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S-F-PRIME FILTER PROPERTY IN LATTICES
Shahabaddin Ebrahimi Atani

ABSTRACT. Let F' be a fixed filter of a bounded distributive lattice £ and S a
join subset of L. In this paper, we introduce the concept of S-F-prime filters
as a new generalization of S-prime filters. We say that a proper filter P of £
disjoint with S is an S-F-prime filter if there is an element s € S such that for
alla,be Lifavbe P—(PVF),thensVae€ PorsVbe P. We extend the
notion of S-F-prime property in commutative rings to S-F-prime property in
lattices.

1. Introduction

All lattices considered in this paper are assumed to have a least element denoted
by 0 and a greatest element denoted by 1, in other words they are bounded. As
algebraic structures, lattices are undoubtedly a natural choice of generalizations of
rings. In structure, lattices lie between semigroups and rings. The main aim of this
article is that of extending some results obtained for ring theory to lattice theory.
The main difficulty is figuring out what additional hypothesis the lattice or filter
must satisfy to get similar results. Nevertheless, growing interest in developing
the algebraic theory of lattices can be found in several papers and books (see for
instance [7, 9, 11, 12, 13, 14, 15, 16]).

The notion of prime ideal plays a key role in the theory of commutative algebra,
and it has been widely studied. See, for example, [1]. Recall from [1], a prime ideal
P of R is a proper ideal having the property that ab € P implies either a € P or
b € P for each a,b € R. There are several ways to generalize the notion of a prime
ideal. In 2003, Anderson and Smith in [3] defined weakly prime ideals which is a
generalization of prime ideals (also see [10]). A proper ideal P of a ring R is said
to be a weakly prime if 0 # xy € P for each x,y € R implies either z € P or y € P.
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Thus every prime ideal is weakly prime. In 2019, Hamed and Malek [17] introduced
the notion of an S-prime ideal (also see [16, 18]), i.e. let S C R be a multiplicative
set and I an ideal of R disjoint from S. We say that I is S-prime if there exists an
s € S such that for all a,b € R with ab € I, we have sa € I or sb € I. Almahdi et.
al. [4] introduced the notion of a weakly S-prime ideal as follows: We say that T is
a weakly S-prime ideal of R if there is an element s € S such that for all z,y € R
if 0 # zy € I, then sx € I or sy € I. Akray and Hussein generalized the concept of
I-prime submodules in [6] (also see [5]). Let R be a commutative ring and I be a
fixed ideal of R. Then a proper submodule P of an R-module M is called I-prime
submodule of M if rm € P — IP for all r € R and m € M implies that either
m € Porr e (P:g M), and a proper ideal P of R is I-prime if for a,b € R with
ab € P — IP implies either a € P or b € P. So every weakly prime is I-prime.

Let F' be a fixed filter of a bounded distributive lattice £. Among many other
results in this paper, the first, preliminaries section contains elementary obser-
vations needed later on. Section 3 is dedicated to the investigation of the some
basic properties of F-prime filters. Following the concept of I-prime ideals, we
define F-prime filters of £. A proper filter P of £ is F-prime if for a,b € £ with
aVb e P—(FVP) implies either a € P or b € P. In this section, we are interested
in investigating F-prime filters to use other notions of I-prime ideals, and associate
which exist in the literature as laid forth in [5, 6]. At first, we define the definition
of F-prime filters (Definition 3.1) and we give an example (Example 3.2 (3)) of a
F-prime filter of £ that is not a weakly prime filter (so it is not prime). It is proved
(Proposition 3.1)) that If £ is a local lattice with unique maximal filter M, then
every proper filter of £ is a M-prime filter. It is shown that (Theorem 3.1) that if
P is a F-prime filter of £ that is not prime, then P C F'. In the Corollary 3.2, we
give a condition under which a F-prime filter of £ is a prime filter. In the Theorem
3.2, We give three other characterizations of F-prime filters. In the rest of this
section, we investigate the properties of F-prime filters similar to prime filters. In
particular, we investigate the behavior of F-prime filters under homomorphism, in
factor lattices and in cartesian products of lattices (see Theorem 3.3, Theorem 3.4,
Theorem 3.5, Theorem 3.6 and Theorem 3.7).

We say that a subset S C L is join subset if 0 € S and s1V sy € S for all s1, 82 €
S (if P is a prime filter of £, then £\ P is a join subset of £). In Section 4, we give
the definition of S-F-prime filter (Definition 4.1) and provide an example (Example
4.1 (6)) of an S-F-prime filter of £ that is not an S-prime filter. In the Theorem
4.1, We give a characterization of S-F-prime filters. We provide some conditions
under which an intersection of a family of S-F-prime filters of £ is an S-F-prime
filter (see Theorem 4.2). The rest of this section, we investigate the behavior of
S-F-prime filters under homomorphism, in factor lattices, S-Noetherian lattices
and in cartesian products of lattices (see Theorem 4.4, Theorem 4.5, Theorem 4.6,
Theorem 4.7, Theorem 4.8, Theorem 4.9 and Theorem 4.10).
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2. Preliminaries

