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ON THE WORD PROBLEM FOR
SCHUTZENBERGER-WREATH PRODUCT OF
MONOIDS

Eylem Giizel Karpuz and Fatmanur Yildiz

ABSTRACT. In [20], the authors defined a new version of the Schiitzenberger
product for any two monoids and gave a presentation of this new monoid
construction. In this paper, by considering the presentation given in [20], we
study on complete rewriting system for this monoid construction and obtain
normal form structure of its elements. Then, we present solvability of the
word problem for this construction. Finally, we illustrate our results with an
example .

1. Introduction and Preliminaries

The origin of Combinatorial Group Theory can be traced back to 1911 when
Max Dehn posed three questions concerning groups defined by finite presenta-
tions: the word, conjugacy and isomorphism problems [1,14]. The word prob-
lem is the problem of, given a presentation of the structure in terms of generators
and relations, deciding whether or not two given words over the generators repre-
sent the same element of the structure. In this paper, we study on solvability of
the word problem for a new monoid product, which is defined in [20] and called
Schiitzenberger-wreath product of monoids. To have solvability word problem for
this new monoid construction, we study on complete rewriting system.

At the rest of this section let us give the standard definitions and informations
about complete rewriting system, Schiitzenberger product and wreath product of
monoids.
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256 GUZEL KARPUZ AND YILDIZ

1.1. Complete rewriting system. Let X be a finite alphabet and let X*
be the free monoid consisting of all words obtained by the letters of X. A string
rewriting system, or simply a rewriting system, on X* is a subset R C X* x X*
and an element (z,y) € R, also written as x — y, is called a rule of R. The idea
for a rewriting system is an algorithm for substituting the right-hand side of a rule
whenever the left-hand side appears in a word. In general, for a given rewriting
system R, we write x — y for z,y € X* if x = uvyw, y = uvow and (vy,v3) € R.
An element x € X* is called irreducible with respect to R if there is no possible
rewriting (or reduction) x — y; otherwise z is called reducible. The rewriting
system R is called

e Noetherian if there is no infinite chain of rewritings © — x1 — xo — - -
for any word z € X*,

e Confluent (diamond rule) if whenever x —* y; and & —* ya, there is a
z € X* such that y; —* z and yo —* 2,

e (Complete if R is both Noetherian and confluent.

If R is a complete rewriting system, then for every word x there is a unique irre-
ducible word y such that x —* y; this word is called the normal form of x. Each
element of the monoid presented by (X; R) has a unique normal form representive.
For w,v € X* if |u| > |v| or if |u| = |v| and v precedes u in the lexicograpfic ordering
induced by a linear ordering on X, then we write v < u and < is called length-
lexicographic ordering. A rewriting system is R is called a length-lexicographic
rewriting system if s < r for all (r,s) € R. It is clear that length-lexicographic
rewriting system is Noetherian.

If a rewriting system is complete then one can obtain normal form structure of ele-
ments. So we can say that the word problem for given rewriting system is solvable.
We note that the reader is referred to [6,7,25] for a detailed survey on (complete)
rewriting system and to [10-13] for word problem and complete rewriting systems
of some group and semigroup constructions.

1.2. Schiitzenberger and wreath products of monoids. In [24], the au-
thor introduced a monoid construction, namely the Schiitzenberger product. This
product was originally defined for two monoids in view of applications to Lan-
guage Theory. The Schiitzenberger product plays an important role in the study
of several problems of Automata Theory, such as, the Dot Depth Hierarchy of reg-
ular languages and studying concatenation product. In [17], the authors obtained
a presentation for Schiitzenberger product of two monoids and gave the normal
form structure of the elements of this product. In [4], the authors obtained nor-
mal form of elements of Schiitzenberger product of two monoids by using Grébner-
Shirshov bases theory. Many authors combined and extended Schiitzenberger prod-
uct with different products to obtain a new monoid construction. As an example
of these works, in [2], Ates obtained a new monoid construction under semidirect
and Schiitzenberger products. In [15], the authors defined a new monoid struc-
ture by taking into consideration crossed and Schiitzenberger products for any two
monoids.
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The Schiitzenberger product has been extended by Straubing for any number
of monoids [26]. In [16], the authors gave a presentation of the Schiitzenberger
product of n groups Gy, Ga,- - , Gy, given a monoid presentation (X;; R;) of each
group G;, by using Matrix Theory. Then in [11], by using the presentation given
n [16], the authors computed a complete rewriting system and gave an algorithm
for getting normal form of its elements.

