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NEW BOUNDS FOR SOMBOR INDEX

Gülistan Kaya Gök and Kübra Celik

Abstract. The Sombor index SO(G), which is defined as the sum over all
pairs of neighboring vertices, is a vertex-degree based graph invariant. The

degrees, vertices and edges of different boundaries for the Sombor index are
investigated in this paper. In addition, Sombor energy inequalities related to

the eigenvalues of the Sombor index are found.

1. Introduction

The Sombor index, which Gutman discovered in 2021 [8], is a molecular struc-
ture named after the Serbian city of Sombor. Graphs containing (linked) molecular
graphs, chemical trees, and hexagonal systems are categorized in terms of the Som-
bor index.

Sombor index is described as [9]

SO(G) =
∑
i∼j

√
d2i + d2j

where the degree di of vertex i ∈ V (G) is equal to the number of vertices adjacent
to i. It is written ij (or ji) if there is an edge connecting vertex i to vertex j.

The Sombor index, which is mostly functional in the molecular structure of
atoms, is a fairly new and popular index. The number of edges emerging from the
graph’s points determines the degrees needed to find the Sombor index.

The chemical significance of the Sombor index is investigated in [6] and it is
shown that this index is effective in accurately predicting physicochemical proper-
ties compared with other well-known and frequently used indices. In [15], molecular
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trees are defined in terms of the Sombor index and boundaries are found. The defin-
ing characteristics of Sombor index and Reduced Sombor index are investigated.
Using graph properties and maximum-minimum degrees, some lower and upper
bounds on the Sombor index of graphs are reported in [4]. Additionally, there are
several relations between the first and second Zagreb indices with the Sombor in-
dex. The Sombor index’s graph structure with a few degree based defining relations
is examined in [17].

This study aims to provide a fresh perspective on the Sombor index and con-
tain significant bounds. In addition, Sombor Energy, which is the absolute sum of
eigenvalues of Sombor matrix, is investigated. It is provided some important def-
initions and theorems in Section 2 that will be helpful throughout the remainder
of the study. Bounds for the Sombor index are provided in terms of degrees, edges
and vertices in Section 3. Also, the Sombor index is associated with some known
special graphs and indices with the help of defining relations. Finally, a relation
is studied between Sombor energy and Sombor matrix. This essay discusses the
Sombor’s energy and index. For more information on graph theory and the Sombor
index, see [1–3,7].

2. Preliminaries

Let G be a connected graph with the vertices set of V (G) = {v1, v2, . . . , vn}.
The distance dij , is the length of the shortest path between the vertices vi and
vj in G. The minimum and maximum degrees of a connected graph are δ and ∆,
respectively.

The Sombor matrix SOM(G) is a symmetric matrix, which is described by [10]

SOMij(G) =

{ √
d2i + d2j ; if i ∼ j

0 ; otherwise.

where the degree of G is di.
Let the eigenvalues of the Sombor matrix be ρ1, ρ2,. . . , ρn. The SOM(G)’s

eigenvalues are ρ1 ⩾ ρ2 ⩾ ... ⩾ ρn, where ρ1 is referred to as the Sombor spectral
radius of G.

Sombor energy of graphs is determined by the formula SOE(G) =
∑n

i=1 |ρi|.
See [5,12,16] for graph energy and Sombor energy.

A graph invariant with the definition F = F (G) =
∑n

i=1 d
3
i that was once

known as the forgotten topological index has recently attracted interest. The iden-
tities F = F (G) =

∑
i∼j d

2
i + d2j are satisfied by F [11].

