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NOTE ON WEAKLY 1-ABSORBING PRIME ELEMENTS

Shahabaddin Ebrahimi Atani

ABSTRACT. Let L be a bounded distributive lattice. Following the concept of
1-absorbing prime filters (resp. weakly 1-absorbing prime filters) of L [8], we
define 1-absorbing prime elements (resp. weakly 1-absorbing prime elements).
A proper element p of £ is called 1-absorbing prime element (resp. weakly
1-absorbing prime element) of £ if whenever non-zero elements a, b, c € £ and
p<aVbVe (resp. p<aVbVce#1), then either p<aVborp<c We wil
make an intensive investigate the basic properties and possible structures of
these elements.

1. Introduction

All lattices considered in this paper are assumed to have a least element denoted
by 0 and a greatest element denoted by 1, in other words they are bounded. In
abstract algebra, structures composed of certain subjects tend to have their distinct
qualities by way of lattice theoretic properties. This is the case (to mention only
the presumably most prominent example) for the ideals of a commutative ring (see
for instance [4, 6, 8, 9, 10, 11, 12]). The main aim of this article is that of extending
some absorbing results obtained for rings theory to the theory of lattices.

Various generalizations of prime ideals of commutative rings have been studied.
Badawi generalized the concept of prime ideals in [2]. We recall from [2] that a
nonzero proper ideal I of R is said to be a 2-absorbing ideal of R if whenever
a,b,c € R and abc € I, then either ab € I or ac € I or be € T (also see [6]). In 2003,
Anderson and Smith in [1] defined weakly prime ideals which is a generalization
of prime ideals (also see [7]). A proper ideal P of a ring R is said to be a weakly
prime if 0 # zy € P for each x,y € R implies either x € P or y € P. Recently,
Yassine et. al. defined a new class of ideals, which is an intermediate class of ideals
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between prime ideals and 2-absorbing ideals. Recall from [15] that a proper ideal
P of R is said to be a l-absorbing prime ideal if for each nonunits z,y,z € R
with zyz € P, then either zy € P or z € P (also see [5]). Koc et. al. in [13]
investigated weakly 1l-absorbing prime ideals. A proper ideal I of R is said to
be a weakly 1-absorbing prime ideal if whenever 0 # abc € I for some nonunits
a,b,c € R, then ab € I or ¢ € I (also see [3, 8, 14]). Let L be a bounded distributive
lattice. Our objective in this paper is to extend the notion of weakly 1-absorbing
property in commutative rings to weakly 1-absorbing property in the lattices, and
to investigate the relations between weakly 1-absorbing prime elements, 1-absorbing
prime elements and weakly prime elements. Among many results in this paper, the
first, introduction section contains elementary observations needed later on.

In Section 2, we give basic properties of 1-absorbing prime elements. We recall
from [11] that a proper element p of a lattice £ is called prime (resp. weakly prime)
ifp<aVy (resp. p<xzVy#1), then either p < x or p < y. At first, we give
definitions of a 1-absorbing prime element (Definition 2.1) and we give an example
(Example 2.1) of a 1-absorbing prime element of £ that is not a prime element. It
is shown (Theorem 2.1) that if £ admits a 1-absorbing prime element that is not
a prime element, then £ is a A-lattice (i.e. it has at most one atom element). An
element 1 # a € L is said to be a direct meet of 1if 1 = aVband a Ab = 0 for
some element b of £. In this case we write 1 = a  b. It is shown (Theorem 2.2)
that if £ is a non-A-lattice, then every nontrivial element of £ is a 1-absorbing
prime element if and only if 1 = ¢; @ ¢o, where ¢; and ¢y are coatom elements of L.
It is proved (Theorem 2.4) that p is a 1-absorbing prime element of £ if and only
if for any proper elements a,b,c of £ such that p < a V bV ¢ implies that either
p<aVborp<c In the rest of this section, we provide an example of lattices
for which their 1-absorbing prime elements and prime elements are the same. It is
proved (Theorem 2.5) that if £ = £; x L5 is a decomposable lattice, then p is a
1-absorbing prime element of £ if and only if p is a prime element of L.

