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Abstract

The aim of this paper is to introduce a new notion of a pairwise gen-
eralized closed set called a pairwise 6-generalized closed set and study its
fundamental basic properties. Furthermore, we introduced the concept
of pairwise generalized A-sets which is extended to pairwise 6-generalized
A-sets. Also we study some of their properties by using ij-0-closure oper-
ator.
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1 Introduction and preliminaries

N. Levine (JI0]) in 1970 introduced the notions of generalized closed sets and
T} /2 topological spaces. Recently, Noiri ([I2]) gave another new generalization
of Levine’s g-closed set by utilizing the #-closure operator. The concept of
O-generalized closed sets was applied to the digital line ([3]). This notion was
studied extensively in the last few years by many topologists. In 1986, Fukutake
([4]) generalized this notion to bitopological spaces and he defined a set A of a
bitopological space X to be an ij-generalized closed set (briefly ij-g-closed) if
j-cl(A) € U whenever A C U and U is 7;-open in X. Also he defined strongly
pairwise 7'/ which is stronger than that pairwise T} 5 of Reilly ([13]).

In this paper we generalized the notion of ij-0-generalized closed set by
utilizing the ij-6-closure operator defined in [I] and we defined #-generalized
continuity in bitopological spaces. Many basic properties of this new concept
will be studied as well as its relations to the other classes of ij-generalized closed
sets.

Throughout this paper (X, 71, 72) and (Y, 01, 02) (or briefly X and Y') denote
bitopological spaces. For a subset A of X, i-cl(A) (resp. i-int(A)) denotes the
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closure of A and the interior of A respectively with respect to 7; (or o;) for
1 =1,2. Also i,j = 1,2 and ¢ # j. A point = of A is said to be in the ij-
f-interior of A, denoted by ij-intg(A) ([I]) if there exists U € 7; such that
x €U C j-c(U) C A. A is said to be ij-6-open ([1]) if A = ij-intg(A).

The complement of an 7j-6-open set is called an ij-6-closed (i.e. A is ij-6-
closed set if A =ij-clg(A), where ij-clog(A) ={z € X : j-cl(U)YNA# ¢, U €7
and x € U}. The family of all ij-6-open sets forms a topology 7;(6) such that
7,(0) C 7, for i = 1,2 ([I5]).

A subset A of X is said to be ij-regular open (resp. ij-regular closed) ([16])
if A =i-int(j-cl(A)) (resp. A = i-cl(j-int(A))). A subset A of X is said to be
ij-semi-open ([2]) (resp. ij-a-open ([7]), ij-semi-pre-open ([6]) if A C j-cl(i-
int(A)) (resp. A C i-int(j-cl(i-int(A))), A C j-cl(i-int(j-cl(A)))).

The complement of an ij-semi-open (resp. ij-a-open, ij-semi-pre-open) is
called ij-semi-closed (resp. ij-a-closed, ij-semi-pre-closed). The intersection of
all 4j-semi-closed (resp. ij-a-closed, ij-semi-pre-closed) is called ij-semi-closure
(resp. ij-a-closure, ij-semi-pre-closure) of A and is denoted by ij-scl(A) (resp.
ij-cl(A),ij-spcl(A)).

Now, we mention the following definitions and results:

Definition 1.1 ([9]) A subset A of a space X is called:

(1) An ij-semi-generalized closed set (briefly ij-sg-closed) if ji-scl(A) C U
whenever A C U and U is ij-semi-open in X.

(2) An ij-generalized a-closed set (briefly ij-ga-closed) if ji-acl(A) C U when-
ever A C U and U is ij-a-open in X.

(8) An ij-generalized semi-closed set (briefly ij-gs-closed) if ji-scl(A) C U
whenever A C U and U is 1;-open in X.

Definition 1.2 A bitopological space (X, T1,72) is called:

(1) pairwise Ro-space (briefly PRo-space) ([11]) if for each 1;-open U and x €
U, 7j-cl({z})U.

(2) pairwise Ry-space (briefly PRy-space) ([L4]) if and only if for each x,y € X
such that « ¢ 1;-cl({y}), there is a 7;-open set U and a T;-open set V such that
zelUyeVandUNV = ¢.

(3) pairwise Ty ([13]) (briefly PTy-space) if and only if for each x,y € X with
x # y, there exists a Ti-open set containing x but not y or a To-open set con-
taining y but not x.

(4) pairwise Ty o-space (briefly PT j2-space) ([]) if every ij-g-closed set is 7;-
closed.

