¢m), po(C, KC), po(n, Kn),

(¢, K¢) +Pb(77»’CC)}

2s ’
1t is easy to check that, the proof of (1), (2), (3) and (4) are clear.
To prove (5), let ¢ € ®p,. If a(¢) > 1, then ¢ € [0,1]. So,
<
4

7) +5 (420
4

> 1.

BKC) =

¢
5(4 16
If B(¢) = 1, then ¢ € [0,1]. So,
$+3 12
o =a(§) - F52 - 5
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Thus, K is cyclic («, 8)-admissible.
To prove (6), let (,n € ®,, with a(¢)B(n) = 1. Then {,n € [0,1]. Thus, we
have

Q(p(K(Q). ). AL(Cm))

AY (¢ m)
m —pb(’C(C)JC(??))
pb(C777) _
Tep(Cm MO
(¢, M) 2
Trp(Cop 07Tl et g

|¢ — nf* + max{¢, n} _‘g_g Q_max{g Q}
1+ [¢ —n[? + max{(,n} 4’4

4 4
12
_ =P +12max{cnt

16(1 +|¢—n2+ maX{Cvn}>

Consequently, K is («, B, Z)-contraction mapping. Hence this satisfies all the con-
ditions of Theorem 8.1. So, K has a fized point in ®,,. Here, 0 is the required fized
point of K.
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