The following results are important to verify the main results:

Lemma 2.1. [13] Let G be a graph with n vertex. Let
∑n

i=1 pi = 1 and
0 < r ⩽ ai ⩽ R < ∞. Then,

(2.1)

n∑
i=1

piai + rR

n∑
i=1

pi
ai

⩽ r +R.
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Lemma 2.2. [11] Let A, a, B, b be positive numbers, ai, bi ∈ R+ for any
0 < a ⩽ ai ⩽ A < ∞ and 0 < b ⩽ bi ⩽ B < ∞, i = 1, 2, ...n. Then,

(2.2)

∑n
i=1 a

2
i

∑n
i=1 b

2
i

(
∑n

i=1 aibi)
2

⩽
(ab+AB)2

4abAB
.

Lemma 2.3. [13] Let G be a graph with n vertex. Let ai,r,R ∈ R, i = 1, 2, ..., n
and 0 < r ⩽ ai ⩽ R. Then,

(2.3) n

n∑
i=1

a2i − (

n∑
i=1

ai)
2 ⩾

n

2
(R− r)2.

Lemma 2.4. [14] For positive numbers x1, x2, ..., xn ∈ R,

(2.4)
n

1
x1

+ 1
x2

+ ...+ 1
xn

⩽ n
√
x1x2...xn.

3. Main results

In the articles written about graph theory, which ways are used, which mathe-
matical operations are performed while an equation is found, and which lemmas are
used in which equations are examined in detail. It is aimed to finding new inequal-
ities by making use of the observations obtained as a result of the examination. In
this section, some new bounds for molecular graphs are obtained by investigating
the Sombor matrix, Sombor index and Sombor energy. Throughout Section 3, G
is assumed the graph with p pendent vertices are the vertices that have degree 1.

Theorem 3.1. Let G be a graph for p pendent vertices. If G is a connected
graph of order n, size m with maximum ∆ and minimum non pendent vertex degree
δ1, then

(3.1) SO(G) ⩽
p(
√
∆2 + 1− (m− p)(δ21 + 1))

p−m+ 1

if and only if G ∼= K1,n−1.

Proof. According to Cauchy-Schwarz inequality,

SO(G) =
∑

i∼j,dj=1

√
d2i + d2j +

∑
i∼j,di,dj>1

√
d2i + d2j

⩽ p
√
∆2 + 1 + (m− p)

∑
i∼j,di,dj>1

√
d2i + d2j

= p
√
∆2 + 1 + (m− p)(

∑
i∼j

√
d2i + d2j −

∑
i∼j,di,dj=1

√
d2i + d2j )

= p
√
∆2 + 1 + (m− p)(SO(G)− p(δ21 + 1)).

Hence,

(3.2) SO(G) ⩽
p(
√
∆2 + 1− (m− p)(δ21 + 1))

p−m+ 1
.
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Suppose that the results in (3.1) hold. Thus all the above inequalities must be equal.
From the equality in the second inequality of the proof, it is obtained di = ∆ and
dj = 1 for any pendent edge i ∼ j. Also, it has di = dj = δ1 for any non pendent
edge i ∼ j. In addition, di = δ1 and dj = 1 in fourth equality. If every edge of G
is pendent edge, m = p, then G ∼= K1,n−1. Conversely, for K1,n−1, it is clear that
the equality in (3.1). □

Corollary 3.1. If G is a connected graph with minimum degree δ1, then

(3.3) SO(G) ⩽ (m− p)
√

δ21 + 1 + p
√
2

if and only if G ∼= K1,n−1.

Proof. Similarly to Theorem 3.1, SO(G) =
∑

i∼j,dj=1

√
d2i + d2j

+
∑

i∼j,di,dj>1

√
d2i + d2j where di = 1 and dj = δ1. □

Theorem 3.2. If G is connected graph with n vertices and m edges then

(3.4) SO(G) ⩽ p
√
n2 − 2n+ 2 + (m− p)

√
n2 − 2n+ 5

if and only if G ∼= K1,n−1, with equality.