(5) pairwise Hausdorff ([B]) if and only if for each xz,y € X with x # y, there

are a T;-open set U containing x and T;-open set V containing y such that
Unv =¢.
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(6) pairwise regular ([B]) if for each x € X and each 7;-closed F not containing
x, there exist a T;-open set U and a 7;-open set V' such that x € U, F C V and
UNV = ¢, equivalent for each T;-open set U and x € U, there exists T;-open
set V such that x € V C j-cl(V) CU.

(7) ij-extremely disconnected ([8]) if j-cl(U) is m;-open for every 7;-open set U.

Definition 1.3 A function f: (X, 71,72) — (Y,01,02) is called:

(1) ij-g-continuous ([9]) if f~1(V) is ij-g-closed in X for every o;-closed set
VofY.

(2) ij-strongly 0-continuous [[1f] if for each v € X and each o;-open set V
containing f(x), there exists a ;-open set U containing x such that f(j-cl(U)) C
V. If fis 12-strongly 0-continuous and 21-strongly 6-continuous, then f is called
pairwise strongly 0-continuous.

Lemma 1.1 ([6]) A subset A of a bitopological space X is ij-semi-pre-closed if
and only if A = ij-spcl(A).

Lemma 1.2 ([I5]) Let A and B be a subsets of a bitopological space (X, T1,T2)
then:

(i) A C B = ij-cly(A) C ij-cly(B).

(11) i-cl(A) C ij-clg(A).

(111) A € 1; = i-cl(A) = ij-clg(A).

() ij-clo(A) = n{i-cl(V): ACV e1;}.

From Lemma 1.5 (iv), we note that ij-clg(A) is a 7;-closed set in X.

Lemma 1.3 ([4]) A bitopological space (X, T1,T2) is an P-T} j5-space if and only
if for each x € X, singleton {z} is 7;-open or 7;-closed.

Theorem 1.1 A bitopological space (X, T1,72) is be pairwise Hausdor(f if and
only if for each x € X, ij-clg({z}) = {x}.

Proof. Let (X,7,72) be pairwise Hausdorff. Since for every singleton set
{x} Cij-clyp({z}), then we show that ij-clo({z}) C {x}. Let y ¢ {a} then there
exist a 7;-open set U containing x and 7;-open set V' containing y such that
UNV =¢and UNTj-cl(V) = ¢. Hence {x} N1;-cl(V) = ¢ and y ¢ ij-clo({z}).
Thus ij-clg({z}) C {z}.

Conversely, let ij-clp({z}) = {2z} and z,y € X such that © # y. Then
y ¢ ij-clp({x}) and hence there exists 7;-open set V' containing y such that j-
d(V)n{z} = ¢. Thus {z} C X\ j-cl(V) =U and U is a 7;-open set containing
x such that U NV = ¢. Hence (X, 1, 72) be pairwise Hausdorf. ]
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Theorem 1.2 ([II]) A bitopological space (X, T1,72) is pairwise Ry if and only
if each Tj-closed F' can be expressed as:

F=n{U:FcU and Uisr-open}

Lemma 1.4 For a function f: X — Y, the following are equivalent:

(i) f is ij-strongly 0-continuous.

(ii) f=1(V) is ij-0-open, for each o;-open set V of Y.

Proof. (i) =(ii) Let V be o;-open set of Y and x € f~(V). Then there exists
a 7;-open U containing x such that f(j-cl(U)) C V and hence z € U C j-
c(U) ¢ f~YV). This shows that f=*(V) is ij-f-open.

(ii)=-(i) Let V be an ij-0-open set containing f(x). Then x € f~1(V) and by (ii)
there exists a 7;-open set U containing x such that x € U C j-cl(U) C f=1(V).
Thus f(j-cl(U)) C V and hence f is ij-strongly #-continuous. o

2 Basic properties of pairwise 6-generalized closed
sets

Definition 2.1 A subset A of a space X is called:

(1) An ij-a-generalized closed set (briefly ij-ag-closed) if ji-acl(A) C U when-
ever A C U and U is 1;-open in X.

(2) Anij-generalized semi-preclosed set (briefly ij-gsp-closed) if ji-spcl(A) C U
whenever A C U and U is T;-open in X.

(8) An ij-reqular generalized closed set (briefly ij-r-g-closed) if j-cl(A) C U
whenever A C U and U is ij-reqular open in X.

Definition 2.2 A subset A of a bitopological space (X,71,72) is called ij-0-
generalized closed (briefly ij-0-g-closed) if ji-clg(A) C U whenever A C U and
U is 1;-open in X. If A C X is 12-0-g-closed and 21-0-g-closed, then it said to
be pairwise 0-generalized closed (briefly PO-g-closed).