Let us consider the monoids A = (X7; Ry) and B = (X»; R2) and let P (A x B)
be the finitary power set of direct product A x B. For PC Ax B (a € A, b € B),
we define

aP ={(ac,d) | (¢,d) € P} and Pb = {(c,db) | (¢,d) € P}.

The Schiitzenberger product of monoids A and B is the set AXx P (A x B) x B with
multiplication (al, le7 bl) (ag, PQ, bg) = ((11(12, Plbg U alpg, blbg). It is denoted by
AOB. Here AOB is a monoid with the identity (14,0,15) [17].

The reader is referred to [3,8,9,19,21] for some recent results on algebraic prop-
erties of Schiitzenberger product of groups, monoids and their derivations.

Now we present some information about wreath product of monoids. It is well
known that the cartesian product of B copies of the monoid A is denoted by A*P
and the corresponding direct product is denoted by A®Z. One may think of A*?
as the set of all such functions from B to A, and A®® as the set all such functions
f having finite support, that is to say, having the property that (z)f = 14 for all
but finitely many x € B. The unrestricted and restricted wreath products of the
monoid A by the monoid B, are the sets AXZ x B and A®B x B, respectively, with
the multiplication defined by

(£.0)(g.0) = (f g,00),
where g : B — A is defined by

(L1) (2)'g = (wb)g (x € B).

It is also a well known fact that both these wreath products are monoids with the
identity (1,1p), where z1 = 14 for all z € B.

For more details on the definition and applications of restricted (unrestricted)
wreath products, we can refer the reader to [5,17,18,22,23].

2. Schiitzenberger — wreath product of monoids

In this section, our aim is to give the solvability of the word problem for
Schiitzenberger - wreath product of two cyclic monoids. To do that, we obtain
a complete rewriting system for this monoid construction by using the presentation
of this product given in [20].

DEFINITION 2.1. [20] Let A and B be monoids and let AP be the set of all
functions f from B into A having finite support. For P C A®B x B and b € B, let
us define a set

Pb={(f,db): (f,d) € P}.
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The new version of the Schiitzenberger product of A by B (Schiitzenberger - wreath
product), denoted by AO, B, is the set APB xP(APB x B) x B with the multiplication

(f, P1,b1)(g, P, b2) = (f "*g, Piba U Pa, bibo).

It is seen that AO,B is a monoid with the identity element (1,0,15), where ®1g is
defined as in (1.1).

THEOREM 2.1. [20] Let us suppose that the monoids A and B are defined by
presentations

A= (z;zh =2 (k>1)) and B=(yy°=y" (s>1)),

respectively. Then the Schiitzenberger - wreath product of monoids A and B, A$, B,
is defined by generators x(¥, Zy() ym and y, and relations

1) y =y,

(2) 20 () = ()@ (i < j),

3) (@)F =@,

(4) ya® =27y,

(5) yz' =20 Vy (0<i<s—1),
(6) Zi(j),ym = Zp() ym s

() 220 ym Za) yn = 250 yn 2gG) ym,
(8) I(i)zwm,ym = Zgg(.n,ymx(i),

(9) 2200 ym¥ = YZy0) ymt1,

where 0 < i,5,m,n < s— 1.

Regarding the numbers of relations given in the forms (1)-(9) in Theorem 2.1,
the following numerical values and formulas are obtained.

Number of relations of the form (1): 1
Number of relations of the form (2): @
Number of relations of the form (3): s
Number of relations of the form (4): 1
Number of relations of the form (5): s—1
Number of relations of the form (6): 2
Number of relations of the form (7): 2(‘9;71)
Number of relations of the form (8):  s3
Number of relations of the form (9):  s?

With an easy calculation, the following result is obtained.