Proof. Let f(x) =
√
x2 + 1 be an increasing function for x ⩾ 1. After that,√
d2i + d2j ⩽

√
(n− 1)2 + 1

for di = n− 1 and dj = 1, with equality. This requires that

(3.5)
√
d2i + d2j ⩽

√
(n− 1)2 + 4

for di = n− 1 and dj = 2 are true, di ⩾ dj . Thus,

SO(G) =
∑

i∼j,dj=1

√
d2i + d2j +

∑
i∼j,di,dj>1

√
d2i + d2j

⩽ p
√
n2 − 2n+ 2 + (m− p)

√
n2 − 2n+ 5.

Suppose that the equality in (3.4) holds. Then the above all inequalities in the
expression must be equal. Below, without losing generality, assume that di ⩾ dj
for each edge i ∼ j. Firstly, if G has no pendent edge, p = 0. This requires G
has a common neighbor between the end vertices of each edge of G in inequality
(3.5). This implies that G is isomorphic to K1,n−1 for p = m. Secondly, suppose
that 0 < p < m and di = n − 1, dk = 1 with i ∼ k. Then, G has a non-pendent
edge i ∼ j with dj = 2 as m > p. Therefore, the vertices i and j must have a
common neighbor l. In addition, dl = n − 1 from the inequality in (3.5). Thus,
l ∼ k, which shows that dk ⩾ 2. It is a contradiction. Conversely, the claim of
theorem is obvious for a star G ∼= K1,n−1. □

Corollary 3.2. Let G be a connected graph with n vertices and m edges, then

(3.6) SO(G) ⩽ m
√

n2 − 2n+ 5
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if and only if G ∼= K1,n−1.

Proof. If there are no pendent vertices then p = 0. □

Theorem 3.3. If G is a connected graph with n nodes, m edges then

√
2(∆ + δ)−

√
2n2(∆2 + δ2) + (4n2 − 8)∆δ

2
⩽ SO(G),

SO(G) ⩽

√
2(∆ + δ) +

√
2n2(∆2 + δ2) + (4n2 − 8)∆δ

2
.

Proof. Let r =
√
2δ, ai =

√
d2i + d2j , R =

√
2∆, pi =

1
n , i = 1, 2, ..., n. The

use of Lemma 2.1, it gets,

n∑
i=1

1

n

√
d2i + d2j + 2δ∆

1

n
√
d2i + d2j

⩽
√
2(δ +∆).

Since
∑n

i=1
1
n

√
d2i + d2j ⩾

∑
i∼j

1
n

√
d2i + d2j , it is represented by

SO(G)

n
+

2δ∆

n
∑

i∼j

√
d2i + d2j

⩽
√
2(δ +∆).

By the inequality
SO(G)

n
+

2δ∆

nSO(G)
⩽

√
2(δ +∆), it is obtained that SO(G)2 +

2δ∆ ⩽
√
2n(δ+∆)SO(G) and it is implied that SO(G)2+2δ∆−

√
2n(δ+∆)SO(G) ⩽

0. Let SO(G) = x. Thus, x2 + 2δ∆ −
√
2(δ + ∆)nx ⩽ 0. Since the discriminant

of the function is ▽ = 2n2(∆2 + δ2) + (4n2 − 8)∆δ then x1 =

√
2(δ +∆)−

√
▽

2
,

x2 =

√
2(δ +∆) +

√
▽

2
. It gets, x1 ⩽ SO(G) ⩽ x2. Hence,

√
2(∆ + δ)−

√
2n2(∆2 + δ2) + (4n2 − 8)∆δ

2
⩽ SO(G),

SO(G) ⩽

√
2(∆ + δ) +

√
2n2(∆2 + δ2) + (4n2 − 8)∆δ

2
.

□

Theorem 3.4. If G is a connected graph with the minimum degree δ1 for non-
pendent vertex degrees, then

(3.7) SO(G) ⩾

√
4n

√
2F (G)(

√
∆2 + δ21)√

2 +
√

∆2 + δ21

with equality if and only if G is isomorphic to K1,n−1.
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Proof. Consider the a =
√
2, ai =

√
d2i + d2j and A =

√
∆2 + δ21 , b = bi =

B = 1 for any non pendent edge i ∼ j. Using the Polya-Szego inequality, it gets

(3.8)

∑n
i=1(

√
d2i + d2j )

2
∑n

i=1 1
2

(
∑n

i=1

√
d2i + d2j )

2
⩽

(
√
2 +

√
∆2 + δ21)

2

4
√
2
√

∆2 + δ21
.

