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Abstract. In this study, we tried to solve the Hermite and Laguerre differ-

ential equations, whose solutions are orthogonal polynomials, with the Fourier
transform.

1. Introduction

The differential equation given as

y′′−2xy′+2ny = 0 (1)

is called Hermite differential equation. Solutions of Hermite differential equation is
called Hermite polynomial and is shown Hn(x). Hermite polynomials are a classical
orthogonal polynomial sequence. First few terms of Hermite polynomials

H0(x) = 1

H1(x) = 2x

H2(x) = 4x2 − 2

H3(x) = 8x3 − 12x

H4(x) = 16x4 − 48x2 + 12

H5(x) = 32x5 − 160x3 + 120x

As can be seen, every Hn(x) is a polynomial of degree n. Hermite polynomials
satisfy the following equalities:

Hn+1(x) = 2xHn(x)− (Hn(x))
′
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Hn+1(x) = 2xHn(x)− 2nHn−1(x)

e2xt−t2 =

∞∑
n=0

Hn(x)
tn

n!

Hermite polynomials are widely used in various fields of mathematics, physics,
engineering due to their properties. For example, the polynomials play a central role
in the calculation of Gaussian integrals. In probability theory, the polynomials are
used to compute moments of distributions. In control theory, the polynomials are
used in the analysis of system stability and transfer functions. In signal processing,
the polnomials are used to construct wavelet transforms. The polynomials are used
in Fourier analysis for their orthogonal properties.

The differential equation given as

xy′′+(1−x)y′+ny = 0 (2)

is called Laguerre differential equation. Solutions of Laguerre differential equation
are called Laguerre polynomials, denoted by Ln(x). First few terms of Laguerre
polynomials

L0(x) = 1

L1(x) = −x+ 1

L2(x) =
1

2
(x2 − 4x+ 2)

L3(x) =
1

6
(−x3 + 9x2 − 18x+ 6)

L4(x) =
1

24
(x4 − 16x3 + 72x2 − 96x+ 24)

L5(x) =
1

120
(−x5 + 25x4 − 200x3 + 600x2 − 600x+ 120)

Ln(x) =
1

n!
((−x)n + n2(−x)n−1 + · · ·+ n.n!(−x) + n!)

As can be seen every Ln(x) is a polynomial of degree n. The Laguerre polynomials
satisfy following equalities:

(n+ 1)Ln+1(x) = (2n+ 1− x)Ln(x)− nLn−1(x)

xL′
n(x) = nLn(x)− nLn−1(x)

Ln(x) =

n∑
k=0

(
n

k

)
(−1)k

k!
xk

∞∑
n=0

tnLn(x) =
e−tx/(1−t)

1− t

Ln(x) =
1

n!
ex

dn

dxn
(xne−x)

The Laguerre polynomials arise in quantum mechanics, in the radial part of the
solution of the Schrödinger equation for a one-electron atom. They also describe
the static Wigner functions of oscillator systems in quantum mechanics in phase
space. They further enter in the quantum mechanics of the Morse potential and
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of the 3D isotropic harmonic oscillator. For solutions of the Hermit and Laguerre
equations the following references can be investigated [2,3].

1.1. Basic definitions and theorems. Let’s give some definitions and the-
orems necessary to solve the equations with the Fourier transform.

Theorem 1.1. Let f and g be n.th order differentiable functions. In this case

(f.g)(n)(x) =

n∑
k=0

(
n

k

)
f (n−k)(x)g(k)(x).

Theorem 1.2. Let f be a analytic function in and on simple closed cycle C
which is oriented in the positive direction. If z0 is any point in C, then

f (n)(z0) =
n!

2iπ

∮
f(z)

(z − z0)n+1
dz.

The Fourier transform of f(t) is given by

F(f(t)) =

∫ ∞

−∞
f(t)e−iwtdt = F (w).

The inverse Fourier transform of F (w) is given by

F−1(F (w)) =
1

2π

∫ ∞

−∞
F (w)eiwtdt = f(t).

Theorem 1.3. The Fourier transform is linear.

The Fourier transform satisfies the following equalities [1]:

F(y(n)) = (iw)nF(y)

F(xy) = i
dF(y)

dw
.

2. Solution of Laguerre and Hermite equation by using Fourier
transform method.

Theorem 2.1. Laguerre equation xy′′ + (1 − x)y′ + ny = 0 can be solved by
the Fourier transform, and if the solution which has been obtained is Lfn(x), then
Lfn(x) = iLn(x).

