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SOLUTION OF HERMITE AND LAGUERRE
DIFFERENTIAL EQUATIONS BY FOURIER
TRANSFORM

Murat Duz

ABSTRACT. In this study, we tried to solve the Hermite and Laguerre differ-
ential equations, whose solutions are orthogonal polynomials, with the Fourier
transform.

1. Introduction

The differential equation given as
Yy’ —2xy +2ny = 0 (1)
is called Hermite differential equation. Solutions of Hermite differential equation is
called Hermite polynomial and is shown H,,(x). Hermite polynomials are a classical
orthogonal polynomial sequence. First few terms of Hermite polynomials
Ho ([L‘) =1
Hy(x) =2z
Ho(x) = 42® — 2
Hs(z) = 82> — 12z
Hy(z) = 162 — 4822 + 12
Hs(z) = 322° — 1602 + 120z
As can be seen, every H,(z) is a polynomial of degree n. Hermite polynomials
satisfy the following equalities:

Hy1(z) = 22H, (z) — (Hp(x))
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Hp1(z) =2¢H,(z) — 2nH,—1(x)
2at—t2 - H ¢
e = ,;) n(T) oy
Hermite polynomials are widely used in various fields of mathematics, physics,
engineering due to their properties. For example, the polynomials play a central role
in the calculation of Gaussian integrals. In probability theory, the polynomials are
used to compute moments of distributions. In control theory, the polynomials are
used in the analysis of system stability and transfer functions. In signal processing,
the polnomials are used to construct wavelet transforms. The polynomials are used
in Fourier analysis for their orthogonal properties.
The differential equation given as

2y’ +(1—2)y'+ny =0 (2)
is called Laguerre differential equation. Solutions of Laguerre differential equation
are called Laguerre polynomials, denoted by L, (x). First few terms of Laguerre
polynomials

Lo ({,C) =1
Ll(l‘) =—x+1

Ly(z) = %(xZ —4x +2)

1
Ls(z) = 6(—:c?’ + 922 — 18z + 6)
1
Ly(z) = ﬂ(a;4 — 162° + 7222 — 96z + 24)

Ls(z) = 1—20(—365 + 252* — 2002% + 6002% — 6002 4 120)

L,(z) = %((—x)" +n2(=z)" ' 4+ nnl(—z) +n!)

As can be seen every L, (x) is a polynomial of degree n. The Laguerre polynomials
satisfy following equalities:

(n+1)Lpt1(x) = 2n+1—2)Ly(x) —nLlyp—1(x)
Ll (x) =nLy(x) —nL,_1(x)

Lo(z) = zn: (Z) (—kll)’ka

k=0
> —tz/(1—t)
>t L) =
n=0 —t
x dn n_ —x
L,(z) = ¢ T (z"e™™)

The Laguerre polynomials arise in quantum mechanics, in the radial part of the
solution of the Schrédinger equation for a one-electron atom. They also describe
the static Wigner functions of oscillator systems in quantum mechanics in phase
space. They further enter in the quantum mechanics of the Morse potential and
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of the 3D isotropic harmonic oscillator. For solutions of the Hermit and Laguerre
equations the following references can be investigated [2, 3].

1.1. Basic definitions and theorems. Let’s give some definitions and the-
orems necessary to solve the equations with the Fourier transform.

THEOREM 1.1. Let f and g be n.th order differentiable functions. In this case

n

o)™ =Y (1)1 g ),

k=0

THEOREM 1.2. Let f be a analytic function in and on simple closed cycle C
which is oriented in the positive direction. If zy is any point in C, then

f(")(zo) - n']{(f(z)dz

2im z — zp)" T

The Fourier transform of f(t) is given by

0= [ e ia = Flw).

The inverse Fourier transform of F(w) is given by
1 [ -
/ Flw)e™dt = f(t).

FHF (W) = -
2m
THEOREM 1.3. The Fourier transform is linear.
The Fourier transform satisfies the following equalities [1]:

Fy™) = (iw)"F(y)

Flay) = Zd‘;(uy) )

2. Solution of Laguerre and Hermite equation by using Fourier
transform method.

THEOREM 2.1. Laguerre equation xy” + (1 — z)y’ + ny = 0 can be solved by
the Fourier transform, and if the solution which has been obtained is Lf,(x), then

Lfn(x) =iLy(x).
PROOF. Let’s apply the Fourier transform to this equation.
Flay"+(1—2)y +ny) =0
Flay") + Fy') = Flay') + nF(y) =

From Theorem 1.3 following equalities are obtained:

d 5 d
Aoy iy — it ey v
zdw( w?Y) + iw zdw(zw )+ n 0

—i(2wY 4+ w?Y') +iwY +Y +wY’ +nY =0
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(—iw? +w)Y' + (1 +n —iw)Y =0
dY dw-—n-—1
74_7

Y w? —w dw =10
%Hn;l - wiﬂdw:o
Y= (1:::1)"
y=riy =i - L [ e,
= o L (i) 0)

If n =0, then y = 1.
If n.= 1, then y = i-L ((w + 9)e™®)(0) = i(e™” + ix(w + 1)e"*)(0) = i(1 — x).
If n = 2, then

L (e ipeno)
Y=g\ T e
i d , ,
— 92 -\ jwx . \2 jwx
Q—dw( (w+1)e™® +ix(w +1)*e™*)(0)

- %(26“’“ T+ 4w + 7)ize™® + (iz)(w + )2 (0)
= %(xz —4x + 2).