COROLLARY 2.1. The total numbers of generators and relations in the presenta-
tion given in Theorem 2.1 are formulated as (s + 1)°—s and 1 (s"+2s3+4524+35+2),
respectively.
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Now we can give the main result of this section. To do that, let us consider the
generators and relations given in Theorem 2.1, and order the generators as follows.
(2.1) Y > 2672 5 s g0 5 20 5

Zg(s=1) ys—1 > Zg(s=1) ys—2 > e > Zg(s=1) 42 > Zp(s=1) y > Zp(s—1) 1 >
Zy(s=2) ys—1 > Zyp(s=2) ys—2 > > Zp(s=2) 42 > Zp(s=2) y > Zp(s=2) 1 > >
Zp(1) ys—1 > Zg(1) ys—2 > > Zp(1) 42 > Zp(1) y > Zp1) 1 >
Zp(0) ys—1 > Zg(0) ys—2 > > Z(0) 42 > Z2(0) y > Z2(0) 1 > .
We note that we consider the reductions steps on words by taking into account

length-lexicographic ordering on words. We also note that the notation (r) N (p)
denotes the overlapping word of left hand sides of relations (r) and (p).

THEOREM 2.2. Let A= (v;2% =2l (k> 1)) and B = (y;y° =y* (s >1)). A
complete rewriting system for Schitzenberger-wreath product of monoids A and B,
AO, B, consists of the following rules by considering the order on generators given

by (2.1):

1) vy =y,

(2) 2WDz® o 2@z (5 >4,

(3) (=) = @),

(4) 2ty = ya®,

(5) 20 Vy s yz® 0<i<s—1),
(6) 220y ym = Zal) ym

(7) 240 ym 2 yn = Za(i) yn 2 G) yms
(8) x(i)zxu'),ym — qu),ymx(i),

9) Zp@) ymY T YZp(G) ym+1,

where 0 < 4,5, m,n < s— 1.

PROOF. This rewriting system is Noetherian since there is no infinite chain of
rewritings of overlapping words for the given length-lexicographic ordering given
by (2.1). In order to show the second condition, the confluent property (diamond
rule), the words obtained by appropriate overlappings of the words on the left-hand
side of all rewriting rules are given below.

by — o+l
s yy=vy
(1)n(1) :y“H{ yyt = ytt1

For 20) > 2() > 20,
BN :aDaOa® s { 2D 2@ @) _y 2@ 2(0) _y 20) () 1)

2D 2@ ) _y 20 ()50 _y 2(0) 0 £ ()

2O (V=1 S5y (p0)hg() Sy (p0)i0)

. j i)\ k
2N @) 2V @)k — { 2D (@Y S D) (z@0) -1 L Ly (z0)g0)
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20Dy 5 g0-D gD 5 DG+

o () (i1
2)n(5) : 20 ( )y — { x(j)yx(i) N yl,(j+1)x(i) N yx(i)m(jJrl)

N E): (4) . (5) (4) (4) () . (5)
3 3 3
I(j)x(i)zwm,ym { A A% Zp) gym > T 25y ym @ ) ym T J

x(J)zm<j)7y7,L:1c(’) — zm(mymx(J)m(z) — zz(j)ﬁymx(’)mm

Yz s (20 =1g@z@) s ... _y 2@ (50!
) Wk (i (zV)) 2™ — (W)=l — — W (29))
B)N(2) : (@)ra — { DV 1200 Zy .o Sy 20 (D) 20 (50!

| L)) — (D)1
(3)N(3) : (zW)k+1 — { i(i) (.)Z‘(i))l _ Ex(i);lil

(s—1) l s=1))l=1,,,.(¢) (t)y!
(o (s—1)\k (z ( ) yr — — y(a™)
(3)N(4) : (zt7)ky — { (w(s= D)k 1yx(t) Sy (@Y s (D)

(i—=1)\l (s=1))l=1,, (%) ()
(i)Y @)y = (@7 ) et — o y(atY)
(3)N(5) : (x( )) y— { (x(i—l))k—lyx(t) NN y(x(t))k N y(x(t))l

A O (1))1-1 ©) OM
(i) _ (z@)lz zm ym = () T 206 ym ) = = 26y ()

M)z m = ; ;

( ) z() )y { (x(z))k Z2) y () RN 235) ym (x(z))k = 24 ym (x(z))l

yx(t)y *> y ‘T(t+1)y572 — e — y (t) — ytx(t)

. s—1
(4) N (1) :altshys — 2Dyt oy ya(Oyt=1 Sy 204D t=2 Lyt ()

yarDys=1 5 920 @0ys=2 5 ooy ysp (D) gt (0)
x(z 1)y L yzDyt1 sy x(z)yt 2y oyt

—> Z.(5) ym
.53 w(” ,ym z\)y
(6) N (6) N Z;E(J')’ym - Z (i
:v(7> Ly () ym

5)N (1) : zDys —
(5)N( Y
(6)N(7)

