
BULLETIN OF THE INTERNATIONAL MATHEMATICAL VIRTUAL INSTITUTE

ISSN (p) 2303-4874, ISSN (o) 2303-4955
www.imvibl.org /JOURNALS/BULLETIN
Bull. Int. Math. Virtual Inst., 14(2)(2024), 249–254

DOI: 10.7251/BIMVI2402249C

Former
BULLETIN OF THE SOCIETY OF MATHEMATICIANS BANJA LUKA

ISSN 0354-5792 (o), ISSN 1986-521X (p)

GENERALIZED ZAGREB INDEX OF GRAPH
OPERATIONS
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Abstract. Let G be a simple connected graph with the edge set E(G). For

arbitrary real numbers r and s, the generalized Zagreb index of a graph G is
defined as

Mr,s(G) =
∑

uv∈E(G)

[d(u)rd(v)s + d(v)rd(u)s],

where d(u) is the degree of a vertex u in G. In this paper, we establish the

relationship between generalized Zagreb index of a graph and its line graph.
In addition, we show that the general TEMO-type regularity holds for the

generalized Zagreb index.

1. Introduction

Let G = (V (G), E(G)) be a simple connected graph with vertex set V (G) and
edge set E(G). For u ∈ V (G), dG(u) and NG(u) denote the degree and the set of
neighbors of u in G. The minimum degree and maximum degree of G are denoted
by δ(G) and ∆(G). Let IG(u) = {uui : uui ∈ E(G), ui ∈ NG(u)}. If there is no
confusion, we simply denote the above notation as d(u), N(u), I(u), δ, ∆. The cycle
with n vertices is denoted by Cn. The line graph L(G) is a graph whose vertices
are the edges of G, with two of vertices being adjacent if the corresponding edges
are adjacent in G. Clearly, L(Cn) ∼= Cn. The line graph of a graph is currently the
most common type of graph operation.

In 1947, Wiener discovered that certain physical properties of various paraf-
fin species are correlated with the Wiener index (the sum of distances between
all unordered pairs of vertices) of the tree determined by the carbon atoms of the
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corresponding molecules. Since then, a class of graph invariants known today as
topological indices are being increasingly realized by chemists and others to be pow-
erful tools in the description of chemical phenomena. Especially, the first Zagreb
index, the second Zagreb index and Randić index are the most important topo-
logical index. The first and second Zagreb indices [13,14] are vertex-degree-based
topological indices defined as

M1(G) =
∑

u∈V (G)

d2(u) =
∑

uv∈E(G)

(d(u) + d(v))

and

M2(G) =
∑

uv∈E(G)

d(u)d(v).

In 1975, Randić [20] introduced branching index (referred to as Randić index)
as a suitable measure of the extent of branching of the carbon-atom skeleton of
saturated hydrocarbons. This index is defined as

R(G) =
∑

uv∈E(G)

1√
d(u)d(v)

.

Bollobás and Erdős [2] generalized Randić index by replacing −1/2 with any real
number α, and obtained

Rα(G) =
∑

uv∈E(G)

(d(u)d(v))α.

In 2011, Azari and Ironmanesh [1] further generalized the above topological
indices, and proposed

Mr,s(G) =
∑

uv∈E(G)

[d(u)rd(v)s + d(v)rd(u)s]

under the name generalized Zagreb index, where r and s are real numbers. Clearly,

M0,1(G) = M1,0(G) = M1(G), M1,1(G) = 2M2(G),

M−1/2,−1/2(G) = 2R(G), Mα,α(G) = 2Rα(G).

There are two interesting graph operations in mathematical chemistry. One is
the relationship between the topological indices of graphs and their line graphs, the
other is TEMO (topological effect on molecular orbitals) problem. Scholars have
conducted extensive research on these two types of graph operations, see [3-12, 15-
18, 22-26]. In particular, Qi and Lin [19] recently generalized TEMO problem, and
proposed the general TEMO-type regularity problem (GTEMO problem for short).
Let k be a positive even number, F and H be arbitrary vertex-disjoint connected
graphs with V (F ) = {u1, u2, . . . , un} and V (H) = {v1, v2, . . . , vn}. Then G1 is the
graph obtained from F and H by connecting ui with vi for i = 1, 2, . . . , k. The
graph G2 is obtained analogously, by connecting ui with vi+1 and vi with ui+1 for
i = 1, 2, . . . , k, see Figure 1. The general TEMO-type regularity problem is whether
it is possible to strictly determine the size of the topological indices corresponding
to graphs G1 and G2 for d(ui) ̸= d(ui+1) and d(vi) ̸= d(vi+1), i = 1, 3, 5, · · · , k− 1.
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In this paper, we obtain the following two theorems:

Theorem 1.1. Let G be a connected graph with n vertices and δ(G) ⩾ 2. The
following results hold.

(i) If r ⩾ 0 and s ⩾ 0, then 2Mr,s(G) ⩽ Mr,s(L(G));
(ii) If r < 0 and s < 0, then 2Mr,s(G) > Mr,s(L(G)).

Theorem 1.2. Let F and H be arbitrary vertex-disjoint connected graphs with
V (F ) = {u1, u2, · · · , un} and V (H) = {v1, v2, · · · , vn}, shown in Figure 1. If
d(ui) ̸= d(ui+1) and d(vi) ̸= d(vi+1) for even k and i = 1, 3, 5, · · · , k − 1, then

(i) Mr,s(G1) > Mr,s(G2) for rs > 0;
(ii) Mr,s(G1) < Mr,s(G2) for rs < 0.

u1 u2 u3 u4 uk−1 uk

v1 v2 v3 v4 vk−1 vk

u1 u2 u3 u4 uk−1 uk

v1 v2 v3 v4 vk−1 vk

u1 u2 u3 u4 uk−1 uk

v1 v2 v3 v4 vk−1 vk

G2G1

F

H

Figure 1. The structure of the graphs G1 and G2 and the labeling of their vertices.