By the help of definitions of Sombor index and Forgotten index,

nF (G)

(SO(G))2
⩽

(
√
2 +

√
∆2 + δ21)

2

4
√
2
√
∆2 + δ21

.

This requires that

SO(G) ⩾

√
4n

√
2F (G)(

√
∆2 + δ21)√

2 +
√
∆2 + δ21

.

Now suppose that the result holds in (3.7). Thus all inequalities in above proof
must be equal. Also, G has di = ∆, dj = δ1 in the expression (3.8). Let each one
of the edges of G be a pendent edge, then G is isomorphic to K1,n−1. Conversely,
the claim is obvious in (3.7) for K1,n−1. □

Theorem 3.5. If G is a connected graph then

(3.9) SO(G) ⩽
√
n(F (G)− (∆− δ)2)

with equality if and only if G is isomorphic to K3.

Proof. Let ai =
√
d2i + d2j , R =

√
2∆ and r =

√
2δ. By the claim of Lemma

2.3,

n

n∑
i=1

(
√

d2i + d2j )
2 − (

n∑
i=1

√
d2i + d2j )

2 ⩾
n

2
(
√
2∆−

√
2δ)2.

By the definitions of SO(G) and F (G), the result becomes

nF (G)− n(∆− δ)2 ⩾ SO(G)2.

Hence,

SO(G) ⩽
√

n(F (G)− (∆− δ)2).

Now suppose that the equality holds in (3.9). Then the above all inequalities of
expression must be equal. This means that G is isomorphic to K3. Conversely, the
equality holds in (3.9) for a complete graph K3. □

Theorem 3.6. Let G be a connected graph with n nodes and m edges where
|SOM(G)| is the determinant of the Sombor matrix. Also, let SOM(G) and
SOE(G) be Sombor matrix and Sombor energy of G, respectively. Then

SOE(G) ⩽ n n
√

|SOM(G)|.
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Proof. Let p1 = p2 = ... = pn = 1
n , r = |ρn|, ai = |ρi|, R = |ρ1|. By Lemma

2.1,

n∑
i=1

1

n
|ρi|+ |ρn||ρ1|

n∑
i=1

1

n|ρi|
⩽ |ρn|+ |ρ1|.

Let |ρn| = x and |ρ1| = y. It follows easily that,

SOE(G)

n
⩽ x+ y − xy

1

n
(

1

|ρ1|
+

1

|ρ2|
+ ...+

1

|ρn|
).

Also, by Lemma 2.4, the inequality requires that

SOE(G)

n
⩽ x+ y − xy

n
√

|ρ1||ρ2|...|ρn|
SOE(G)

n
⩽ x+ y − xy

n
√

|SOM(G)|
.

Let x + y − xy
n
√
|SOM(G)|

= f(x, y) and
1

n
√
|SOM(G)|

= k. This means that,

SOE(G) ⩽ nf(x, y) = n(x+ y−xyk). Since, f(x, y) = x+ y−xyk then fx(x, y) =
1− yk, fy(x, y) = 1−xk, fxx(x, y) = 0, fyy(x, y) = 0. Also, fx(x, y) = fy(x, y) = 0
and x = y = 1

k . This implies, f(x, y) = 1
k . Hence,

SOE(G) ⩽ n n
√

|SOM(G)|.

□
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Gülistan Kaya Gök, Graduate Education Institute, Hakkari University, Hakkari,

Turkey; Graduate Education Institute, Hakkari University, Hakkari, Turkey
Email address: gulistankayagok@hakkari.edu.tr
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