Zp(3) ym Zg(6) yn — Zp(@) yn Zz() ym

2
2205 Zp(i) yn — 2
x (@), ym “zt .y Zg(i) ym Zg() yn Zgp () ym ~F Zg@) ynZ

2() ym T @ yn ZpG) ym

(6)Nn(9) :
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Zp@) ymY 7 YZp() ym+1

2
Zw(j)’ymyzw(j) ,ym+1 — Yz

2
2o ym¥ — _
’ 20y

m+1 — YZ1 ) ,ymtl

(N ) 2
_ 9 B () yn Zg ) ym Zg () yn = 2y ynZgl) ym 7 Zg(i) yn Zg () ym
Ra(@) ym ) yn

Zw(j),ynLZI(i)’yn — Zw(i)’ynzz(j),yyn

(7)N (7) : Let us label the word Zp) ym Zg i) yn Zg(e) yh DY A (0<p,h<s—1).
A Zp(@) yn 2z () ym Zg(p) yh — Zz(i) yn 2z (p) yh Zz(5) ym — Zz(p) yh 2z (i) yn Zz(5) ym
Z2() ym Zg(®) yh Zg (i) yn — Zg(®) jyh Zg(3) ym Zg(i) yn — Zp(®) jyh R (i) gy Zg(3) ym

(7)N(9) : Let us label the word z,() ,m 2,0 4y by B.

B Zp(@) yn Zp @) ymY 7 Zg() ymYZe() ymAl T YZp() g+l Zp() ym+l
Z2() ym YZg () yn+1 — YZ2(3) ym+1Z50) ynt1 — Y22 (i) yn+12405) ym+1

, (P 2 @) , (@)
(8)N(6) 2022, —>{ 20080200 gm = 20 8 2 200y
N mj,yrn

2@z e mx®

(@) y (@) y

(8) N (7) : Let us label the word 2z, () ym 24 yn by C.

C Zz(j)’ymx(l)zz(i}’yn — Zx(j)’ym,zz(i}’ynx(z) — ZI(i)’ynZa:(j)7ymx(l)
x(z)zx(i)’ynzm(j)JJm — Zm(i)’ynx(z)zr(j)’ywn — Zz(i)’ynzz(j)’ymx(z)

(8) N (9)
D 2,00 ymy — Zi(j)vy’"‘r(l)y - me,ymyx(”'l) - yzx(i),ym“m(l—i_l)
3 am ; : )
Ty x(’)yzw(j)7ym+1 — y$(1+1)2x(]’)7ym+1 — yzx(j),ym+1x(z+1)

e T

1

t
2@yt Y2
— eyt

. S— .
(9) N (1) : Zz(j)7ymys — { yzz(])’ym+1y x(]),yt

t t—
Zg() ymY T YZg) ym+rly (@) yt

It is seen that all overlapping words are reduced to the same words after ap-
propriate reduction steps. Therefore, the confluent property for the given rewriting
system is also satisfied. Consequently, since the presentation of A<, B is Noetherian
and confluent, it is complete. Hence the result. O

By considering Theorem 2.2, we have the following other result of this section.

COROLLARY 2.2. The normal form of a word w representing an element of
AO,B, is

(2.2) yPW, W/(I(q))t 0<p, ¢g<s—1 and 0<t<k—1),

5() ym

where W and W’(x<q))t are reduced words obtained by generators z,u) ,m and

(i) Ly

(2@ )t , Tespectively.
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By considering Theorem 2.2 and Corollary 2.2, we can give the following result.

COROLLARY 2.3. Let A and B be finite cyclic monoids. Then the word problem
for Schiitzenberger-wreath product of these monoids, AC, B, is decidable.

PrOOF. By Theorem 2.2, we know that since the rewriting system of A<$,B
is Noetherian and confluent, this system is complete. By this complete rewriting
system, each element of the monoid A<, B has a unique structure containing normal
form given in (2.2). Thus, the word problem for A<, B is decidable. O

3. An example

In this section, by considering two finite cyclic monoids, we give applications
of Theorem 2.2 and Corollary 2.2.