We denote the family of all ij-8-generalized closed subsets of a space X by
ij-TGC(X).
Theorem 2.1 FEvery ji-0-closed set is ij-0-g-closed.
Proof. Let A C X be ji-f-closed and A C U such that U € 7;, then ji-
clp(A) = A. Thus ji-clg(A) C U. Thus A is ij-0-g-closed. O

The following example shows that the converse of Theorem 2.3 is not true
in general.
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Example 2.4. Let X = {a,b,c},71 = {¢,{a,b}, X} and o = {&, {c},{a,c}, X}
The set A = {a,c} is 12-0-g-closed, since the only 71-open superset of A is X.
But it is easy to see that A is not 21-6-closed. In fact it is not even 21-semi-
closed, since its complement is {b} and 7-int({b}) = ¢.

Theorem 2.2 Let (X, 71,72) be a bitopological space. Then:

(i) Every ij-0-g-closed set is ij-g-closed.

(i1) FEvery ij-0-g-closed set is ij-ag-closed.

(iii) Every ij-0-g-closed set is ij-gs-closed.

(iv) Every ij-0-g-closed set is ij-r-g-closed.

Proof. Let A be a subset of X. By Lemma 1.5, j-cl(4) C ji-clg(A). Thus if

U is 1;-open and A C U, then j-cl(A) C ji-clg(A) C U. Hence A is ij-g-closed.
The proof of the other cases is similar. O

The next example shows that an ij-g-closed set, even a j-closed set, need
not be always ij-0-g-closed .

Example 2.6. Let X = {a,b,c},1 = {¢,{a},{a,b},{a,c}, X} and 7 =
{#,{a,b},X}. Let A = {c}, then A is 7p-closed and hence 12-g-closed. If
U ={a,c} €, 21-cly(A) = X ¢ U. Thus, A is not 12-6-g-closed.

Theorem 2.3 FEwvery ji-semi-pre-closed set is 1j-gsp-closed.

Proof. It follows from the fact that a set A C X is ji-semi-preclosed if and
only if ji-spcl(A) = A, by Lemma 1.4. ]

Theorem 2.4 FEvery ij-gs-closed set is 15-gsp-closed.

Proof. Let A be ij-gs-closed. Since ij-spcl(A) C ij-scl(A) for every subset A
of X, then A is ij-gsp-closed . m]

The reverse in the theorems above is not always true. Next we give an ex-
ample of an ij-gsp-closed set which is not ij-gs-closed.

Example 2.9. Let X = {a,b,c,d,e}, 11 = {¢,{a,b},{c,d},{a,b,c,d}, X}
and 7o = {¢,{a,c,e}, {b,d},X}. Let A = {b,c¢} and U = {a,b,c,d}. Then
21-spcl(A) = A, so A is 21-semi-preclosed. Thus by Theorem 2.7, A is 12-gsp-
closed. On the other hand A C U € 7y and 21-scl(A4) = X.

This shows that A is not 12-gs-closed.

The next example shows that the converse of Theorem 2.7 is not true.

Example 2.10. Let X = {a,b,c}, 1 = {¢,{a}, X} and o = {¢, {a, b}, {c}, X }.
Let A = {a,c}. Clearly, A is not 21-semi-preclosed. On the other hand, A is
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12-gsp-closed (even 12-g-closed and 12-gs-closed), since the only open set con-
taining A is X

Theorem 2.5 Fvery ij-g-closed set is ij-r-g-closed.

Proof. It is follows from the fact that every ij-regular open set of X is 7;-open.
O

From the above discussion and from the results in [9] we have the following
diagram.

j1-8-closed set 1] B-g-closed set

T clused gt ——— 1]-2- cluseﬂg/// ij-zg-closed set

-z I:lused set

ij-c-closed sef ————— ij-goe-clated et ij-gz-clozed set

j1-sermi-clozed set—— 4 1]-sg-closed 5/1] -gep-closed set

ji-serni-preclossd set

Figure 1:

Theorem 2.6 A space X is pairwise regular if and only if ij-clg(A) = i-cl(A),
for each a subset A of X.

Proof. Let (X, 71, 72) be a pairwise regular space. Since i-cl(A) C ij-clg(A)
we show that ij-clg(A) C i-cl(A). Let « ¢ i-cl(A). Then there exists a 7;-open
set U and a 7j-open set V such that z € U, A C V and U NV = ¢. Hence
J-cd(U)NA=¢and x ¢ ij-clyg(A). Thus ij-clg(A) C i-cl(A).