2. The proof of Theorems 1.1 and 1.2

Lemma 2.1. For a vertex u of a connected graph G with nvertices and δ(G) ⩾ 2.
The following results hold.

(i) If r ⩾ 0 and s ⩾ 0, then∑
v∈N(u)

[dr(u)ds(v) + dr(v)ds(u)] ⩽
∑

e,f∈I(u)

[drL(e)d
s
L(f) + drL(f)d

s
L(e)]

with equality if and only if G ∼= Cn.
(ii) If r < 0 and s < 0, then∑

v∈N(u)

[dr(u)ds(v) + dr(v)ds(u)] ⩾
∑

e,f∈I(u)

[drL(e)d
s
L(f) + drL(f)d

s
L(e)]

with equality if and only if G ∼= Cn.

Proof. Let d(u) = t and N(u) = {u1, u2, · · · , ut}. For convenience, ej = uuj

for j satisfying 1 ⩽ j ⩽ t and dL(G)(e) is simply denoted by dL(e) for any e ∈ E(G).
Assume that d(u1) ⩽ d(u2) ⩽ · · · ⩽ d(ut). Since t ⩾ 2, r ⩾ 0 and s ⩾ 0, for any
j ∈ {2, · · · , t}, we have

drL(e1)d
s
L(ej) + drL(ej)d

s
L(e1) = (d(u) + d(u1)− 2)r(d(u) + d(uj)− 2)s + (d(u)

+d(uj)− 2)r(d(u) + d(u1)− 2)s

⩾ dr(u)ds(uj) + dr(uj)d
s(u)
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and

drL(et−1)d
s
L(et) + drL(et)d

s
L(et−1) = (d(u) + d(ut−1)− 2)r(d(u) + d(ut)− 2)s

+(d(u) + d(ut)− 2)r(d(u) + d(ut−1)− 2)s

⩾ dr(u)ds(u1) + dr(u1)d
s(u).

The above equation holds if and only if the degrees of all vertices are 2, that is,
G ∼= Cn. Similarly, conclusion (ii) holds. This completes the proof. □

The proof of Theorem 1.1 If r ⩾ 0 and s ⩾ 0, for each u ∈ V (G) with δ ⩾ 2,
by Lemma 2.1, we have

Mr,s(G) =
∑

uv∈E(G)

[dr(u)ds(v) + dr(v)ds(u)]

=
1

2

∑
u∈V (G)

∑
v∈N(u)

[dr(u)ds(v) + dr(v)ds(u)]

⩽
1

2

∑
u∈V (G)

∑
e,f∈I(u)

[drL(e)d
s
L(f) + drL(f)d

s
L(e)]

=
1

2
Mr,s(L(G)).

Similarly, conclusion (ii) holds. This completes the proof.
The proof of Theorem 1.2 According to the construction of G1 and G2, we have

Mr,s(G1)−Mr,s(G2)

= (dr(u1)d
s(v1) + dr(v1)d

s(u1)) + (dr(u2)d
s(v2) + dr(v2)d

s(u2)) + · · ·+
(dr(uk−1)d

s(vk−1) + dr(vk−1)d
s(uk−1)) + (dr(uk)d

s(vk) + dr(vk)d
s(uk))−

(dr(u1)d
s(v2) + dr(v2)d

s(u1))− (dr(u2)d
s(v1) + dr(v1)d

s(u2))− · · · −
(dr(uk−1)d

s(vk) + dr(vk)d
s(uk−1))− (dr(uk)d

s(vk−1) + dr(vk−1)d
s(uk))

= dr(u1)(d
s(v1)− ds(v2)) + ds(u1)(d

r(v1)− dr(v2)) + dr(u2)(d
s(v2)− ds(v1)) +

ds(u2)(d
r(v2)− dr(v1)) + · · ·+ dr(uk−1)(d

s(vk−1)− ds(vk)) +

ds(uk−1)(d
r(vk−1)−dr(vk))+dr(uk)(d

s(vk)−ds(vk−1))+ds(uk)(d
r(vk)−dr(vk−1))

= (dr(u1)−dr(u2))(d
s(v1)−ds(v2)) + (ds(u1)−ds(u2))(d

r(v1)−dr(v2)) + · · ·+
(dr(uk−1)− dr(uk))(d

s(vk−1)− ds(vk)) + (ds(uk−1)− ds(uk))(d
r(vk−1)− dr(vk))

=
∑

i=1,3,··· ,k−1

[(dr(ui)−dr(ui+1))(d
s(vi)−ds(vi+1))+(ds(ui)−ds(ui+1))(d

r(vi)−dr(vi+1))].

If d(ui) ̸= d(ui+1) and d(vi) ̸= d(vi+1) for even k and i = 1, 3, 5, · · · , k − 1, then
we have (dr(ui)− dr(ui+1))(d

s(vi)− ds(vi+1)) > 0 and (ds(ui)− ds(ui+1))(d
r(vi)−

dr(vi+1)) > 0 for rs > 0, that is, Mr,s(G1) − Mr,s(G2) > 0 for rs > 0. Con-
versely, (dr(ui)− dr(ui+1))(d

s(vi)− ds(vi+1)) < 0 and (ds(ui)− ds(ui+1))(d
r(vi)−

dr(vi+1)) < 0 for rs < 0 and i = 1, 3, · · · , k − 1, that is, Mr,s(G1)−Mr,s(G2) < 0
for rs < 0. This completes the proof.
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