Proof. Let’s apply the Fourier transform to this equation.

F(xy′′ + (1− x)y′ + ny) = 0

F(xy′′) + F(y′)−F(xy′) + nF(y) = 0

From Theorem 1.3 following equalities are obtained:

i
d

dw
(−w2Y ) + iwY − i

d

dw
(iwY ) + nY = 0

−i(2wY + w2Y ′) + iwY + Y + wY ′ + nY = 0
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(−iw2 + w)Y ′ + (1 + n− iw)Y = 0

dY

Y
+

iw − n− 1

iw2 − w
dw = 0

dY

Y
+ (

n+ 1

w
− n

w + i
)dw = 0

Y =
(w + i)n

wn+1

y = F−1(Y ) = F−1(
(w + i)n

wn+1
) =

1

2π

∫ ∞

−∞

(w + i)n

wn+1
eiwxdw

=
1

2π

2iπ

n!

dn

dwn
((w + i)neiwx)(0)

If n = 0, then y = i.
If n = 1, then y = i d

dw ((w + i)eiwx)(0) = i(eiwx + ix(w + i)eiwx)(0) = i(1− x).
If n = 2, then

y =
i

2

d2

dw2
((w + i)2eiwx)(0)

=
i

2

d

dw
(2(w + i)eiwx + ix(w + i)2eiwx)(0)

=
i

2
(2eiwx + 4(w + i)ixeiwx + (ix)2(w + i)2eiwx)(0)

=
i

2
(x2 − 4x+ 2).

If n = 3, then

y =
i

6

d3

dw3
((w + i)3eiwx)(0)

=
i

6

d2

dw2
(3(w + i)2eiwx + ix(w + i)3eiwx)(0)

=
i

6

d

dw
(6(w + i)eiwx + 6ix(w + i)2eiwx + (ix)2(w + i)3eiwx)(0)

= i
6 (6e

iwx+18ix(w+i)eiwx−6x2(w+i)2eiwx−3x2(w+i)2eiwx+(ix)3(w+i)3eiwx)(0)

=
i

6
(−x3 + 9x2 − 18x+ 6).

If n = 4, then

y =
i

24

d4

dw4
((w + i)4eiwx)(0)

=
i

24
(

(
4

0

)
24eiwx +

(
4

1

)
24(w + i)ixeiwx +

(
4

2

)
12(w + i)2(ix)2eiwx

+

(
4

3

)
4(w + i)3(ix)3eiwx +

(
4

4

)
(w + i)4(ix)4eiwx)(0)

=
i

24
(24− 96x+ 72x2 − 16x3 + x4).

□
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Theorem 2.2. The Hermite equation

y′′ − 2xy′ + 2ny = 0

can be solved by the Fourier transform, and if the solution which has been obtained

is Hfn(x), then Hfn(x) =
in+1

2nn!Hn(x).

Proof. Let us consider the Hermite equation

y′′ − 2xy′ + 2ny = 0.

Let’s apply the Fourier transform to this equation:

F(y′′ − 2xy′ + 2ny) = 0

F(y′′)− 2F(xy′) + 2nF(y) = 0.

From Theorem 1.3 the following equalities are obtained:

−w2Y − 2i
d

dw
(iwY ) + 2nY = 0

−w2Y + 2(Y + wY ′) + 2nY = 0

2wY ′ + (2n+ 2− w2)Y = 0

dY

Y
=

w2 − 2n− 2

2w
dw

lnY =
w2

4
− (n+ 1)lnw

Y =
e

w2

4

wn+1

y = F−1(Y ) = F−1(
e

w2

4

wn+1
) =

1

2π

∫ ∞

−∞

e
w2

4

wn+1
eiwxdw

=
1

2π

2πi

n!

dn

dwn
(e

w2

4 +iwx)(0).

If n = 0, then
y = i.

If n = 1, then

y = i
d

dw
(e

w2

4 +iwx))(0) = i(
w

2
+ ix)e

w2

4 +iwx)(0) = −x.

If n = 2, then

y =
i

2

d2

dw2
(e

w2

4 +iwx)(0) =
i

2

d

dw
((
w

2
+ ix)e

w2

4 +iwx)(0)

=
i

2
(
1

2
e

w2

4 +iwx + (
w

2
+ ix)2e

w2

4 +iwx)(0)

=
i

2
(
1

2
− x2).