A poset (L,<) is a lattice if sup{a,b} = a Vb and inf{a,b} = a A b exist for all
a,b € L (and call A the meet and V the join). A lattice £ is called a distributive
lattice if (aVb)Ac = (anc)V (bAc) for all a,b, ¢ in £ (equivalently, £ is distributive
if (anb)Ve=(aVe)A(bVe) for all a,b,cin L£). A non-empty subset F of a lattice
L is called a filter, if for a € F, b € L, a < b implies b € F, and x Ay € F for
all x,y € F (so if L is a lattice with 0 and 1, then 1 € F, {1} is a filter of £ and
0 € Fif and only if FF = £). A proper filter P of L is called prime (resp. weakly
prime) if xVy € P (resp. 1 ZaxVy € P), then x € P or y € P. A proper filter F'
of L is said to be mazimal if G is a filter in £ with F' g G, then G = L. A lattice
L is called local if it has exactly one maximal filter that contains all proper filters.
Assume that P is a filter of £ and let S be a join subset of £ disjoint with S. We
say that P is an S-prime filter of L if there is an element s € S such that for all
zye LifaVye L, thensVazeorsVyeP.

Let D be subset of a lattice £. Then the filter generated by D, denoted by
T(D), is the intersection of all filters that is containing D. A filter F is called
finitely generated if there is a finite subset D of F such that F = T(D). If z € L,
then a complement of x in £ is an element y € £ such that zVy =1 and x Ay = 0.
The lattice £ is complemented if every element of £ has a complement in £. If £
and L are lattices, then a lattice homomorphism f : L — L' is a map from L to
L' satisfying f(z Vy) = f(z)V f(y) and f(z Ay) = f(x) A f(y) for 2,y € L. For
undefined notations or terminologies in lattice theory, we refer the reader to [7, 9].
First we need the following easy observations proved in [11, 12, 13, 14].

LEMMA 2.1. Let L be a lattice.

(1) A non-empty subset F' of L is a filter of L if and only if x V z € F and
x ANy €F forallz,y € F, z€ L. Moreover, sincex =z V (x Ay), y=yV (xAy)
and F is a filter, x Ny € F gives x,y € F for all x,y € L.

(2) Let A be an arbitrary non-empty subset of L. Then

TA)={zeLl: agNas N Na, <x for somea; € A(1<i<n)}

LEMMA 2.2. Let F,G be filters of L and z € L. Then the following hold:

(1) FVG={aVb:ae Fbe G} and zVF ={zVy:ye F} are filters of L
with FVG=FNQG.

(2) If L is distributive, then FAG = {aAb:a € F,b € G} is a filter of L with
F,GCFAG

(3) If L is distributive, then (G :x F) ={z € L: 2V F C G} and (F ¢
T({z})=(F:rz)={a€L:aVzeF} are filters of L.

(4) If v: L — L is a lattice homomorphism such that v(1) =1, then Ker(v) =
{z € L:v(x)=1} is a filter of L.

3. Characterization of F'-prime filters

In this section, we collect some basic properties concerning F-prime filters. We
remind the reader with the following definition.



128 EBRAHIMI ATANI

DEFINITION 3.1. Let F be a fixed filter of a lattice £. A proper filter P of £
is F-prime if for a,b € £ with a Vb € P — (F V P) implies either a € P or b € P.

ExAMPLE 3.1. (1) If P is a proper filter of £, then P is always P-prime since
P—(PVvP)=P—-P=4.

(2) Let P and @ be filters of £ with P C Q. If P is proper, then P is always
Q-prime since P — (PV Q) = P — P = (). In particular, P is always L-prime.

ExXAMPLE 3.2. (1) If F = {1}, then the F-prime and the weakly prime filters
of £ are the same.

(2) Suppose that P is a weakly prime (i.e. {1}-prime) filter of £ and let F be a
filter of L. Let a,b € L such that aVvbe P—(PV F);soaVb# 1sincel € PVF.
It follows that @ € P or b € P. Thus, every weakly prime filter (prime filter) is
F-prime.

(3) Let £L = {0,a,b,c,1} be a lattice with the relations 0 < a < ¢ < 1,
0<b<ce<l,avb=cand a Ab=0. An inspection will show that the nontrivial
filters (i.e. different from £ and {1}) of £ are F} = {1,c}, F» = {1,¢,a} and
F3 = {1,¢,b}. Then F is an Fy-prime filter of £ by Example 3.1 (2). Also, Fy
is not a weakly prime (prime) filter of £ because 1 # a Vb =c € F1, a ¢ F; and
b ¢ Fy. Thus an F-prime filter need not be a weakly prime filter (prime filter).

ExaMmpPLE 3.3. Let F and G be filters of £ such that FF C G. If P is an F-prime
filter of £, then P is an G-prime filter (since F' C G gives P—(PVG) C P—(PVF)).
However, the converse is not true in general. Indeed, assume that £ is the lattice
as in Example 3.2 (3) and let FF = {1} C G = F». Then P = F} is an G-prime
filter of £ but not an F-prime filter of L.