Conversely, let ij-clg(A) = i-cl(A) and F be a 7;-closed set not containing
x. Then = ¢ ij-clp(F) and hence there exists a 7;-open set U containing = such
that j-cl(U) N F = ¢. Thus, F C X \ j-cl(U) =V and V is a 7;-open set such
that U NV = ¢. Hence, (X, 11,72) is a pairwise regular space. o
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Theorem 2.7 Let (X, 71,72) be a pairwise regular space. Then for a subset A
of X the following are equivalent:

(i) A is an ij-0-g-closed set.
(i1) A is an ij-g-closed set.

Proof. (i) = (ii) is valid for every bitopological space X by Theorem 2.5.

(ii)=-(i) since a bitopological space X is ij-regular if and only if for each set
A C X,ij-clg(A) = i-cl(A), Theorem 2.12. Thus if A C U, where A is ij-g-
closed and U is 7;-open then ji-clg(A) = j-cl(A) C U. Hence, A is ij-0-g-closed.
qed

Lemma 2.1 If A and B are subsets of a space X, then :
(Z) ij-clg(AU B) =ij-clg(A) U ij—clg(B).
(ii) ij-clo(AN B) Cij-clg(A) Nij-clg(B).

Proof. (i) First we prove that ij-clg(A U B) C ij-clg(A) U ij-clg(B) for every
subsets A and B of X. Let = ¢ ij-clp(A) Uij-clp(B), then there exist 7;-open
sets U and V containing x such that j-cl(U)NA = ¢ and j-cl(V)N B = ¢. This
implies € U U V. Since j-cl(UUV) = j-cl(U) U j-cl(V) holds, then we have
J-cd(UUV)N(AUB) = ¢. Hence z ¢ ij-cly(AU B). Making use of Lemma 1.5,
we have ij-clg(A) Uij-clo(B) C ij-clog(AU B). This completes the proof.

(ii) Let = ¢ ij-clo(A)Nij-clg(B). Then there exists a 7;-open set U containing
x such that either j-cl(U) N A = ¢ or j-cl(U) N B = ¢. In any case we obtain
that j-cl(U) N (AN B) = ¢. Thus x ¢ ij-cly(AN B). O

Theorem 2.8 (i) A finite union of ij-0-g-closed sets is always an ij-0-g-closed
set.
(i) A countable union of ij-0-g-closed sets need not be an ij-0-g-closed set.
(iii) A finite intersection of ij-0-g-closed sets need not be an ij-0-g-closed
set.

Proof. (i) Let A, B C X be ij-0-g-closed sets. Let U be a 7;-open subset of
X such that AU B C U. By Lemma 2.14 (i), ji-clg(A U B) = ji-clg(A) U ji-
clg(B) CUUU = U, since A and B are ij-6-g-closed. Hence AU B is ij-6-g-
closed.

(ii) Let X be the real line and 71 = 79, the usual topology on X. Since X
is pairwise regular, then by Theorem 2.12, every singleton in X is ij-0-g-closed.
Let A = U2,{1/i}. Clearly A is a countable union of ij-6-g-closed sets but A
is not ij-0-g-closed, since A C (0,1) and 0 € ij-clp(A).

(iii) Let X = {a,b,c,d, e}, 71 = {¢,{c}, {a,b},{a,b,c}, X} and 72 = {¢,{e},{a, b, c},
{c,d,e}, X}. Let A ={a,c,d} and B = {b,¢c,e}. Clearly A and B are 12-6-g-
closed sets, since X is the only 71-open superset of them. But C = {¢} = ANB
is not 12-0-g-closed, since C' C {c} € 7y and 21-cly(C) = {¢,d} ¢ {c}. O
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Definition 2.3 A subset A of a space X whose T;-closure is Tj-open is called
17-CO-set.

Theorem 2.9 If a subset A of a space X is an ij-0-g-closed and ji-CO-set,
then ji-clg(A) = j-cl(A).

Proof. Clearly, j-cl(A) C ji-clp(A). We show that ji-clg(A) C j-cl(A).
Since A is a ji-CO-set, then j-cl(A) is 7;-open. Since A is a ij-6-g-closed and
A C j-cl(A), then ji-clg(A) C j-cl(A). Thus ji-clg(A) = j-cl(A). O

A subset A of a space X which is both i-closed and j-open is called ij-clopen

()

Theorem 2.10 For a subset A of a bitopological space (X, T1,72) the following
conditions are equivalent:

(i) A is ji-clopen.

(i) A is ij-0-g-closed, ji-CO-set and ji-semi-closed.

