BULLETIN OF THE INTERNATIONAL MATHEMATICAL VIRTUAL INSTITUTE

ISSN (p) 2303-4874, ISSN (0) 2303-4955
www.imvibl.org /JOURNALS/BULLETIN
Bull. Int. Math. Virtual Inst., 14(2)(2024), 267-274

DOI: 10.7251/BIMVI12402267G

Former
BULLETIN OF THE SOCIETY OF MATHEMATICIANS BANJA LUKA
ISSN 0354-5792 (o), ISSN 1986-521X (p)

NEW BOUNDS FOR SOMBOR INDEX

Giilistan Kaya Gok and Kiibra Celik

ABSTRACT. The Sombor index SO(G), which is defined as the sum over all
pairs of neighboring vertices, is a vertex-degree based graph invariant. The
degrees, vertices and edges of different boundaries for the Sombor index are
investigated in this paper. In addition, Sombor energy inequalities related to
the eigenvalues of the Sombor index are found.

1. Introduction

The Sombor index, which Gutman discovered in 2021 [8], is a molecular struc-
ture named after the Serbian city of Sombor. Graphs containing (linked) molecular
graphs, chemical trees, and hexagonal systems are categorized in terms of the Som-
bor index.

Sombor index is described as [9]

SO(G) =" \/d? + a2

inj

where the degree d; of vertex i € V(G) is equal to the number of vertices adjacent
to 4. It is written ij (or ji) if there is an edge connecting vertex i to vertex j.

The Sombor index, which is mostly functional in the molecular structure of
atoms, is a fairly new and popular index. The number of edges emerging from the
graph’s points determines the degrees needed to find the Sombor index.

The chemical significance of the Sombor index is investigated in [6] and it is
shown that this index is effective in accurately predicting physicochemical proper-
ties compared with other well-known and frequently used indices. In [15], molecular
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trees are defined in terms of the Sombor index and boundaries are found. The defin-
ing characteristics of Sombor index and Reduced Sombor index are investigated.
Using graph properties and maximum-minimum degrees, some lower and upper
bounds on the Sombor index of graphs are reported in [4]. Additionally, there are
several relations between the first and second Zagreb indices with the Sombor in-
dex. The Sombor index’s graph structure with a few degree based defining relations
is examined in [17].

This study aims to provide a fresh perspective on the Sombor index and con-
tain significant bounds. In addition, Sombor Energy, which is the absolute sum of
eigenvalues of Sombor matrix, is investigated. It is provided some important def-
initions and theorems in Section 2 that will be helpful throughout the remainder
of the study. Bounds for the Sombor index are provided in terms of degrees, edges
and vertices in Section 3. Also, the Sombor index is associated with some known
special graphs and indices with the help of defining relations. Finally, a relation
is studied between Sombor energy and Sombor matrix. This essay discusses the
Sombor’s energy and index. For more information on graph theory and the Sombor
index, see [1-3,7].

2. Preliminaries

Let G be a connected graph with the vertices set of V(G) = {v1,v2,...,v,}.
The distance d;;, is the length of the shortest path between the vertices v; and
v; in G. The minimum and maximum degrees of a connected graph are § and A,
respectively.

The Sombor matrix SOM (G) is a symmetric matrix, which is described by [10]

- T
SOMij(G){ ydi +dy o ifi~g

0 ;  otherwise.

where the degree of G is d;.

Let the eigenvalues of the Sombor matrix be pi1, pa,..., pn. The SOM(G)’s
eigenvalues are p; = p2 > ... = pp, where pp is referred to as the Sombor spectral
radius of G.

Sombor energy of graphs is determined by the formula SOE(G) = Y"1, |pil-
See [5,12,16] for graph energy and Sombor energy.

A graph invariant with the definition F = F(G) = > | d3 that was once
known as the forgotten topological index has recently attracted interest. The iden-
tities I = F(G) = >, d} 4 d3 are satisfied by F [11].