ProroSITION 3.1. If L is a local lattice with unique mazimal filter M, then
every proper filter of L is an M -prime filter.

PROOF. Let P be a proper filter of £. Then P C M by [14, Lemma 2.1]. Now
the assertion follows from Example 3.1 (2). O

An element a € L is called irreducible if a = x V y, then either x € T({a}) or
y € T({a}). Compare the next example with Theorem 2.11 (2) and Theorem 2.11
(3) in [5].

ExXAMPLE 3.4. The collection of ideals of Z, the ring of integers, form a lattice
under set inclusion which we shall denote by £ with respect to the following defi-
nitions: mZVnZ = (m,n)Z and mZ AnZ = [m, n|Z for all ideals mZ and nZ of Z,
where (m,n) and [m, n] are greatest common divisor and least common multiple of
m,n, respectively. Note that £ is a distributive complete lattice with least element
the zero ideal and the greatest element Z. By [11, Theorem 2.9 (ii)], M = £~ {0} is
the only maximal filter of £ and so L is a local lattice. It follows from Proposition
3.1 that every proper filter of £ is a M-prime filter. Consider the M-prime filter
P =T({32}) = {Z,37)}.

(1) Since 1 # 6Z V 9Z = 3Z € P with 6Z,9Z ¢ P, we conclude that P is not
a weakly prime ({1}-prime) filter. Moreover, P— PV F = P — P = () gives P is
F-prime for every filter P C F of £ but it is not {1}-prime.
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(2) Since 6Z V 9Z = 3Z with 6Z,9Z ¢ P, we infer that 3Z is not an irreducible
element. Thus an M-prime filter need not be an irreducible element.

Henceforth we will assume that F is a fixed filter of L.
THEOREM 3.1. Let P be an F-prime filter of L. If P is not prime, then P C F'.

PROOF. Suppose that P ¢ F; we show that P is prime. Let z,y € £ such
that zVy € P. If e Vy ¢ PV F, then P is an F-prime gives z € P or y € P. So
we may assume that z Vy € PV F. By the hypothesis, there exists z € P such
that z ¢ F' which implies that z A (x Vy) € P — (P V F) by Lemma 2.1 (1). Then
(xA2)V(yAz)=zA(xVy) € P—(PVF)implies that t Az € PoryAz € P,
hence € P or y € P by Lemma 2.1 (1), i.e. P is prime. O

COROLLARY 3.1. Let P be an {1}-prime filter of L. If P is not a prime filter,
then P = {1}.

PROOF. This is a direct consequence of Theorem 3.1. O

COROLLARY 3.2. Let P be an F-prime filter of L. If P ¢ F, then P is a prime
filter of L.

PRrROOF. This is a direct consequence of Theorem 3.1. O

We next give three other characterizations of F-prime filters. Compare the
next theorem with Theorem 2.12 in [5].

THEOREM 3.2. If P is a proper filter of L, then the following statements are
equivalent:

(1) P is an F-prime filter of L;

(2) Fora€e L—P,(P:ga)=PU(PVF:a)

(8) Forae L—P,(P:ga)=P or (P:ga)=(PVF:a)

(4) For filters G and K of L with GV K C P and GV K ¢ PV F, either
GCPorKCP.

PRrROOF. (1) = (2) Since the inclusion PU (P V F :z a) C (P :z a) is clear,
we will prove the reverse inclusion. Let z € (P :z a), where a € L — P. If
xVa€P—(PVF) then x € P, as P is an F-prime filter. If x Va € PV F, then
x € (PV F :z a), and so we have equality.

(2) = (3) Since (P :z a) C PU(PV F :£ a) by (2), we conclude that either
(P:xa)CPor (P:ga) C(PVF:a)by[ll, Remark 2.3 (i)], and so (3) holds.

(3) = (4) On the contrary, assume that G ¢ P and K ¢ P. It is enough to
show that GVK C PV F. Let x € G. If x ¢ P, then z V K C P implies that
K C (P :z z). Now, K ¢ P gives K C (PV F :z x) by (3); hence VK C PV F.
So we may assume that x € P. By assumption, there exists y € G such that y ¢ P;
thus t Ay ¢ P and Ay € G by Lemma 2.1 (1). By an argument like that as
above, (tAy)VG C PVF. Let k € K. Then (xAy)Vk = (zVk)A(yVk) € PVF
gives zVk € PV F by lemma 2.1 (1); so VK C PV F. Therefore, GVK C PV F,
as required.
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(4) = (1) Let a,b € L such that avb e P— (PV F). Set G = T({a}) and
K =T({b}). Then GVK CPand GVK ¢ PVF givesac GCPorbe K CP
by (4); i.e. (1) holds. O

We continue this section with the investigation of the stability of F-prime filters
in various lattice-theoretic constructions.