Let A = (z;2% = 22) and B = {y;y® = y) be two finite cyclic monoids. The
generator set of the Schiitzenberger-wreath product of A and B, AC, B, is
{x(Z)a 1‘(1)’ ‘T(O)v Rg(2) 425 Zg(2) gy Zp(2) 15 (1) 25 Zg(1) g5 Zp(1) 15 Bg(0) 425 Zg(0) 4y Zg(0) 15 y}
Now we order these generators as follows.
(3.1) 2@ > W > 20 5 Zp(2) g2 > Zg(@) y > Zp) 1 > Zp() 42 >

Zp() gy > Zp(1) 1 > Zg(0) y2 > Zp(0) g > Zg(0) 1 > Y.

By the ordering given by (3.1), the monoid A<, B has the following complete
rewriting system.

1) v’ =

(2) zWz® - 2050 @0 5 705 ()51 (1) (2)
3) (@) = @), (@) = @), (@?)? = @@,

4) 2@y -y,

5) 2@y = ya®, 20y s g,

(6) Zi(o),l 7 Zg(0) 15 Zi(m,y 7 Zg(0) g Zi(m,yz 7 Zg(0) g2,

25(1)71 — Zp(1) 15 Zi(l),y — Zp(1) 1y Zi(l),yQ — Zp(1) y2,
2320@),1 — Zp(2) 15 Zi(g),y — Zz(2) .y Zi(g)’yz — Zz(2) y2,

(7) Z2(0) yZg(0)1 T Zg(0) 122(0) gy Zg(0) 4225(0) 1 T Zg(0) 124(0) 42,
Zp(1) 1220 1 — Z2(0) 1221 15 Rg(1) yZg(0) 1 — Z22(0) 1221 y)
Zp(1) y224(0) 1 — Zp(0) 1221 425  Zz(2) 122(0) 1 — Z2(0) 122(2) 15
ch@),yzg;(o>71 — Z$(0)7121(2)7y, Z$(2)7y2zi(o),1 — Zw(o))lzx(2)7y2,
zmm),yzzz(o)w — zxm)’yzz(o)’yz, Z1(1)’12z(o)’y — Zm<o)’yzz(1)’1,

Zz(1) yZq(0) 4 — Z2(0) yZe(1) gy Zp) y222(0) y — Z3(0) 42z (1) y25
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zz<z>7lzz<o)’y — zmw)’yzx(z)J, zm(z)’yzzm))y — zm(o)’yzz<z>7y,
Zp(2) y224(0) y — Zp(0) yZq(2) y2s  Zg(1) 124(0) 42 — Z2(0) 42241 1,
Z$(1)7yzw(o))y2 — Z$(0)7y22$(1)7y, Zw(l))yQZw(O),yz — ZI(o),y2ZZ(1)yy2,
Zp(2) 1220 y2 T Zz(0) 4224(2) 15 Zz(2) yZg(0) 42 7 Z(0) 42 25(2) y,
Z5(2) 2 2 (0) 42 — Zp(0) y222(2) 42, Zz(1) yZz1) 1 — Zz(1) 1221y,
Zp) g224(1) 1 — Zp) 122 25 Zz(2) 1221 1 — Zp(1) 1%2(2) 15
Z$(2)7yzw(1))1 — Zwu))lZI(Q)’y, Zw(z))yQZw(l)’]_ — 2190(1)’12‘,”(2))y27
Zp) 2221 gy "7 Zp(D) yZe() g2y Zg(2) 122() 4 7 Zp(1) yZz(2) 15
Zp(2) yZa(1) y — Zp) yZa (@) yy 2z 42220 y — Zp) yZa(2) y2s
Zx@),lzx(l),y? — Zw(1)7y22x(2),1, Zx(2)7y2x(1),y2 — Zx(1)7y2zx(2)7y,
Zx(z)’yz,%(z),yz — Zw(1)’y2zz(2)7y2, Zz(2),yzm(2>,1 — Zw(2))12’$(2),y,
Zp(2) 2 24(2) 1 — Zp(2) 1222 g2, Zz(2) y222(2) y — Zp(2) yZe(2) y2s

0)

0 0 0 0 0
(8) x( )Zw(o)’l — Zw(o)’lm( ), JC( Zw(o)’y — Zw(o)’yx( ), .73( )Zm(o),yz — Zz(o)ﬁgzx( ),

x(O)Zx(l)J — 21(1)711‘(0), x(0)21(1)7y — Z$(1)7yl‘(0), ‘T(O)Zz(l)7y2 — 21(1)7212:17(0),
x(o)ch(z)J — Z$(2)71x(0), $(0)Z$(2)7y — zz<2)7yx(0)7 (E(O)Zx(z)7y2 — Z$(2)7y2x(0),
x(l)zﬂo)’l — zzm))lx(l), x(l)zzm))y — Zm(o)’y.’L'(l)7 x(l)zx(o),yz — ,256(0)7312.73(1)7
x(l)zwu)’l — ZI(1)’1$(1), x(l)zmm’y — qu)’yx(l), x(l)ZI(U)yz — Zz(1)’y2$(1),