Proof. (i) = (i) : Since A is j-closed, then it is ji-semi-open. By Definition
2.16, A is ji-clopen, then A is ji-CO-set. Now, let A C U where U € 7;. By
Lemma 1.5, A € 7; implies that ji-cly(A) = j-cl(A) C U. Hence A is ij-0-g-
closed.

(ii)=(i) By Theorem 2.17, ji-clp(A) = j-cl(A) = i-int(j-cl(A)) C A, since
A is a ji-semi-closed, ji-CO-set. Then A = ji-cly(A), thus A is ji-6-closed and
7;-closed. Since A = i-int(j-cl(A)), then A is ij-regular open and hence A is
T;~open. Then A is ji-clopen. ]

3 Characterizations of PTj-spaces, PTi-spaces
and PRy-spaces

Theorem 3.1 A bitopological space (X, 71,72) is a P- T j5-space if and only if
every ij-0-g-closed set is Tj-closed.

Proof. Let A C X be ij-0-g-closed. By Theorem 2.5, A is ij-g-closed. Since X
is a P-T} jp-space, then A is 7;-closed.

Conversely, let © € X. If {z} is not 7-closed, then B = X \ {z} is not 7;-
open and thus X is the only 7;-open superset of B. Hence B is ij-0-g-closed. By
assumption B is 7j-closed or equivalently, {«} is 7;-open. Thus every singleton
in X is 7j-open or 7;-closed. Hence by Lemma 1.6, X is a P-T} /5-space. O

Lemma 3.1 Let a subset A of a space X be ij-0-g-closed. Then ji-clg(A) \ A
does not contain a non-empty T;-closed set.
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Proof. Let F be a 7;-closed subset of ji-clp(A) \ A. Clearly, A C X \ F,
where A is ij-0-g-closed and X \ F' is 7;-open. Thus ji-clg(4) € X \ F or
equivalently F C X \ ji-clg(A). By assumption we have that F C ji-clp(A),
and thus F' C (X \ ji-clg(A)) N (ji-clg(A)) = ¢. This shows that F' is empty. O

Lemma 3.2 In any bitopological space (X, T1,T2) a singleton is ij-0-open if and
only if it is ji-clopen.

Proof. The assertion follows from the fact that a set A is ij-6-open if and only
if for each = € A there exist a 7;-open set U and a 7j-closed set V' such that
reUcCV CA |

Theorem 3.2 A bitopological space (X,71,72) is a PTi-space if and only if
every ij-0-g-closed set is ji-0-closed.

Proof. Let A C X be ij-6-g-closed and let = € ji-clg(A). Since X is P11, then
{z} is 7-closed and thus by Lemma 3.2 z ¢ ji-clg(A) \ A. Since z € ji-clg(A),
then & € A. This shows that ji-clg(A) C A or equivalently that A is ji-6-closed.

Conversely, let z € X and assume that {z} is 7;-closed. Then B = X \ {z}
is not 7;-open and clearly B is ij-0-g-closed, since the only 7;-open superset of
B is X itself. By assumption B is ji-6-closed and thus {x} is ji-f-open. By
Lemma 3.3, {x} is ij-clopen. Thus X is a PT;-space. O

Definition 3.1 A subset A of a bitopological space (X, 71,72) is called a A;-set
if A= AN where AN =n{U: ACU, U is 7;-open}.

Definition 3.2 A subset A of a bitopological space (X, 71, 72) is called a gener-
alized A j-set (briefly g-A;j-set) if AN C F, whenever A C F and F is 7j-closed.

Definition 3.3 For a subset A of a bitopological space (X, 71, 72) we define A;\”
as follows Aé\” ={zx € X 1ij-clp{z} N A # ¢}.

Lemma 3.3 For any set AC X, AcC AN C Ag“ C ji-clg(A).

Proof. Let A be a subset of a space X. Obviously, A C A%. Now, we prove
Al AQ”. Let x ¢ Aé\”. It follows that ij-clg({x}) N A =¢ and A C X \ ij-
clo({x}) = U. Since ij-cly({z}) is ij-6-closed, then U is ij-6-open. Hence there
exists a 7;-open set U containing A but not z, then x ¢ A%, Thus A% C Aé\ij.

Now we prove that Agij C ji-clg(A). Suppose that x ¢ ji-cly(A). Then
there exists a 7;-open set U such that z € U and i-cl(U) N A = ¢. Since U is
7;-open, it follows by Lemma 1.5 i-cl(U) = ij-clg(U). So ij-clg(U) N A = ¢.
Thus, ij-clg({z}) N A= ¢ and z ¢ A;\”. Hence, Ag” C ji-clg(A). O
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Theorem 3.3 A bitopological space (X,T1,72) is a PTi-space if and only if
every subset in X is a A;-set.