THEOREM 3.3. Assume that v : L — L' is a lattice homomorphism such that
v(1l) =1 and let L be a complemented lattice. If v is an epimorphism and P is an
F-prime filter of L with Ker(v) C P, then v(P) is an v(F)-prime filter of L’.

PROOF. Clearly, v(P) and v(F) are filters of £’, as v is epimorphism. Let
x,y € L such that tVy € v(P)—v(P)Vu(F) = v(P)—v(PVF). Then there exist
a,b € L such that z = v(a), y = v(b) and v(aVb) =2 Vy € v(P) —v(PV F); so
aVbé¢ PVF and v(aVb) =v(p) for some p € P. By the hypothesis, pVp' =1 and
pAp’ = 0 for some p’ € L. Since v(aVbVp') = v(aVb)Vu(p') = v(1) = 1, we conclude
that aVbVp' € Ker(v) C P. AsaVvb=(aVb)V(pAp)=(aVbVp)A(aVbVp') €
P — (P V F), we infer that a € P or b € P which implies that = v(a) € v(P) or
y =v(b) € v(P), i.e. the result holds. O

THEOREM 3.4. Assume that v : £L — L' is a lattice homomorphism such that
v(l) = 1 and let v(F) be a filter of L. If v is a monomorphism and P’ is an
v(F)-prime filter of L', then P = v=Y(P’) is an F-prime filter of L.

PROOF. Let a,b € £ such that avb e P— (PV F). If v(aV b) € v(F), then
v(a Vb) = v(f) for some f € F; soaVb=f € PV F since v is injective, a
contradiction. Thus, v(a V b) ¢ P’V v(F). Now, since v(a V b) = v(a) Vv(b) €
P'— P'Vu(F) and P’ is an v(F)-prime filter, we infer that v(a) € P’ or v(b) € P’.
Hence, a € P or b € P, and so P = v=1(P’) is an F-prime filter of L. O

In the following example, it is shown that the condition "v(F) is a filter of L"”
in Theorem 3.4 cannot be omitted.

EXAMPLE 3.5. Assume that £ is the lattice as in Example 3.2 (3). Then there
is a mapping v : £ — L given the formula v(a) = v(¢) = a, v(0) = 0 = v(b) and
v(1) =1, and it is clear that v is a lattice homomorphism and v(F3) = {1, a} is not
a filter of L.

COROLLARY 3.3. If L is a sublattice of L and P’ is an F-prime filter of L/,
then P' N L is an F-prime filter of L.

ProoF. It suffices to apply Theorem 3.4 to the natural injection ¢ : £ — L’
since 1 }(P') = P' N L. O

Quotient lattices are determined by equivalence relations rather than by ideals
as in the ring case. If F is a filter of a lattice (£, <), we define a relation on L,
given by x ~ y if and only if there exist a,b € F satisfying x Aa = y Ab. Then ~ is
an equivalence relation on £, and we denote the equivalence class of a by a A F' and
these collection of all equivalence classes by £/F. We set up a partial order <g on
L/F as follows: for each a A F,bA F € L/F, we write a A F <g bA F if and only
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if a < b. The following notation below will be used in this paper: It is straightfor-
ward to check that (L/F, <g) is a lattice with (a AF) Vg (bAF) = (aVb) AF and
(aNF)Ng (DAF) = (aAb) AF for all elements a A F,b A F € L/F. Note that
fAF =Fifand only if f € F (see [12, Remark 4.2 and Lemma 4.3]).

Compare the next proposition with Proposition 2.2 in [5].

PROPOSITION 3.2. If P is a proper filter of L, then the following statements
are equivalent:

(1) P is an F-prime filter of L;

(2) P/(PV F) is a weakly prime filter of L/(PV F).

PROOF. (1) = (2) Set PV F = G. Suppose that P is an F-prime filter of £
andlet ING# (2 ANG)Vo (WAG)=(xVy)ANG € P/Gfor x NA\G,yANG € L/G
(soxVy ¢ Gand zVy € P by [12, Remark 4.2 and Lemma 4.3]). Then by the
hypothesis, zVy € P—G givesx € P or y € P; hence xtAG € P/G or yAG € P/G,
i.e. (2) holds.

(2) = (1) Assume that P/G is a weakly prime filter of £L/G and let z,y € £
such that x Vy € P — G, where G = PV F. Then by assumption, 1 A G #
@VYANG=(xNG) Vg (yAG) e P/G gives t NG € P/G or y NG € P/G; hence
x € Porye€ P. Thus, P is an F-prime filter of L. O

LEMMA 3.1. If G is a filter of L, then Fo(G) = {a NG :a € F} is a filter of
L/G.

PROOF. Let aANG,bAG € F(G) and x AG € L/G. Since aAb,aVz € F, we
conclude that (a AG)Ag (bAG) = (aANb)AG € Fo(G) and (a AG) Vg (z ANG) =
(aVa)ANG e Fo(G); so Fo(G) is a filter of £L/G by Lemma 2.1 (1). O

Compare the next theorem with Proposition 2.14 (1) in [5].