If n = 3, then
= L (w0
y=ggos((w+i)e
i d2 N2 _iwx . N\ 3 jiwx
ZEW(?)(U)-"-Z) " +ix(w +1)°e™*)(0)
;d X ) )
= %%(G(w + )€ 4 Giz(w + 1)2e™T + (iz)?(w + )36 7)(0)
= £(6e™*+18ix(w+i)e™” —6a? (w+i)2e™” —3a? (w+i) %™+ (ix)* (w+i)3e™*)(0)
- %(—;«3 + 927 — 18z + 6).

If n =4, then
_id
24 dut

A\ 4 ‘ 4 ,
_ 2i4( (0) 24T 4 (1> 24(w + i)ize™™ + (2> 12(w + )% (iz)?e™*

¥ (§>4(w i) (i) @ (w i) (iz)"e"")(0)

y ((w +1d)*e"™*)(0)

- 214(24 — 96z + 7222 — 1625 + 24).
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THEOREM 2.2. The Hermite equation
Yy’ —2xy +2ny =0

can be solved by the Fourier transform, and if the solution which has been obtained
,L-n+1

is H fn(x), then H fn(v) = Sry Hy(z).
PROOF. Let us consider the Hermite equation
y" — 2xy + 2ny = 0.
Let’s apply the Fourier transform to this equation:
Fy'" —2xy + 2ny) =0
F") = 2F(zy') + 2nF (y) = 0.
From Theorem 1.3 the following equalities are obtained:
d
—w?Y — 2i—(iwY) 4+ 2nY =0
dw
—w?Y +2(Y +wY’) +2nY =0
2wY' + (2n+2 - w?)Y =0
ay w? —2n —2
Yy 2w

dw

If n =0, then

If n =1, then

o d “’Tz—&-iwm _ W WTZ‘HUW = —
Yy = zdw(e ))(0) = ( 5 +ix)e )(0) = —=z.

If n =2, then
id® W id o w L w?
S0 = g (G e 0)
0,1 w2, w?
= S(GETEI 4 (S 4 i) T 0)

Y

If n = 3, then
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id 1 W TwxT w . w? TwT
= de(Q R +(5+Z£E)26 T Ty ()
v, 1 w w? w w2 | . w w2 .
_ Y=z . I tiwzx ad . Y- +iwx - - 0\3 Y Hiwx
—6(2(2+zx)e —|—(2+wc)e4 +(2—|—m)e4 )(0)
v,1x 2T . \3 223 — 3z
“slp T P =T
If n =4, then
i d4 w? e
Y= ﬂw(e ) (0)
_ i d 3w +iwx w - \3 w—2+iwx
— 57 (G i) T (2 i) ) (0)
. i 3 +iwx 3 —Jriw:c 3 w - N2 w—2+iwx w - \4 ﬁJriwm
—24(464 +2(2+2x) +2(2—|—zx)e4 —|—(2+zx)e4 )(0)
i(4at — 1222 + 3)
B 96 '
O
n Ly (z) Lgn(z)
n=>0 1 i
n=1 —z+1 (1 —x)
n=2 3(@® — 42 +2) %(z2—4x+2)
n= #(—a% + 927 — 182 4 6) L(—a® 4+ 92% — 18z + 6)
n=4| o4 (a" — 1625 4+ 7227 — 96z + 24) | - (2" — 162° + 7227 — 962 + 24)

TABLE 1. Table of L, (z) and Lf,(x) for different values of n.

n=0 1 i

n=1 2x —x

n=2 42 — 2 (3 —2?%)
n=3| 812z 2”3
n=4/[162" —482° +12 [ (42" — 1227 +3)

TABLE 2. Table of H,(z) and H f,(z) for different values of n.
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2.1. Recurrence relations for Lf,(z).

THEOREM 2.3. Since Lf,(x) = iL,(x), the recurrence ralations for L,(z) are
valid for Lf,(x) :

(n+1)Lfnt1)(x) = 2n+1—2)Lfn(z) = nLfn-1)(z)
xLf! (x) = nLf,(x) — nLfn-1)()

thw =iy (5) Gl

k=0

N Lfa(a) = et
1-1¢
n=0
_ i T ar n_ —x
Lfp(x) = e dx"(x e ).

2.2. Recurrence relations for H f,(z).

THEOREM 2.4.

H fia(z) = —

A
n-+1 Hf"(@ B

2(n+1)

(H fn())".
PROOF. o
H fny1(z) = WHMN@

,L-n+2

= e ) ~ (@)
"2 x2™n! "l
CESP ! (22-3+1 'an(x) - ZzTJrl'(an(l”))l)
oy len(x) T 3maD)

(H fn(x))".

THEOREM 2.5.

X 1
n = H n YR

H fr1() n+1 / <x)+2(n+1)

anfl(il').

PROOF.
Z'n+2

an+1(33) = W

Z‘n+2

- W(%Hn(x) —2nH, _(x))

int2 2x2"n! 2n2" " (n —1)!
T (n+ 1)!2n+1( int1 Hfu(x) =

Hn+1(ﬂ;‘)

in an—l(x))
1T 1
nt 1an(l‘) + men—l(x)
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THEOREM 2.6.

2=t — i H f(2)(—2it)".

PROOF.

o0 tn
e2zt7t2 _ Z Hn(:C
nl2" "
_ Z e H @)t /!

=—i Z H f () (—2it)"
n=0
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