Proof. Let U be a subset of a PTj-space. Suppose that there exists a point
x € X such that x ¢ U. Then X \ {z} is a 7;-open set containing U. Thus
x ¢ UM and UM C U. Since U C U, then U = U, Hence, U is As-set.
Conversely, assume that every set in X is a A;-set. Let a and b be two
different points, then {a}* N{b}* = ¢. Since a € {a}*:, then a € {h} and so
there exists a 7;-open nbd. of b which does not contain a. On the other hand,
since b € {b}" then b ¢ {a}* and so there exists a 7;-open nbd of a which does
not contain b. Thus X is a PTj-space. ]

Theorem 3.4 Every ij-0-closed set is a Aj-set.

Proof. Let A C X be ij-6-closed. Then A = ij-cly(A). Thus, by Lemma 3.8,
AN Cij-clg(A) = A and hence A = A%, Thus, A is a Aj-set. |

The following example shows that a Aj;-set need not be ij-6-closed.

Example 3.11. Let R be the set of real numbers and a space X = R, 7
be the co-finite topology on R, i.e., 71 = {U C X : X \ U is finite} U {¢} and 7
be the usual topology on R. Then (R, T, 72) is a PTi-space and any singleton
of R is a A; -set, but none of the singletons is ij-6-closed.

Lemma 3.4 If a subset A of a bitopological space (X, T, 72) is ij-g-closed, then
j-cl(A) c AN,

Proof. Let A C X be ij-g-closed and = ¢ A%. Then there exists a 7;-
open set U of X containing  such that x ¢ U and A C U. By hypothesis,
j-cl(A) C U. Hence, z ¢ j-cl(A) and j-cl(A) C Ah:. m|

Theorem 3.5 Every ij-g-closed, A;-set is 7;-closed.

Proof. Let A C X be an ij-g-closed, A;-set. Since A is ij-g-closed, then by
Lemma 3.12, j-cl(A) C A%. Moreover, since A is a A;-set, then j-cl(A) C
AN = A. Thus, A is 7;-closed. O

Definition 3.4 A subset A of (X, 71, 72) is called 0-generalized-A;;-set (briefly
0-g-A;j -set) if Ag“ C F whenever A C F and F is 7;-closed in X.

Theorem 3.6 Every 0-g- A;j-set is a g-A;j-set.
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Proof. Let A C X be a 0-g-A;;-set and let A C F, where F' is 7j-closed. By

assumption Ag“ C F and by Lemma 3.8 A% C Ag” C F. This shows that A
is a g-A;j-set. o

Remark 3.16. A g-A;j-set need not 0-g-A;j-set. In Example 3.11, every
singleton is a A;-set and hence a g-A;j-set but none of the singletons is a 6-g-
A;j-set, since the ji-0-closure of every singleton is X.

Theorem 3.7 A bitopological space (X, 71,72) is a PRy-space if and only if
every singleton of X is a g-A;;-set.

Proof. In Theorem 1.8 shows that a space is PRy if and only if for each 7;-
closed set A,A = A%, Thus if X is PRy, then for each singleton {z} and
each 7j-closed F' containing x, we have {z} C {z}* C FA = F. So, {z} is a
g—A,-j—set.

Conversely, assume that F' C X is 7;-closed. For each z € F' by assumption
{x}d C F. Thus F» = Uger{z}* C F. This shows that F = FA and X is
a PRy-space. O

Theorem 3.8 Let (X, 71, 72) be a pairwise Hausdorff space. Then every subset
of X is a 0-g-A;;-set.

Proof. By Theorem 1.7, every singleton in X is ij-6-closed. Let A C X, it is
easily observed that A = AQ”. Since, if x € Aé\”, then ij-clg({z} N A # ¢ and
{z}NA+#¢orxe A Hence Ais a 6-g-A;j-set.

Theorem 3.9 Let (X, 71, 72) be a bitopological space. Then the following state-
ments are equivalent :

(i) X is a pairwise Ry-space.
(ii) For each x € X, i-cl({z}) =ij—clg({z}).
(i1i) For each j-compact A C X,i-cl(A) = ij-clg(A).