THEOREM 3.5. Assume G is a filter of a complemented lattice L and let P be
a filter of L such that G C P. If P is an F-prime filter of L, then P/G is an
Fo(G)-prime filter of L/G.

PROOF. Assume that v : £ — L£/G such that v(a) = a A G and let z,y € L.
Then v(zVy) = (VYY) AG = (e AG) Vg (y A G) = v(x) Vg v(y). Similarly,
v Ay) = v(x) Ag v(y). So v is a lattice homomorphism from £ onto L£/G,
v(l) = 1ANG = 1z and v(F) = Fg. Suppose that P is an F-prime filter of
L. Since Ker(v) = G C P and v is onto, we conclude that v(P) = P/G (see [12,
Lemma 3.4]) is an Fg(G)-prime filter of £/G by Theorem 3.3. O

THEOREM 3.6. Assume that P is a filter of a lattice L with F NP = {1} and
let G be a filter of L such that G C P. If P/G is an Fg-prime filter of L/G and G
is an F-prime filter of L, then P is F-prime.

PRrROOF. Let a,b € L suchthat avbe P—(PVF). Then (aAG) Vg (bAG) =

(aVb)ANG € P/G. If (aVb) NG ¢ Fg, then P/G is a Fg-prime gives a AG € P/G
or bAG € P/G which implies that a € P or b € P by [12, Lemma 4.3]. So we may
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assume that (a Vb) A G € Fg. It follows that (a Vb) AG = f AG for some f € F;
thus (aVb)Ag1 = fAga for some g1, g2 € G. Since (aVb)Agy € Pand PNF = {1},
we conclude that f = 1 by Lemma 2.1 (1); hence (aAg1)V (bAg1) € G— (GVF)
(since a Vb ¢ F, we infer that (a Vb) A g1 ¢ F by Lemma 2.1 (1)). Now, G is
F-prime gives aA gy € G or bA gy € G which implies that a € G C Porbe G C P,
as needed. O

Assume that (£)1,<1),(L£)2, <2) are lattices and let £ = L1 x L5. We set up
a partial order <. on L as follows: for each x = (z1,22),y = (y1,¥2) € L, we write
x <.y if and only if z; <; y; for each i € {1,2}. The following notation below will
be used in this paper: It is straightforward to check that (£, <.) is a lattice with
xVey = (21 Vyr, 2 Vya) and x Acy = (21 Ay1, 22 Ayz). In this case, we say that
L is a decomposable lattice.

Compare the next theorem with Theorem 2.15 in [5].

THEOREM 3.7. Let L = L1 X L be a decomposable lattice and F = Fy X Fy,
where F; is a filter of L;, i = 1,2. Then the F-prime filters of L have ezactly one
of the following three types:

(1) Py x Py, where P; is a proper filter of L; with P; C F;, 1 =1,2;

(2) Py X Lo, where Py is an Fy-prime filter of L1 and Fy = Ly;

(3) L1 x Py, where Py is an Fy-prime filter of Lo and Fy = L.

PROOF. First we discuss these filters and show that they are F-prime filters,
then we show that there are no more F-prime filters. Since Py X P, — (P X P3) V
(Fl XF2> =P XPQ—(Pl\/Fl)X (PQ\/FQ) =P xP—-P xP :®7 we infer
that Py x P, is an F-prime. Suppose that P; is an Fj-prime filter of £ and
Fy =Ly If (a,b)\/c (C,d) = (a\/c,b\/d) e P XEQ—(Pl X[,Q)\/(Fl Xﬁz) =
Py x Lo — (PLV Fy) X Ly = (P — PV F) X Ly for some (a,b),(c,d) € L, then
aVe€ P, — (PV Fy) gives a € Py or ¢ € P; which implies that (a,b) € Py X Lo
or (¢,d) € Py X Lg; s0 Py X L5 is F-prime. Similarly, £; x Py is F-prime. Now, we
show that there are no more F-prime filters. Suppose that G; x G is an F-prime
filter of £ and let x,y € £4 such that zVy € G1 — (G1 V F1). Then (x,1) V. (y,1) =
(LE vV y,l) S G1 X G2 — (Gl V Fl) X (G2 \ FQ) implies that (SE, 1) € G1 X G2 or
(y,1) € G1 x Gy and so © € G or y € G1. Therefore, Gy is Fi-prime. Similarly,
Gs is Fy-prime. If G; x Gy = (G1 V Fl) X (G2 \Y _FQ)7 then G; C F; and Gy C Iy
and so we are done. So we may assume that G; X Gy # (G1 V Fy) x (G V Fy),
say Gy 7é GV F;. Let g1 € Gy — (Gl \/F1) (SO g1 ¢ Fl) and g2 € G5. Then
(91,0) Ve (O,gg) € G1 x Gy — (Gl \Y Fl) X (GQ \Y Fg) gives (gl,O) € G1 x Gy or
(0,92) € G1 x Ga; hence 0 € Gy or 0 € G which implies that G; = £ or Ga = Ls.
Let Gy = £1. Then £, x G4 is F-prime, where G is an Fs-prime filter of £o. [

COROLLARY 3.4. Let L = L1 X Lo be a decomposable lattice. Then the weakly
prime filters of L have exactly one of the following three types:

(1) {1} x {1};

(2) Py x {1}, where Py is a weakly prime filter of L1;

(8) {1} x Py, where Py is a weakly prime filter of L.
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PROOF. Take F = {1} x {1} in the Theorem 3.7. O

4. Characterization of S-F-prime filters

We continue to use the notation already established, so F' is a fixed filter of L.
In this section, we collect some basic properties concerning S-F-prime filters. We
remind the reader the following definition.