Section 3 is dedicated to the investigate the basic properties of weakly 1-
absorbing prime elements. At first, we define definition of weakly 1-absorbing prime
element (Definition 3.1) and we give an example (Example 3.1) of a weakly 1-
absorbing prime element of £ that is not a l-absorbing prime element (so it is not
a prime element of £). It is proved (Theorem 3.1) that p is a weakly 1-absorbing
prime element of £ if and only if for each proper elements a,b,c of £ such that
p<aVbVe#1, either p < aVborp<ec Itisshown that (Theorem 3.2)
that if p is a weakly 1-absorbing prime element of a uniform lattice £ that is not
1-absorbing prime, then p = 1. In the Theorem 3.3, we give a condition under
which a weakly 1-absorbing prime element of £ is not a 1-absorbing prime element.
Theorem 3.4 determines the class of lattices for which their weakly 1-absorbing
prime elements and 1-absorbing prime elements are the same. In the Theorem 3.5,
we give a characterization of weakly 1-absorbing prime elements of decomposable
lattices. Also, we characterize lattices with the property that all proper elements
are weakly 1-absorbing prime (Theorem 3.7). In particular, we prove that if every
proper element of a lattice £ is a weakly 1-absorbing prime, then |A(L)| < 2, where
A(L) is the set of all atom elements of £ (Theorem 3.8).
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A poset (L,<) is a lattice if sup{a,b} = a Vb and inf{a,b} = a A b exist for all
a,b € L (and call A the meet and V the join). A lattice L is complete when each
of its subsets X has a least upper bound and a greatest lower bound in £. Setting
X = L, we see that any nonvoid complete lattice contains a least element 0 and
greatest element 1 (in this case, we say that £ is a lattice with 0 and 1). A lattice
L is called a distributive lattice if (a Vb) Ac= (aAc)V (bAc) for all a,b,cin L
(equivalently, £ is distributive if (a Ab)Ve=(aV ) A (bVe) for all a,b,cin L).

An element x of a lattice L is nontrivial (resp. proper) if x # 0,1 (resp. x # 1).
An element z of a lattice L is called essential, if there is no nonzero y € L such that
x Ay = 0. An element u € L is called uniform if for every z,y € L the following
implication holds: if 0 < z < w and 0 < y < u, then 2 Ay # 0 (i.e. all nonzero
elements from [0,u] are essential in [0,u]). A lattice £ is called uniform if 1 is
uniform in L. It is clear that a lattice £ is uniform if and only if every non-zero
element of £ is essential in £ [4]. We say that an element z in a lattice £ is an
atom (resp. coatom) if there is no y € £ such that 0 < y <  (resp. z <y < 1).
We will use £* to denote the set of all non-zero elements of £. For terminology
and notation not defined here, the reader is referred to [4].

2. Some basic properties of 1-absorbing prime elements

In this section, we collect some basic properties concerning 1-absorbing prime
elements. We remind the reader with the following definition.

DEFINITION 2.1. A proper element p of a lattice L is called 1-absorbing prime
if for all a,b,c € L* such that p < aV bV c, then eitherp<<aVb orp<ec.

Clearly, every prime element of £ is 1-absorbing prime. But generally these
two classes are different, as the following example shows.

EXAMPLE 2.1. Let D = {1,2,---,n}. Then L = {X : X C D} forms a
distributive lattice under set inclusion with greatest element D and least element ()
(note that if x,y € L, thenxVy=xzUy and x Ay =xNy). Set p=1{1,2}. Then
p is clearly a 1-absorbing prime element of L. Since p < {1} V {2}, p £ {1} and
p £ {2}, we conclude that p is not a prime element of L. Thus a 1-absorbing prime
element need not be a prime element.

THEOREM 2.1. If p is a 1-absorbing prime element of a lattice L that is not a
prime element for some element p of L, then L is a A-lattice.

PrOOF. By the hypothesis, there are non-zero elements b,c € £ such that
p<bVe, p£band p £ e On the contrary, assume that a; and as be two distinct
atom elements of £. Then a; Aas < ay gives a; Aas = 0, as a; is an atom. Therefore
p<bVeVar and p £ b implies that p < ¢V aq, as p is a absorbing prime element.
Similarly, p < ¢V ag. It follows that p < (¢Vai) A(cVaz) = ¢V (a3 Aaz) = ¢ which
is impossible, as required. O

COROLLARY 2.1. Suppose that a lattice L is not a A-lattice. Then a proper
element p of L is a 1-absorbing prime element of L if and only if p is a prime
element of L.
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PROOF. This is a direct consequence of Theorem 2.1. O

PROPOSITION 2.1. For a lattice L the following hold:
(1) Every atom element of L is a prime element;
(2) Every atom element of L is a 1-absorbing prime element.