The following results are important to verify the main results:

LEMMA 2.1. [13] Let G be a graph with n vertex. Let > p; = 1 and
0<r<a; <R<oo. Then,

(2.1) ;piai+rRZZi§r+R.

i=1
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LEMMA 2.2. [11] Let A, a, B, b be positive numbers, a;,b; € RT for any
0<a<a; <A< and0<b<b;<B<oo,i=1,2,..n. Then,

Sr a2, b _ (ab+ AB)?

i=1"" i=1"1

(> aib)2 T 4abAB

LEMMA 2.3. [13] Let G be a graph with n vertex. Leta;,r, R € R, i=1,2,...,n
and 0 <r < a; < R. Then,

(2.2)

n n

(2.3) nyai - (Z a)? > S(Rf r)2.
i=1 =1
LEMMA 2.4. [14] For positive numbers x1,Za, ...,Tn € R,
n
2.4 < Yrixe...T0,.
. ITri+orL S

3. Main results

In the articles written about graph theory, which ways are used, which mathe-
matical operations are performed while an equation is found, and which lemmas are
used in which equations are examined in detail. It is aimed to finding new inequal-
ities by making use of the observations obtained as a result of the examination. In
this section, some new bounds for molecular graphs are obtained by investigating
the Sombor matrix, Sombor index and Sombor energy. Throughout Section 3, G
is assumed the graph with p pendent vertices are the vertices that have degree 1.

THEOREM 3.1. Let G be a graph for p pendent vertices. If G is a connected
graph of order n, size m with mazimum A and minimum non pendent vertex degree
01, then

P(VA? +1— (m—p)(6f +1))

p—m+1

(3.1) SO(G) €
if and only if G = Ky ;1.

PROOF. According to Cauchy-Schwarz inequality,

s0G) = Y \Jeres Y Jera

ing,di=1 i~vg,di,dj>1
<pVAZ+1+ (m—p) Z \/m
ingdi,dy>1
=pVAZ+1+(m—-p) ) &2 +d2— > A +d?)
in~g i~vg,di,dj=1

=pVA2+ 1+ (m—p)(SO(G) — p(6; +1)).

p(VA?+1—(m—p)(6t+1))

(3.2) SO(G) < P
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Suppose that the results in (3.1) hold. Thus all the above inequalities must be equal.
From the equality in the second inequality of the proof, it is obtained d; = A and
d; =1 for any pendent edge i ~ j. Also, it has d; = d; = §; for any non pendent
edge i ~ j. In addition, d; = 0; and d; = 1 in fourth equality. If every edge of G
is pendent edge, m = p, then G = K; ,,_;1. Conversely, for K ,_1, it is clear that
the equality in (3.1). d

COROLLARY 3.1. If G is a connected graph with minimum degree d1, then

(3.3) SO(G) < (m —p)\/02 +1+pV2

if and only if G = Ky 5—1.

PROOF. Similarly to Theorem 3.1, SO(G) = 3=, ; 4 1 /d} +d]
T2 imjidia;>1 (/i +d5 where d; = 1 and d; = 6;. O

THEOREM 3.2. If G is connected graph with n vertices and m edges then

(3.4) SO(G) <pvn?—2n+2+(m—p)vn?2—2n+5
if and only if G =2 K ,,—1, with equality.

PROOF. Let f(z) = Va2 4 1 be an increasing function for = > 1. After that,

VA +d</(n—1)2+1

for d; =n — 1 and d; = 1, with equality. This requires that

(3.5) VE+E </ (n—1)2+4

for d; =n —1 and d; = 2 are true, d; > d;. Thus,

SOG) = > Jd@Z+di+ > JE+d

trvg,di=1 ing,di,d;>1

<pvn?2—2n+2+4+ (m—p)vn?—2n+5.

Suppose that the equality in (3.4) holds. Then the above all inequalities in the
expression must be equal. Below, without losing generality, assume that d; > d;
for each edge i ~ j. Firstly, if G has no pendent edge, p = 0. This requires G
has a common neighbor between the end vertices of each edge of G in inequality
(3.5). This implies that G is isomorphic to K3 ,_1 for p = m. Secondly, suppose
that 0 < p <mand d; = n — 1, d = 1 with ¢ ~ k. Then, G has a non-pendent
edge ¢ ~ j with d; = 2 as m > p. Therefore, the vertices 7+ and j must have a
common neighbor I. In addition, d; = n — 1 from the inequality in (3.5). Thus,
I ~ k, which shows that di > 2. It is a contradiction. Conversely, the claim of
theorem is obvious for a star G = K ,,—1. O

COROLLARY 3.2. Let G be a connected graph with n vertices and m edges, then

(3.6) SO(G) < my/n?2—2n+5
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if and only if G = Ky 5—1.

PROOF. If there are no pendent vertices then p = 0. O

THEOREM 3.3. If G is a connected graph with n nodes, m edges then

V2(A +6) = \/20%(A% + 67) + (4n? — 8)A _ S0(@)
2 = ’

V2(A +8) + /2n2(A2 1 62) + (4n? — 8)AS
5 .