DEFINITION 4.1. Let S be a join subset of L. We say that a proper filter P of
L with PN S = 0 is an S-F-prime filter if there is an element s € S such that for
alla,be Lifavbe P—(PVF),then sVac PorsVbeP.

ExaMPLE 4.1. (1) If S = {0}, then the F-prime and the S-F-prime filters of
L are the same.

(2) If P is a F-prime filter of £ disjoint with S, then P is an S-F-prime filter.
Moreover, since every prime filter is F-prime, we infer that every prime filter of £
disjoint with S is S-F-prime.

(3) If P is a proper filter of £, then P is always S-P-prime since P — (PV P) =
P—P=1.

(4) Let P and @ be filters of £ with P C Q. If P is proper, then P is always
S-Q-prime since P — (PV Q) = P — P = (). In particular, P is always S-L-prime.

(5) If £ is a local lattice with unique maximal filter M, then every proper filter
of L is a S-M-prime filter by (4).

(6) It is clear that if P is an S-prime filter of £, then P is an S-F-prime
filter. However, the converse is not true in general. Indeed, let D = {a,b,c}. Then
L ={X : X C D} forms a distributive lattice under set inclusion with greatest
element D and least element () (note that if z,y € £, then z Vy = z Uy and
x Ay =zNy). Set P ={D}, F = {{a,b},D} and S = {{a},0}. Then S is a
join subset of £ disjoint with P and P is clearly an S-F-prime filter of £. Since
{a,b} V{c} € P, {a} V{a,b} ¢ P and {a} V {c} ¢ P, it follows that P is not a
S-prime filter of £. Thus an S-F-prime filter need not be an S-prime filter.

PROPOSITION 4.1. Assume that P is a filter of L and let S be a join subset of
L disjoint with P. The following hold:

(1) Let Q be a filter of L such that QNS # (. If P is an S-F-prime filter of
L, then PV Q is an S-F-prime filter of £;

(2) Let L C L' an extension of lattices. If Q is an S-F-prime filter of L', then
QV L is an S-F-prime filter of £.

PRrROOF. (1) Since PV @ C P, we conclude that (PV Q)N S = (. Suppose that
g€ SNQ andlet x,y € L such that zVy € (PV Q) — (PVQV F) which implies
that z Vy € P — (P V F). Then there is an element s € S such that s Va € P or
sV y € P which gives (sVq)Vaz € PVQor (sVq)Vy € PVQ, where sVqeS,
i.e. (1) holds.

(2) Let x,y € L such that xVy € (QVL)—(QVLVF);sozVy € Q—(QVEF).
Then there is an element s € S such that sVz € Q or sVy € @ which implies that
sVxeQVLorsVy eV L. This completes the proof. O
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THEOREM 4.1. Assume that P is a filter of L and let S be a join subset of L
disjoint with P. The following assertions are equivalent:

(1) P is an S-F-prime filter of L;

(2) There exists s € S such that for all G, K two filters of L, if GV K C P
and GVK ¢ PV F, then sVG C P orsV K C P.

PROOF. (1) = (2) By the hypothesis, there is an element s € S such that for
alz,ye L, ifeVye P—(PVF), then sVaz € PorsVyé€ P. On the contrary,
suppose that for all t € S, there are Gy, K; two filters of £ with Gy V K; C P and
GVEK, ¢ PVF, but tvVG, ¢ Pand tV K, ¢ P. Since s € S, we conclude
that there exist G, K, two filters of £ with G,V K, C P and G,V Ky ¢ PV F,
but s VGs € P and sV K, ¢ P. This implies that there exist x,, 2, € G, and
Ys, Yy € K such that sVa, ¢ P, sVys ¢ Pand 2, Vy, ¢ PVFE (soz,Vy., ¢ F). It
follows that sV (zsAxl) = (sVas)A(sVal) ¢ P, sV(ysAyl) = (sVys)A(sVyl) ¢ P
and (x5 A @) V (ys Ays) = (25 V ys) A (T Vys) A (s Vo) A (@ Vy,) ¢ PV F by
Lemma 2.1 (1). This shows that there exist x5 A 2}, € G, and ys Ay, € K, such
that sV (xs Azl) ¢ P and sV (ys Ay,) ¢ P which is a contradiction, as P is an
S-F-prime filter, i.e. (2) holds.