PROOF. (1) Let a be an atom element of £. On the contrary, assume that a is
not prime. Then there are elements b, ¢ € £ such that a <bVec,a £ band a £ c.
Since a is an atom element, we conclude that a A b = 0 = a A ¢ which implies that
a=aA (bVe)=(aAb)V (aAc)=0 which is impossible. So a is prime.

(2) This is a direct consequence of (1). O

In the following theorem, we characterize lattices with the property that all
nontrivial elements are 1-absorbing prime.

THEOREM 2.2. Suppose that a lattice L is not a A-lattice. The following state-
ments are equivalent:

(1) Every nontrivial element of L is a 1-absorbing prime element;

(2) 1 =c1 @ ca, where ¢; and co are coatom elements of L.

PrOOF. (1) = (2) By assumption, suppose that ¢; and co are two distinct
atom elements of £. Then ¢; Acy < ¢1 gives ¢ Aco = 0. We claim that ¢; Veo = 1.
On the contrary, assume that ¢; V co # 1. Then by using Corollary 2.1 and our
hypothesis, we conclude that ¢y V ¢cs is a prime element of £. Then ¢; Vo < ¢ Ve
gives ¢; = ¢ which is impossible. So ¢; V ¢o = 1 and then 1 = ¢; ® ¢o. It remains
to show that ¢; and ¢y are coatom elements. If ¢; is not coatom, then there exists a
nontrivial element ¢ of £ such that ¢; < ¢ with ¢ € ¢ (so caAc=0) and ¢Vey = 1.
Hence, c=cAl=cA(c1Vea) = (cAecr)V(cAca) = ¢y which is a contradiction.
Similarly, cg is a coatom element, i.e. (2) holds.

(2) = (1) Let 1 = ¢1 @ ca, where ¢; and ¢y are coatom elements of £. At
first, we show that ¢y, co are atom elements. If ¢; is not atom, there is a nontrivial
element s of £ such that s < ¢; with s ﬁ ¢ (80 sVeg =1)and s Aeca =0
which gives ¢; = ¢1 A (sV e2) = (e1 As)V (e1 Acg) = s, a contradiction Thus ¢4
is an atom. Likewise, co is an atom. Let x be a nontrivial element of £. Then
x=xA(c1Vea) = (c1 Ax)V (ca Ax). Since z # 0,1, we conclude that either ¢; < z
and co Az =0 or ¢co < x and ¢; A x = 0; hence either £ = ¢; or x = ¢3. Therefore,
x is a l-absorbing prime element by Proposition 2.1. O

We say that a subset S C L is join if 0 € S and s1 V so € S for all 51,80 € S.
Clearly, if p is a non-zero prime element of £, then £~ {z € L : p < z} is a join
subset of L. Let ¢ € L. We say that SAc=0if s Ac=0 for every s € S.

THEOREM 2.3. For each nontrivial element p of a complete lattice L and a join
subset S with S A p =0, there exists a 1-absorbing prime element m = m(p, S) of
L that satisfies m < p is constructible.

Proor. fA={zx e L:z <pand SAz =0}, then p € A, and so A # 0.
Moreover, (A, >) is a partial order and A is inductive. Indeed, if {x;};cs is a chain

of elements of A, then p’ = A,.;2; € A is an upper bound for the chain. Then
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by Zorn’s Lemma, A has a maximal element for > and so there exists a minimal
element (so an atom element) m such that m < p. Now the assertion follows from
Proposition 2.1. O

LEMMA 2.1. Let p be a 1-absorbing prime element of L. If p < aVbVc for
some a,b € L* and a proper element ¢ of L, then p < aV b orp<ec.