If n = 3, then

y =
i

6

d3

dw3
(e

w2

4 +iwx)(0)
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=
i

6

d

dw
(
1

2
e

w2

4 +iwx + (
w

2
+ ix)2e

w2

4 +iwx)(0)

=
i

6
(
1

2
(
w

2
+ ix)e

w2

4 +iwx + (
w

2
+ ix)e

w2

4 +iwx + (
w

2
+ ix)3e

w2

4 +iwx)(0)

=
i

6
(
ix

2
+

2ix

2
+ (ix)3) =

2x3 − 3x

12
.

If n = 4, then

y =
i

24

d4

dw4
(e

w2

4 +iwx)(0)

=
i

24

d

dw
(
3

2
(
w

2
+ ix)e

w2

4 +iwx + (
w

2
+ ix)3e

w2

4 +iwx)(0)

=
i

24
(
3

4
e

w2

4 +iwx+
3

2
(
w

2
+ix)2e

w2

4 +iwx+
3

2
(
w

2
+ix)2e

w2

4 +iwx+(
w

2
+ix)4e

w2

4 +iwx)(0)

=
i(4x4 − 12x2 + 3)

96
.

□

n Ln(x) Lfn(x)
n = 0 1 i
n = 1 −x+ 1 i(1− x)

n = 2 1
2 (x

2 − 4x+ 2) i
2 (x

2 − 4x+ 2)

n = 3 1
6 (−x3 + 9x2 − 18x+ 6) i

6 (−x3 + 9x2 − 18x+ 6)

n = 4 1
24 (x

4 − 16x3 + 72x2 − 96x+ 24) i
24 (x

4 − 16x3 + 72x2 − 96x+ 24)

Table 1. Table of Ln(x) and Lfn(x) for different values of n.

n Hn(x) Hfn(x)
n = 0 1 i
n = 1 2x −x

n = 2 4x2 − 2 i
2 (

1
2 − x2)

n = 3 8x3 − 12x 2x3−3x
12

n = 4 16x4 − 48x2 + 12 i
96 (4x

4 − 12x3 + 3)

Table 2. Table of Hn(x) and Hfn(x) for different values of n.
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2.1. Recurrence relations for Lfn(x).

Theorem 2.3. Since Lfn(x) = iLn(x), the recurrence ralations for Ln(x) are
valid for Lfn(x) :

(n+ 1)Lf(n+1)(x) = (2n+ 1− x)Lfn(x)− nLf(n−1)(x)

xLf ′
n(x) = nLfn(x)− nLf(n−1)(x)

Lfn(x) = i

n∑
k=0

(
n

k

)
(−1)k

k!
xk

∞∑
n=0

tnLfn(x) =
i

1− t
e

−tx
1−t

Lfn(x) =
i

n!
ex

dn

dxn
(xne−x).

2.2. Recurrence relations for Hfn(x).

Theorem 2.4.

Hfn+1(x) =
ix

n+ 1
Hfn(x)−

i

2(n+ 1)
(Hfn(x))

′.

Proof.

Hfn+1(x) =
in+2

(n+ 1)!2n+1
Hn+1(x)

=
in+2

(n+ 1)!2n+1
(2xHn(x)− (Hn(x))

′)

=
in+2

(n+ 1)!2n+1
(
2x2nn!

in+1
Hfn(x)−

2nn!

in+1
(Hfn(x))

′)

=
ix

n+ 1
Hfn(x)−

i

2(n+ 1)
(Hfn(x))

′.

□

Theorem 2.5.

Hfn+1(x) =
ix

n+ 1
Hfn(x) +

1

2(n+ 1)
Hfn−1(x).

Proof.

Hfn+1(x) =
in+2

(n+ 1)!2n+1
Hn+1(x)

=
in+2

(n+ 1)!2n+1
(2xHn(x)− 2nHn−1(x))

=
in+2

(n+ 1)!2n+1
(
2x2nn!

in+1
Hfn(x)−

2n2n−1(n− 1)!

in
Hfn−1(x))

=
ix

n+ 1
Hfn(x) +

1

2(n+ 1)
Hfn−1(x).

□
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Theorem 2.6.

e2xt−t2 = −i

∞∑
n=0

Hfn(x)(−2it)n.

Proof.

e2xt−t2 =

∞∑
n=0

Hn(x)
tn

n!

=

∞∑
n=0

n!2n

in+1
Hfn(x)t

n/n!

= −i

∞∑
n=0

Hfn(x)(−2it)n.

□
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