(2) = (1) Let z,y € L such that tVy € P— (PV F). Set G = T({z}) and
K =T({y}). Then GVK C P and GV K ¢ PV F gives there exits s € S such
that sVz € sVGC PorsVye€sV K CP by (2),ie (1) holds. O

PROPOSITION 4.2. Assume that P is a filter of L and let S be a join subset of L
disjoint with P. Then P is an S-F-prime filter if and only if there exists s € S such
that for all Gv,--- , Gy filters of L, if G1V---VGp, C P and G1V---VG, L PVF,
then sV G; C P for some i € {1,--- ,n}.

PROOF. Let P be an S-F-prime filter of £. Then there is an element s € S
such that for all z,y € £, ifeVye P— (PV F),then sVz € Por sVy € P. We
use induction on n. We can take n = 2 as a base case by Theorem 4.1. Let n > 3,
assume that the property holds up to the order n—1 and let Gy, - - - , G, filters of £
such that G1V---VG, = (G1V---VG,—1)VG, C Pand (G1V---VG,_1)VG, &
PV F. Then by Theorem 4.1, sVG,, CPor (sVG1)VGyV---VG,—1 C P. Since
(sVG1)VGa V- VGu_1 € PV F, we infer from the induction hypothesis that
sVG, CPor(sVsVGy=sVGy CPorsVG; CPforsomeie {2, ---,n—1}).
In the same way we prove that s V G; C P for some ¢ € {1,2,--- ;n}. The other
side is clear. O

COROLLARY 4.1. Let P be a proper filter of L. Then P is an F-prime filter if
and only if for all Gy,--- , Gy, filters of L, if GyV---V G, C P and G1V---VG, €
PV F, then G; C P for somei € {1,--- ,n}.

PRrROOF. Take S = {0} in Proposition 4.2. O
COROLLARY 4.2. Assume that P is a filter of L and let S be a join subset of
£ disjoint with P. Then P is an S-F-prime filter if and only if there exists s € S

such that for all a1,a2, -+ ,an € L, ifa1 V---Va, € Pandar V---Va, ¢ PVF,
then sV a; € P for somei € {1,--- ,n}.
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PROOF. Assume that P is an S-F-prime filter of £ and let aq,--- ,a,, € L such
that a1V---Va, € Pand a1V---Va, ¢ PVF. Therefore, T({a1})V---VT({an}) C P
and T({a1}) V---VT({an}) € PV F. Then by Proposition 4.2, there exists s € S
such that s Va; € sVT({a;}) C P for some i € {1,--- ,n}. For the converse, take
n=2. (]

Let S be a join subset of £. We say that S is a strongly join subset if for each
family {s;}icr of elements of S we have (N;erT({s;})) NS # 0 [15, 16].

THEOREM 4.2. Suppose that S is a strongly join subset of L and let {P;};cr be
a chain of S-F-prime filters of L. Then P = NicrP; is an S-F-prime filter of L.

PROOF. For each i € I, there exists s; € S such that for all x,y € £ with
xVye P, —(P,VF) (soxVy¢F)wehave s;Va € P;or s; Vy € P;. Consider
s € (NierT({s:})) NS, as (NMierT({si})) NS # O. Then for each ¢ € I, s = s; V ay,
where a; € L. Now, it suffices to show that for all =,y € £ such that z Vy €
P—(PVF)wehave sVz € Por sVy € P,ie. Pis S-F-prime. Let a,b € £ such
that a Vb € P — (P V F) and suppose that s Va ¢ P. Then sV a ¢ P; for some
je€l. Let k€ l. Then P, C P; or P; C P,. We split the proof into two cases.

Case 1: P, C P;. Since sV a ¢ Pj, we infer that s Va = s, VagVa¢ Py so
spVa ¢ Py Clearly, a Vb € P; — (P; V F). This shows that s, Vb € Py; hence
spVarVb=sVbe P,. Thus, sVbe P.

Case 2: P; C P;. Since sVa =s;Va;Va¢ Pj, we conclude that s; Va ¢ Pj;
so s; Vb€ P; C P, which gives sVb=35;Va; Vb€ P,andsosVbe P. O

THEOREM 4.3. Assume that S is a join subset of L and let P be an S-F-prime
filter of L. If P is not S-prime, then P C F.

PROOF. Suppose that P ¢ F; we show that P is S-prime. Let a,b € £ such
that avVb € P. If avb ¢ PV F, Then P is an S-F-prime gives s Va € P or
sV b e P for some s € S. So we can assume that a Vb € PV F. By the hypothesis,
there exists p € P such that p ¢ F which implies that pA (aVbd) € P— (PV F) by
Lemma 2.1 (1). Since (pAa)V (pAb) =pA(aVb) € P—(PVF), we conclude
that there is an element ¢ € S such that ¢tV (pAa) = (VP)A(tVa) €P or
tV(pAb) = (tVp)A(tVD) € P which implies that tVa € P or t Vb € P by Lemma
2.1 (1), i.e. P is S-prime. O

COROLLARY 4.3. Let P be an S-{1}-prime filter of L. If P is not an S-prime
filter, then P = {1}.