PROOF. Suppose on the contrary that p < aVbVe, but p £ aVband p £ c
Then p < aVbVeand p £ aVb gives ¢ # 0. Since p is a 1-absorbing prime element
and a,b,c € L*, we conclude that p < a Vb or p < ¢ which is impossible. O

THEOREM 2.4. Let p be a proper element of L. The following statements are
equivalent:

(1) p is a 1-absorbing prime element of L;

(2) For any proper elements a,b,c of L such that p < a VbV ¢ implies that
eitherp<aVborp<ec.

PROOF. (1) = (2) Suppose that p < a VbV ¢ for some proper elements a,b, ¢
of Land p £ aVb;soc#0. If a=0=b, we are done. So either a # 0 or b # 0.
We may assume that a # 0. Since a,c € £* and p < a V ¢V b, we conclude that
either p <aVcorp<b<aVbby Lemma 2.1; hence p < aVaVc. It then follows
from (1) that either p < a < aV b or p < ¢ which gives p < ¢. The implication
(2) = (1) is clear. O

Assume that (£)1,<1),(L£)2, <2) are lattices and let £ = L1 x Lo. We set up
a partial order <. on L as follows: for each x = (21, 22),y = (y1,¥2) € L, we write
x <.y if and only if z; <; y; for each i € {1,2}. The following notation below will
be used in this paper: It is straightforward to check that (£, <.) is a lattice with
xVey = (21 Vyr, 22 Vya) and x Acy = (21 Ay1, 22 Aye). In this case, we say that
L is a decomposable lattice.

PROPOSITION 2.2. Suppose that L = L1 X Lo is a decomposable lattice and let
p = (p1,p2) be a proper element of L. Then p is a prime element of L if and only if
p = (p1,0) for some prime element py of L1 or p = (0,p2) for some prime element
p2 of La.

PROOF. Suppose that p is a prime element of £. Then p < (p1,0) V. (0,p2) =
(p1,p2) gives either p < (p1,0) or p < (0, p2); hence ps = 0 or p; = 0. Thus either
p = (p1,0) or p = (0,p2). Without loss of generality, we can assume that p = (py, 0).
Let p1 < a Vb for some a,b € L1. Then p < (aV b,0) = (a,0) V. (b,0) gives either
p < (a,0) or p < (b,0) which implies that either p; < a or p; < b. Thus p; is a
prime element. Conversely, suppose that either p = (p1,0) or p = (0, p2), where py
is prime in £; and ps is prime in L. Let p < (2,y) V. (2/,y) = (x Va',y Vy') for
some (z,y), (2',y") € L. We can assume that p = (p1,0). Then p; < x V2’ gives
either p; < z or p; < 2’ which implies that either p < (z,y) or p < (2/,y'); so p is
prime. [l

PROPOSITION 2.3. Suppose that L = L1 X Lo is a decomposable lattice and let
a = (a1, az2) be a proper element of L. Then a is an atom element of L if and only
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if a = (a1,0) for some atom element ay of L1 or a = (0,az) for some atom element
as of Lo.

PROOF. If a is an atom element of £, then by Proposition 2.1, a is a prime
element of £ and so either a = (a1,0) or a = (0,a3) by Proposition 2.2. Without
loss of generality, we can assume that a = (a1,0). Let 0 < s < a;. Then a is an
atom element of £ and (0,0) <. (s,0) <. (a1,0) gives a3 = s. Thus a; is an atom
element of £1. The converse is similar. O

By our previous result, it can be easily seen that every decomposable lattice is
not a A-lattice.

COROLLARY 2.2. If L = L1 X Ly for some lattices L1 and Lo, then a proper
element p of L is a 1-absorbing prime element of L if and only if p is a prime
element of L.

Proor. This is a direct consequence of Corollary 2.1. (]
In view of Corollary 2.2 and Proposition 2.2, we have the following result.

THEOREM 2.5. Suppose that L = L1 X Lo is a decomposable lattice and let p
be a proper element of L. The following statements are equivalent:

(1) p is a 1-absorbing prime element of L;

(2) p is a prime element of L;

(8) p = (p1,0) for some prime element p1 of L1 or p = (0,p2) for some prime
element ps of L.

3. Characterization of weakly 1-absorbing prime elements

In this section, the concept of weakly 1-absorbing prime element is introduced
and investigated. We remind the reader with the following definition.

DEFINITION 3.1. A proper element p of L is called weakly 1-absorbing prime
if for all x,y,z € L* such that p < xVyV z# 1, then eitherp < xVy orp< z.