1 1 1 1 1 1
:E( )Zw(2)71 — 21(2)711'( ), 93( )21(2)711 — zw(z)’y:c( ), .17( )Z$(2))y2 — 21(2)711250( ),

x(z)zxmm — Zx(o)JIE(Q), 1'(2)2’;8(0)4/ _>x(“),y 1'(2), .r(Q)Zx(o)7y2 — Za:(‘)),y?x@)’

.’L'(Z)Zzu)J — 21(1))1!@(2), .%'(2)21(1))1! — Zz(1)7yw(2)7 $(2)ZI(1)7‘U2 — ,21(1)71121'(2)7

.23(2)231(2)’1 — Zz(z)’ll‘@), x(Q)Zz(z)hy — Zm(z)’yx(Z), Z‘(Z)Zm(z)’yz — zz@)’yzx@),
(9) 220 1Y = Y220 s 2o yY = Y2500 425 2500 42Y = YZ(0) 4

ZeWAY T Y2 gy Ze Y T YZe) g2y Zp) 2y T Y2 gy

Zz(2) 1Y — Y2 g 22 yY — YZp(2) g2y Zp(2) 42V — YZ2(2) y-

To show that this system is confluent, we check all overlapping words as follows.
Overlapping of the relation (1) with itself:

W)yt
Overlapping of the relation (2) with itself:

(2)N (2) : 2@z 0
Overlapping of the relation (2) with relation (3):

(2)N(3): 2D EOR, (2)0(3): @O, (2)0(3): 2@ @D
Overlapping of the relation (2) with relation (5):

)N (5):x2Mz@y, (2)n(5) : 2@z@gy, (2)N (5) : Py
Overlapping of the relation (2) with relation (8): There are twenty seven overlap-
ping words of this type. Here, we give six of them as application.

2)N®8) : 2Wz@z,0 1, 2)N(B) : 2M202,0),, (2)N(8) : 2Ma @z ) e,
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@2)NEB): x@aWz,) 1, (2)N(B) : 2@aMz 0, (2)N(8) : x@aMz o) o
Overlapping of the relation (3) with relation (2):

(3)N(2) : 2’z (3)N(2): 2®°2@, (3)N(2) : 2@ 2D
Overlapping of the relatlon (3) with itself:

BNE) 2@ BNE): B)NE): ™
Overlapping of the(z 1)rdelat10n (3) with relation (4):

(3)N (4) : 2
Overlapping of the relation (3) with relation (5):

3)N () : 2@y, B)N(G):aD’y
Overlapping of the relation (3) with relation (8): There are twenty seven overlap-
ping words of this type. Here, we give six of them as application.

B)N(8) : 2@ 20y, (3)N(8) 12 200, 3)N(8): 2@ 20 2,

B)N(8) : 2@ 2y, 3)N(8) 2@ 2y, 3)N(8) 122y 0
Overlapping of the relation (4) with relation (1):

(4N ): Py’
Overlapping of the relation (5) with rela‘mon (1):

(5) N (1) : 203, (5)N (1) : 2y
Overlapping of the relation (6) with itself: There are twenty nine overlapping words
of this type. Here, we give three of them as application.

(6) N (6) : Zi<0>,17 (6) N (6) : zz<0)7y, (6)N(6) : zg(o),yg
Overlapping of the relation (6) with relation (7): There are thirty six overlapping
words of this type. Here, we give six of them as application.

6)N(7): Z2(0>7yzm(0>,1a 6)N(7): i(o) y2%2(®), 15 6)N(7): i(m g2 %0y

6)N(7): 22(2)7y2za:(1),y2’ (6)N(7): 220, PEAMORE 6)N(7): 2 w<2) 224(2) y
Overlapping of the relation (6) with relation (9): There are nine overlapplng words
of this type. Here, we give three of them as application.

(6)N(9): 20 1y ()N(9): 220y 3, (6)11(9): 2 oy
Overlapping of the relation (7) with relation (6): There are thirty six overlapping
words of this type. Here, we give six of them as application.