Proof. (i)=-(iii): Generally i-cl(A) C ij-clg(A). Now, let = ¢ i-cl(A). For
eachy € A, z ¢ i-cl({y}) and so there exists a 7;-open set U, and a 7;-open set
Vy such that © € Uy,y € V,, and U, NV, = ¢. Then {V, : y € A} is a j-open
cover of A. Since A is 7j-compact, there exists a finite subset Ay of A such that
ACU{Vy:iye A} Put V=U{V, :y € Ao} and U = N{U, : y € Ap}. Then
V is a 7j-open set, U is a 1;-open set, A C Vo € U and UNV = ¢. Thus
J-d(U)NV = ¢ and so j-cl(U) N A = ¢. This shows that = ¢ ij-clp(A) and
therefore ij-clg(A) C i-cl(A).

(ili)=-(ii): The proof is obvious, since {z} is 7;-compact.

(ii)=(i): Let = ¢ i-cl({y}), by (ii) = ¢ ij-clo({y}). Then there exists a 7;
-open set U such that z € U and j-cl(U) N {y} = ¢. Then X \ j-cl(U) is a
j-open set containing y. Also, U N X \ j-cl(U) = ¢. This shows that X is a
pairwise R;-space. O
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4 On ij-0-g-continuous and ij-0-g-irresolute func-
tions

Definition 4.1 A function f : (X, 71,72) — (y,01,02) is called is called:

(1) ij-0-g-continuous if f~1(V) is ij-0-g-closed in X for every o;-closed set V
of Y.

(2) ij-0-g-irresolute if f=Y(V) is ij-0-g-closed in X for every ij-8-g-closed set
VofY.

Theorem 4.1 If a function f : X — Y is ji-strongly 0-continuous, then f is
17-0-g-continuous.

Proof. Let V be a oj-closed set of Y. Since f is ji-strongly §-continuous,
then by Lemma 1.9, f~1(V) is ji-f-closed. By Theorem 2.3, f~*(V) is ij-0-g-
closed and hence f is ij-6-g-continuous.

The following example shows that an ij-6-g-continuous function need not be
ji-strongly #-continuous, not even ji-semi-continuous.

Example 43Let X =Y = {0,, ba C}7 = {¢7 {av b}7 X}7 T2 = {¢7 {a}v {aa C}a X}a
o1 = {¢,{b},{a,b},Y} and o3 = {¢,{b},Y}. Let f: (X,71,72) — (Y,01,02)
be the identity function. Clearly f is 12-6-g-continuous but f is not 21-strongly
f-continuous, not even 21-semi-continuous.

Theorem 4.2 Let [ : (X, 71,72) — (Y,01,02) be ij-0-g-continuous. Then f is
1 -g-continuous.

Proof. Let V be a gj-closed set of Y. Then f~1(V) is ij-0-g-closed in X. By
Theorem 2.5, every ij-0-g-closed set is ij-g-closed. Then f~1(V) is ij-g-closed
in X. Thus f is ij-g-continuous. O

The converse of the above theorem is not true in general and this can easily
be seen from the following example.

Example 4.5. Let X =Y = {a,b,¢}, 1 = {¢,{a},{a,b},{a,c}, X},
7o = {¢,{c}, {a,b}, X}, 01 = {¢,{a,b},Y} and o2 = {&,{c},Y}. Let f :
(X, 71,7m2) — (X, 01,02) be the identity function. Clearly f is 2-continuous and
hence 12-g-continuous but A = {c} is not 12-6-g-closed set in (X, 7y, 7) and
hence f is not 12-6-g-continuous.

Example 4.3 and Example 4.5 also, show that i-continuity and j-6-g-continuity
are independent concepts. Thus we have the following implications and none of
them is reversible:
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Theorem 4.3 Let [ : (X,71,72) — (Y,01,02) and g : (Y,01,02) — (Z,v1,v2)
be two functions. Then:

(i) If g is j-continuous and f is ij-0-g-continuous, then gof isij-0-g-continuous.

(1) If g is ij-0-g-irresolute and [ is ij-0-g-irresolute, then g o [ is ij-0-g-
wrresolute.

(iii) If g is ij-0-g-continuous and f is ij-0-g-irresolute, then g o f is ij-0-g-
continuous.

(iv) Let (Y,01,02) be a pairwise regular space, g is ij-g-continuous and f is
1j-0-g-irresolute. Then go f is ij-0-g-continuous.

Proof.

(i) Let W be a vj-closed set of Z. Since g is j-continuous, then g~ (W)
is o;-closed set of Y. Moreover, f is ij-6-g-continuous, then (go f)~'(W) =
g Y (W)) is ij-B-g-closed set of X. Hence g o f is ij-0-g- continuous.