EXAMPLE 3.1. (1) It is easy to see that every 1-absorbing prime element is a
weakly 1-absorbing prime element.

(2) Let D = {a,b,c}. Then L = {X : X C D} forms a distributive lattice
under set inclusion with greatest element D and least element (. Then 1 is clearly
a weakly 1-absorbing prime element of L. Since 1 < {a} VvV {b}V {c}, 1 £ {a} Vv {b}
and 1 £ {c}, it follows that 1 is not a 1-absorbing prime element of L. Thus a
weakly 1-absorbing prime element need not be a 1-absorbing prime element.

PROPOSITION 3.1. Let p be a weakly 1-absorbing prime element of L. If 1 is a
1-absorbing prime element, then p is a 1-absorbing prime element.

PROOF. Let p < aVbVcfor some a,b,c € L*. If aV bV c+# 1, then we have
either p < aVborp<c Soassume that 1 <aVbVece Since 1 is a 1-absorbing
prime element, we conclude that either p <1< aVborp<1<c asneeded. O

In the following theorem we give four other characterizations of weakly 1-
absorbing prime elements.
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THEOREM 3.1. Let p be a proper element of a lattice L. The following state-
ments are equivalent:

(1) p is a weakly 1-absorbing prime element of L;

(2) For each z,y € L* withp £ xVy, p <z VyVzif and only if p < z or
xVyVz=1 for every proper element z € L;

(8) For each x,y € L* and a proper element z of L such that p < xVyVz #1,
eitherp<xVy orp<z;

(4) For each x € L* and proper elements y,z of L such thatp < xzVyVz # 1,
eitherp<xVyorp<z;

(5) For each proper elements x,y, z of L such thatp < xVy\Vz, eitherp < xVy
orp< z.

PROOF. (1) = (2) One side is clear. To see the other side, assume that p <
zVyVz where z € L. Since p £ Vy and p < 2 Vy V z, we conclude that z # 0.
If zVyVz=1, then we are done. So suppose that  VyV z # 1. Since p £ z V y,
p<xVyVzand pis a weakly 1-absorbing prime element, we have p < z, and so
(2) holds.

(2) = (3) Let p<xVyVz#1for some z,y € L* and a proper element z of
L. If p < xVy, then we are done. So suppose that p £ zVy. Then by (2), we have
either p < z or £ VyV z =1 and this shows that p < z, i.e. (3) holds.

(3)=(4) Let p<aVyVz#£1 for some x € L* and proper elements y, z of L.
On the contrary, assume that p £ xVy and p £ 2. Then p < zVyV z # 1 implies
that z # 0 and V2 # 1. We claim that p £ 2V 2. Otherwise, p < zVaVz # 1 gives
either p < z or p < z by (3) which is a contradiction. Thus p £ x V z. Now, since
p<LxzVyVz#1and x,z € L* we conclude that either p < zVzorp<y<aVy
which is impossible, i.e. (4) holds.

(4) = (5) Let p < zVyV 2z # 1 for some proper elements x,y,z of L. On
the contrary, assume that p € VvV y and p £ z. This shows that z # 0. Since
p<zVaxVy#1and z # 0, we conclude that either p<zVzorp<y<zVy
by (4); hence p < xVz. Clearly, zVz # 1l and x #0. Thenp < azVazVz #1
gives either p <z < xVyor p < z by (4), a contradiction. Thus either p < x V y
or p < z. The implication (5) = (1) is clear. O

PROPOSITION 3.2. Assume that p is a weakly 1-absorbing prime element of an
uniform lattice £ and let there exist a,b,c € L* such that aVbVe=1,p L aVb
and p & c. The following assertions hold:

(1) avbVp=aVeVp=bVeVp=1.

(2)aVp=cVp=bVp=1.

PROOF. (1) On the contrary, assume that aVbVp # 1. Then p < (aVd)V (cA
p) =aVbVp#1. Since a,b,cAp € L* p % aVband pis a weakly 1-absorbing
prime element, we conclude that p < pAc < ¢, a contradiction. Thus aVboVp =1.
Now suppose that a VeV p # 1. Therefore p < aV (bAp)Ve=aVeVp # 1. Since
a,c,bApe L*and p £ ¢, we have p < aV (bAp) = (aVb) A(aVp) <aVb, a
contradiction. Thus a V ¢V p = 1. Likewise, bV ¢V p=1.