(7)YN(6) : Zz(l),yzi(o),p (7)N(6) : zmm,yzzim))l, (7)N(6) : Zm(2>,1zi(o>717

(7) N (6) : ZI(z)’yZi@),l’ (7) n (6) : Zm(2>,y223;(2),1’ (7) n (6) : Zx(z),yzzim)y
Overlapping of the relation (7) with itself: There are eighty four overlapping words
of this type. Here, we give four of them as application.

(7) n (7) D Z300) 2 24(0) 4 Z2(0) 1, (7) N (7) D Zp(1) 12500) 4y Z5(0) 1,

(MN(7): Z(2) 42 Z5(2) yZa(D) (MN(7): Z(2) 42 Z5(2) B (1) 42
Overlapping of the relation (7) with relation (9): There are thirty six overlapping
words of this type. Here, we give six of them as application.

(TyN(9): Z(0) 4 Z2:(0) 1Y (N9 : Z(0) 42 Z2(0) 1Y, (MN(9): Zp(1) 12500) 1Y,

(T)N(9) : 2p@ y2e 1Y, (T)N(9) 1 25 y22p@ 1Y, (T)N(9) : 24 Y220 Y
Overlapping of the relation (8) with relation (6): There are twenty seven overlap-
ping words of this type. Here, we give six of them as application.

(8)N(6) : 2™ 220 10 (8) N (6) : 55(0)35(2),?!27 (8) N (6) : x(l)ziw),p



ON THE WORD PROBLEM FOR SCHUTZENBERGER 265

(8) N (6) : 36(1)2320(2)’92, (8) N (6) : x(2)zi<0)71, (8) N (6) : x@)zi&),yz
Overlapping of the relation (8) with relation (7): There are one hundred eight
overlapping words of this type. Here, we give four of them as application.

BN (1) :2D2,0 42201 B)N(7) : 2V 200 12,00 4,

B N1 :2W2,0 12,01 B)N(7): 2020 12,0 42
Overlapping of the relation (8) with relation (6): There are twenty seven overlap-
ping words of this type. Here, we give six of them as application.

(8) N (6) : fc(o)zi((,)’17 (8)N(6) : x(o)zi(l),y, (8) N (6) : x(l)z§<0)7y,

(8) N (6) : x(1)23<0)7y2, (8) N (6) : x(1)23(2)7y2, (8)N(6) : 93(2)23(2)7112
Overlapping of the relation (8) with relation (9): There are twenty seven overlap-
ping words of this type. Here, we give six of them as application

B)N(9) : 22,00y, B)N9):2V20,y, B)N(9):20z,e 2,

(8)N(9): x(l)zxu)’yzy, (8)N(9): x@)zz(o)’yy, (8)N(9): $(2)Zx(2)’y2y
Overlapping of the relation (9) with relation (1): There are nine overlapping words
of this type. Here, we give three of them as application

O)N (1) zz0 9% (DND): 2,0 09% (9)NQA) 250 429"

In fact, all these above overlappinng words are resolved by reduction steps. We
show two of them as an example.

2)N(8) : 2Wz©®z o | —> { M0 z0 1 = 20z, 42

D S 20 0@
x(l)zx(m ,123(0) — zz(m’lx(l)m(

0) Z2(0) 1$(0)$(1)

6)N(7) : 220 201 — { SO0 T S Sy
) ’ Zp(1) yZq(0) 124(1) 4 7 ZI(O),lzz(l)’y = Z22(0),122(1) y
Since the rewriting system given with (1)-(9) is Noetherian and confluent, it is
complete.
Now we consider normal form structure of an arbitrary word v € A, B. It is
easily seen that it is of the form,;

(32) prZ Wl(w(q))t (0 <pa q, i7 m, t< 2)7
where W

22 (i) ym

w(i),y""

and W’ (a(a))t L€ reduced words obtained by generators z m and

t . 2 o 2
(x(@)", respectively. For example, the words y(z(?)” and 2y () 1 25(0) 42 (x(1) 22
are of the forms given in (3.2).

Finally, we can say that the number of generators and relations of A<, B are 13
and 91, respectively. We can easily see these results by taking s = 3 in the generator
number formula (s + 1)* — s and relator number formula $(s*+25° + 452+ 35+ 2)
in Corollary 2.1.
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