(11) Let W be an ¢j-6-g-closed set of Z. Since g is 1j-0-g-irresolute, then

(W) is ij-0-g-closed set of Y. Since, f is ij-0-g-irresolute, then (gof) =t (W) =

L(W)) is ij-0-g-closed set of X. Hence g o f is ij-6-g-irresolute.

(111) Let W be a vj-closed set of Z. Since g is ij-0-g-continuous, then g~ (W)
is ij-0-g-closed set of Y. Moreover, f is ij-0-g-irresolute, then (go f)~*(W) =
g~ Y(W)) is ij-B-g-closed set of X. Hence g o f is ij-0-g-continuous.

(iv) Let W be a v;-closed set of Z. Since g is ij-g-continuous, then g=(W) is
ij-g-closed set of Y. Moreover, Y is pairwise regular, by Theorem 2.13, g~ (W)
is ij-0-g-closed and hence f ij-6-g-irresolute, so (go f)~1(W) = f~1(g=t*(W))
is 1j-0-g-closed set of X. Thus g o f is ij-6-g-continuous. a

The following example shows that in general, the composition of two ij-6-g-
continuous functions is not ¢j-6-g-continuous.
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Example 4.7. Let f be the function in Example 4.3. Let v; = vy =
{¢,{c}, X}. Let g : (X,01,02) — (X,v1,v2) be the identity function. It is
easily observed that ¢ is also 12-6-g-continuous. But the composition function
gof : (X,m1,m2) — (X,v1,v2) is not 12-0-g-continuous, since {a,b} ¢ 12-
TGC(X,ThTQ).

Theorem 4.4 If f : (X,71,72) — (Y,01,02) is bijective, i-open and ij-0-g-
continuous, then f is ij-0-g-irresolute.

Proof. Let V be ij-0-g-closed set of Y and let f~1(V) C U, where U be 7;-
open set. Clearly V C f(U). Since f(U) € o; and since V is ij-0-g-closed set
in Y, then ji-clg(V) C f(U) and thus f~!(ji-clg(V)) C U. Since f is ij-0-g-
continuous and since ji-cly(V) is o;-closed in Y, then ji-clo(f =1 (ji-clg(V))) C U
and hence ji-clg(f~1(V)) C U. Therefore, f~(V) is ij-0-g-closed of X. Hence
f is ij-0-g-irresolute. m]

Definition 4.2 A subset A of bitopological space (X, 11, T2) is called ij-0-generalized
open (briefly ij-0-g-open) if its complement X \ A is ij-0-g-closed in (X, 11, 72).

Theorem 4.5 (i) A subset A of (X, 71,72) is ij-0-g-open if and only if F C ji-
intg(A), whenever F' C A and F is T;-closed in X.

(ii) If A is ij-0-g-open in (X, 711,72) and B is ij-0-g-open in (Y,01,02), then
A x B is ij-0-g-open in the product space (X X Y, T X 01,73 X 02).

Proof. (i) Let F C A and F be 1;-closed in (X, 7y, 72). Since X \ A is ij-6-g-
closed and X\ F' is a 7;-open set containing X \ A, we have ji-clg(X\ A) = X\ ji-
intg(A) C X \ F. Therefore, F' C ji-intg(A).

Conversely, let U be a ;-open set of (X, 71, 72) such that X \ A C U. Then
X\ U is m-closed and X \ U C A. Using assumption, X \ U C ji-inty(A) and
hence ji-clg(X \ A) C U. Thus A is ij-6-g-open.

(ii) Let F be an i-closed subset of (X XY, 7y X071, 79 X 02) such that F C Ax B,
for each (z,y) € F,7-cl({z}) x 04-cl({y}) C i-cl(F) = F C A x B. Then the
two closed sets 7;-cl({x}) and o;-cl({y}) are contained in A and B respectively.
By assumption, 7;-cl({x}) C ji-intg(A) and o;-cl({y}) C ij-inty(B) hold. This
implies that for each (z,y) € F(z,y) € ji-intg(A) x ji-intg(B) C ji-intg(A x B)
and hence F' C ji-intg(A x B). By (i) it is shown that A x B is ij-0-g-open. O

Theorem 4.6 The projection p : (X X Y, 71 X 01,73 X 02) — (X, 71,72) is an
1j-0-g-irresolute map.

Proof. By Definition 4.9 and Theorem 4.10(ii), for an ij-6-g-closed set F' of

(X, 71,72), P H(X\F) = (X\F)xY is ij-f-g-open in (X X Y, 71 X 01,72 X 03).
Therefore, p ™} (F) = F xY = X x Y \ (p74(X \ F)) is ij-6-g-closed. O
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