(2) Suppose that aVp # 1. Since aV(bAp)V(cAp) = (aVp)A(aVbVe) = aVp # 1,
a,bAp,cAp € L" and p is a weakly 1-absorbing prime element, we conclude that
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either p < aV (bAp) = (aVb)A(aVp) or p< cAp. Hence either p<aVborp<e
which is impossible. Thus a V p = 1. Similarly, bVp=cVp=1. U

THEOREM 3.2. If p is a weakly 1-absorbing prime element of a uniform lattice
L that is not 1-absorbing prime, then p = 1.

PROOF. Since p is a weakly l-absorbing prime element of £ that is not 1-
absorbing prime, there exist a,b, ¢ € £* such that aVbVe=1,p £ aVband p £ c.
On the contrary, assume that p # 1. Since (aAp)V (bApP)V (cAp) = pA(aVbVe) =
p#£1L, pAa,pAb,pAc € L* and p is a weakly 1-absorbing prime filter, we conclude
that either either p < (a Ap)V(bADP) =pA(aVb)orp<cAp, and so either
p<aVborp<c, acontradiction. Therefore p = 1. U

A lattice £ with 1 is called a L-domain if aVb =1 (a,b € L), then either a = 1
or b = 1. Clearly, a lattice £ is a £-domain if and only if 1 is prime.

PrOPOSITION 3.3. If p # 1 is an element of a L-domain L, then p is a weakly
1-absorbing prime element if and only if p is a 1-absorbing prime element.

PROOF. One side is clear. To see the other side, assume that p is a weakly
1-absorbing prime element of £ and p < aVbVe for some a,b,c € L*. If aVbVe # 1,
then either p < a Vb or p < ¢. So we may assume that a VbV e=1and p £ c
Since a VbV ¢ =1 which is a prime element, we conclude that p < 1=aVb. O

In the following theorem, we give a condition under which a weakly 1-absorbing
prime element of £ is not a 1-absorbing prime element.

THEOREM 3.3. Let p be a weakly 1-absorbing prime element of an uniform
lattice L and there exist a,b,c € L* such that aVbVc=1,aVb#1 andc # 1.
Then p is not a 1-absorbing prime element if and only if p = 1.

PrROOF. If p is not a 1-absorbing prime element, then p = 1 by Theorem 3.2.
Conversely, assume that p = 1. By the hypothesis, p < aVbVe, p £ a Vb and
P ﬁ c gives p is not a 1-absorbing prime element. ]

In the following results we show that weakly 1-absorbing prime elements are
really of interest in indecomposable lattices.

PROPOSITION 3.4. Suppose that L = L1 X Lo is a decomposable lattice and py
is a proper element of L1. Then the following statements are equivalent.

(1) (p1,0) is a weakly 1-absorbing prime element of L;

(2) p1 is a 1-absorbing prime element of Lq;

(3) (p1,0) is a 1-absorbing prime element of L.

Proor. (1) = (2) Suppose that p; < =V y V z for some z,y,z € L. If
1 #t e Ly, then (p1,t) < (2,0) Ve (y,0) Ve (2,8) = (zVy V 2z,t) # (1,1), and so
either (p1,t) < (2,0) V. (y,0) = (£Vy,0) or (p1,t) < (z,s). Hence, either p; < zVy
or p1 < z. The implications (2) = (3) and (3) = (1) are clear. O

In the next theorem, we provide an example of lattices for which their 1-
absorbing prime elements and weakly 1-absorbing prime elements are the same.
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THEOREM 3.4. Suppose that L = L1 X Lo X L3 is a decomposable lattice and p
is a nontrivial element of L. Then p is a weakly 1-absorbing prime element if and
only if p is a 1-absorbing prime element.