SO(G) <

PROOF. Let r = /20, a; = \/d? +d2, R = V2A, p; = £, i = 1,2,...,n. The

use of Lemma 2.1, it gets,

@2+ d? + 26A——— < V2(6 + A).
Z n,/dz—|—d2

Since Y1y £y /dZ +d? =Y, L\ /d? +d? , it is represented by

50(G) | 25
n n Ziwj d? + d?

<V2(5+ A).

S0(G) 2 o 2
- nS0@) S < V2(8 + A), it is obtained that SO(G)? +

20 < v2n(0+A)SO(G) and it is implied that SO(G)?+25A—+/2n(6+A)SO(G) <
0. Let SO(G) = 2. Thus, 22 + 26A — +/2(6 + A)nx < 0. Since the discriminant

By the inequality

of the function is 7 = 2n2(A2% + §2) + (4n? — 8)AJ then x; = vag+ ﬁ) — ﬁ’
vy = Y200+ g) VYV gt gets, 1 < SO(G) < . Hence,
V2(A+6) — \/QTLQ(AZ2 +0%) + (4n* — 8)AS < S0(G),
S0(G) < V2(A +6) + \/2n2(A22 +32) + (4n® —8)AS
[l

THEOREM 3.4. If G is a connected graph with the minimum degree 61 for non-
pendent vertex degrees, then

\/4an V(A2 +62)
V2+ A2+ 8

with equality if and only if G is isomorphic to Ky n_1.

(3.7) SO(G) >
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PRrROOF. Consider the a = V2, a; = ,/d? +d? and A = \/A24+ 562 b=10b; =
B =1 for any non pendent edge i ~ j. Using the Polya-Szego inequality, it gets

S (Jdf +d3)? 3 1P - (V2 + /A2 4 62)?
(S J@ a2 WA
By the help of definitions of Sombor index and Forgotten index,

nF(G) _ (V2+ VA2 +57)
(SO(@)? ~ a2 /AT+ 2

(3.8)

This requires that

| \AnV3F(G)(/AT + 57)
> .
V2+ /A% + 62
Now suppose that the result holds in (3.7). Thus all inequalities in above proof
must be equal. Also, G has d; = A,d; = ¢1 in the expression (3.8). Let each one

of the edges of G be a pendent edge, then G is isomorphic to K; ,—;. Conversely,
the claim is obvious in (3.7) for Kj ,_1. O

SO(G

THEOREM 3.5. If G is a connected graph then
(3.9) SO(G) < Vn(F(G) — (A —0)?)
with equality if and only if G is isomorphic to K.

PROOF. Let a; = ,/dl2 + d?, R = v2A and r = v/25. By the claim of Lemma

2.3,
n n n
n;(, [d? 4+ d2)? — (; VA2 +d2)? > 5(\f2A —/26)%

By the definitions of SO(G) and F'(G), the result becomes
nF(G) — n(A - §)* > SO(G)?.

Hence,

SO(G) < V/n(F(G) — (A —6)2).

Now suppose that the equality holds in (3.9). Then the above all inequalities of
expression must be equal. This means that G is isomorphic to K3. Conversely, the
equality holds in (3.9) for a complete graph Kj. O

THEOREM 3.6. Let G be a connected graph with n nodes and m edges where
|[SOM(G)| is the determinant of the Sombor matriz. Also, let SOM(G) and
SOE(G) be Sombor matriz and Sombor energy of G, respectively. Then

SOE(G) < n{/[SOM(G)|.
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PROOF. Let p1 =po = ... = p, = %, r = |pn|, a;i = |pi], R = |p1]. By Lemma
2.1

?

—|pil + |pnllp1 —— < |pn| + |p1]-
D ol lenllond 32 20 < ol + I

Let |pn| = 2 and |p1| = y. Tt follows easily that,

SOE(G) 11 1 1
——<rty-—ay—(—+— 4.+ —).
nlpi| - |pel lonl

Also, by Lemma 2.4, the inequality requires that

n

SOE(G) < zty- xy
oo Y/ 1o1llpal--lpnl

SOE(G) zy

— £ THY -
n T s0M@G)

Ty 1 .
Let t + y — ————= = f(x,y) and —————= = k. This means that,
Y = e A o Viel]

SOE(G) < nf(x,y) = n(x+y—ayk). Since, f(z,y) = x +y— zyk then f,(x,y) =
L—yk, fy(z,y) = 1=k, fea(z,y) =0, fyy(z,y) = 0. Also, fu(z,y) = fy(z,y) =0
and z =y = % This implies, f(z,y) = % Hence,

SOE(G) < n3/[SOM(G).
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