PROOF. One side is clear. To see the other side, assume that (1,1,1) # p =
(p1,p2,p3) is a weakly l-absorbing prime element of £. Since p < (p1,0,0) V.
(0,p2,0) V. (0,0, ps) and p is a weakly 1-absorbing prime element, we conclude that
either p < (p1,0,0)V.(0,p2,0) = (p1,p2,0) or p < (0,0, p3). Therefore either p3 =0
or p1 = 0 and ps = 0, and so p = (p1,p2,0) or p = (0,0, p3). Hence, by Proposition
3.4, p is 1-absorbing prime. O

THEOREM 3.5. Suppose that L = L1 X Lo is a decomposable lattice such that
L1, Lo are not simples and let p be a nontrivial element of L. The following state-
ments are equivalent.

(1) p is a weakly 1-absorbing prime element of L;

(2) p = (p1,0) for some prime element p1 of L1 or p = (0,p2) for some prime
element pa of La;

(8) p is a prime element of L;

(4) p is a weakly prime element of L;

(5) p is a 1-absorbing prime element of L.

PROOF. (1) = (2) Let p = (p1,p2) be a nontrivial element of £. Since p # 1,
either p; # 1 or po # 1. Without loss of generality, we may assume that p; # 1.
Since p is a weakly 1-absorbing prime element and p < (0,1) V. (0,1) V. (p1,0) =
(p1,1) # (1,1), we conclude that either p < (0,1) or p < (p1,0) which implies that
p1 = 0 or po = 0. Suppose that p; = 0. Now we will show that ps is a prime
element of L£o. Let p < a Vb for some a,b € Lo. If a =0 or b = 0, then we are done.
So suppose that a,b € L£5. Since £, is not a simple lattice, there exists a non-zero
element s € £4 such that s # 1. This implies that p < (s,0) V. (0,a) V. (0,b) =
(s,aVb) # (1,1). Since p is a weakly 1-absorbing prime element, we conclude that
either p < (s,0) V. (0,a) = (s,a) or p < (0,b). Therefore we obtain that ps < a or
p2 < b and so ps is a prime element of £5. Similarly, we can show that p = (p1,0)
and pp is a prime element of L.

(2) = (3) Without loss of generality, we may assume that p = (p1,0), where
p1 is prime in £;. Let p < (a,b) V. (¢,d) = (a V ¢, bV d) for some (a,b), (¢,d) € L.
Then p; < a V ¢ gives either p; < a or p; < ¢ which implies that either p < (a,b)
or p < (¢, d).

(3) & (4) Clearly, every prime element is a weakly prime element. Conversely,
suppose that (1,1) # p = (p1,p2) is a weakly prime element of £. Then p <
(p1,0) Ve (0,p2) = (p1,p2) # (1,1) gives p < (p1,0) or p < (0,p2). If p < (p1,0),
then py = 0 which implies that p = (p1,0). We show that p; is a prime element
of L£1; hence p is a prime element of L. Let p; < =V y, where z,y € £;. If
x =1 or y =1, then we are done. So assume that z # 1 and y # 1. Then
p < (2,0) Ve (y,0) = (x Vy,0) # (1,1), so p < (2,0) or p < (y,0) € and hence
p1 < z or p; < y. The case where p < (0,b) is similar. The implication (3) = (5) is
clear by definition of a 1-absorbing prime filter. The implication (5) = (1) is clear
by definition of a weakly 1-absorbing prime filter. O
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THEOREM 3.6. Let L = L1 X Lo be a decomposable lattice, p1 is a nontrivial
element of L1 and ps is a proper element of Lo. If (p1,p2) is a weakly 1-absorbing
prime element of L that is not a 1-absorbing prime element, then p; is a weakly
prime element of L1 that is not a prime element and ps = 1 is a prime element of

Lo.

PROOF. Suppose that p = (p1, p2) has the stated property and py # 1. There-
fore, by Theorem 3.11, (p1,p2) is a l-absorbing prime element of £ which is im-
possible, and so ps = 1. Suppose that ps < a Vb for some a,b € L£5. Then
p < (p1,0) Ve (0,a) Ve (0,0) = (p1,a vV b) # (1,1). But p; is a nontrivial element
gives p £ (0,a) and p £ (0,b). We may assume that a,b € L£3. Since p is a weakly
l-absorbing prime element, we conclude that p < (¢,0) V. (0,a) = (¢,a); hence
p2 = 1 is a prime element of Lo. Now, we show that p; is a weakly prime element
of £1. Let p1 <aVb#1 for some a,b € L. We can assume that a,b € L3. Since
p<(b,0)Ve(0,1) Ve (aVb,0)=(aVb1)#(1,1), (p1,p2) = (p1,1) £ (aVb,0) and
p is a weakly 1-absorbing prime element, we conclude that (py,1) < (b,1), and so
p1 < b. Hence p; is a weakly prime element of £;. It remains to show that p; is
not a prime element. On the contrary, assume that p; is a prime element. Since p;
is a nontrivial element, p; # 1. Then p < (p1,0) V. (p1,0) V(0,1) = (p1,1) # (1,1)
gives either p < (Py,0) V. (p1,0) = (p1,0) or p < (0,1) which is impossible. O

The following remark shows that the converse of Theorem 3.6 need not be true.

REMARK 3.1. Let £, L1, L5 and p1,p> be as in Theorem 3.6. Suppose that p
is a weakly prime element of £, that is not a prime element and p, = 1 is a prime
element of £5. We claim that p = (p1, p2) need not be a weakly 1-absorbing prime
element of £. Since p; is a nontrivial element, p; # 1, and so p < (p1,0) Ve (p1,0) Ve
(0,1) = (p1,1) # (1,1). Since p £ (p1,0) Ve (p1,0) = (p1,0) and p £ (0, 1) (as py is
nontrivial), we conclude that p is not a weakly 1-absorbing prime element of L.

THEOREM 3.7. Let L = L1 X Lo X --- X L, be a decomposable filter (n > 2).
The following statements are equivalent.
(1) Every proper element of L is a weakly 1-absorbing prime element;

(2) n =2 and for each i € {1,2}, |L;] = 2.

PROOF. (1) = (2) On the contrary, assume that n > 3. Set p = (1,1,0,---,0).
Consider 1 # a € £3. Since
p< (Oa170707"' 70) Ve (071a0707"' ’0) Ve (17070“’0507”'0) =
(1,1,a,0,0,---,0) # (1,1,--- ,1) and p is a weakly l-absorbing prime element by
(1), we conclude that either p < (0,1,0,0,---,0) or
pg (1a07a7070a"' 70)

which both of them are contradictions. Hence n = 2 and £ = £; x L5. Now, we
will show that |£q] = 2. It is enough to show that if s € £, then either s = 0 or
s = 1. Assume to the contrary, that 0 < s < 1. Suppose that ¢ = (s,1). Since g is a
weakly 1-absorbing prime element by (1), ¢ < (8,0)V.(s,0)V.(0,1) = (s,1) # (1,1)
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and both ¢ £ (s,0) V. (s,0) = (s,0) and ¢ £ (0,1), we have a contradiction. Hence
|£1| = 2. Likewise, |La] = 2.

(2) = (1) Suppose that n = 2 and for each ¢ € {1,2}, |£;] = 2. Let p be a
proper element of £. Then £ has exactly three proper elements, i.e., (0,0), (1,0)
and (0,1). If p=(1,0) or p = (0,1), then p is a weakly 1-absorbing prime element
by Theorem 3.5. If p = (0,0), then p is trivially a weakly 1-absorbing prime element
of L. O

We close this section with the following theorem:

THEOREM 3.8. If every proper element of a lattice L is a weakly 1-absorbing
prime, then |A(L)| < 2.

PROOF. Let £ be alattice such that every proper element is weakly 1-absorbing
prime. On the contrary, assume that |A(L)| > 3. We suppose that a;,as and as
are distinct atom elements of £, and look for a contradiction. We split the proof
into two cases.

Case 1: Suppose that p = a; Vas Vaz # 1. Since p C a1 Vas V az and p is
a weakly 1l-absorbing prime element, we conclude that either az < p < a1 V ag or

1 < p < az. This shows that either as = a; or ag = as by Proposition 2.5 which
is impossible.

Case 2: Suppose that p = 1. We claim that ¢ = a; V az = 1. Assume to
the contrary, that p £ 1. Since ¢ < a1 V a1 V as and ¢ is a weakly l-absorbing
prime element, we have either ¢ < ay or ¢ < as which implies that a; = ag, a
contradiction. Thus a; Vaz =1 and a; A as = 0. Since az A a; =0 = ag A ag, we
conclude that az = a3 A (a1 V az) = 0 which is a contradiction, as required. g
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