Proor. This is a direct consequence of Theorem 4.3. O

COROLLARY 4.4. Let P be an S-F-prime filter of L. If P ¢ F, then P is an
S-prime filter of L.

PROOF. This is a direct consequence of Theorem 4.3. O

We continue this section with the investigation of the stability of S-F-prime
filters in various lattice-theoretic constructions.
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THEOREM 4.4. Let v : L — L' be a lattice homomorphism such that v(1) =1
and v(0) = 0. Suppose that S is a join subset of a complemented lattice L. If v is
a epimorphism and P is a S-F-prime filter of £ with Ker(v) C P, then v(P) is a
v(S)-v(F)-prime filter of L'.

PRrOOF. Clearly, v(P),v(F) are filters of £" and v(S) is a join subset of L. If
v(S) Nwu(P) # 0, then v(s) = v(q) for some s € S and ¢ € P. By assumption,
there exists ¢ € L such that ¢V ¢ =1 and ¢ A ¢ = 0. Therefore, v(sV ¢') =
v(g)Vu(q') = v(1) = 1 gives sVq' € Ker(v) C P. Since P is a filter, we conclude that
(sVg)A(sVq)=s€ PNS, acontradiction. Thus, v(S)Nv(P) = 0. Let 2,y € L’
such that zVy € v(P) —v(P)Vv(F) = v(P)—v(PV F). Then there exist a,b € L
such that = v(a), y = v(b) and v(aVb) = xVy € v(P)—v(PVF);s0aVb¢ PVF
and v(a V b) = v(p) for some p € P. By the hypothesis, pVp =1l and pAp' =0
for some p’ € L. Since v(a VbV p') =v(aVb) Vu(p') =v(1) =1, we conclude that
aVvbVvp' € Ker(v) C P. AsaVvb = (aVb)V(pAp') = (aVbVp)A(aVbVp') € P—(PVF),
we infer that there exists s € S such that s Va € P or s Vb € P which implies
that v(s) Va = v(sVa) € v(P) or v(s) Vy = v(sVb) € v(P), ie. v(P)isa
v(S)-v(F)-prime filter of L' O

THEOREM 4.5. Let v : L — L' be a lattice homomorphism such that v(1) =1
and v(0) = 0. Suppose that S is a join subset of a lattice L and let v(F) be a
filter of L. If v is a monomorphism and P’ is a v(S)-v(F)-prime filter of L', then
v=Y(P') is a S-F-prime filter of L.

PROOF. Set P = v~1(P’). Tt is clear that PN S = (. Let a,b € £ such that
aVbe P—(PVF). Ifv(aVvb) € v(F), then v(a Vb) = v(f) for some f € F; so
aVb=f e PVF since v is injective, a contradiction. Thus, v(a V b) ¢ P’V v(F).
Now, since v(a V b) = v(a) Vv(b) € P’ — P’V o(F) and P’ is a v(S)-v(F)-prime
filter, we infer that there exists s € S such that v(s) Vv(a) = v(sVa) € P’ or
v(s) Vo(b) = v(sVb) € P'. Hence, sVa € PorsVbe P, and so v }(P) is a
S-F-prime filter of L. O

COROLLARY 4.5. Let S be a join subset of L. If L is a sublattice of L and P’
is a S-F-prime filter of L', then P' N L is a S-F-prime filter of L.

Proor. It suffices to apply Theorem 4.5 to the natural injection ¢ : £ — £’
since 1 “}(P') = P'N L and «(S) = S. O

An element x of L is called identity join of a lattice £, if there exists 1 #y € L
such that VvV y = 1. The set of all identity joins of a lattice £ is denoted by I(L).
Suppose that G is a filter of £ and let S be a join subset of £. An easy inspection
will show that Sq(G) = {s A G : s € S} is a join subset of L/G.

PROPOSITION 4.3. Assume that P is a filter of L and let S be a join subset
of L disjoint with P such that Sq(F)NI(L/F) = 0. The following assertions are
equivalent:

(1) P is an S-F-prime filter of L;

(2) (P :z s) is an F-prime filter of L for some s € S.
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PROOF. (1) = (2) Since P is an S-F-prime filter, we conclude that there is an
element s € S such that for all z,y € L with zVy € P— (PV F) we have sVz € P
or sVy € P. Now, we show that (P :z s) is an F-prime filter of £. Let z,y € £
such that xVy € (P :z s)—((P:z s)VF). Then xVy ¢ F gives (xVy)AF # 1AF.
IfxvyVvseF, then (xVy) AF)Vg (s NF)=1AF by [12, Remark 4.2] gives
sAF € So(F)NI(L/F) which is impossible. So we may assume that zVyVs ¢ F.
Therefore, xt VyVse P— (PVF)giveszVsVs=xVsePoryVsec P which
means that € (P :z s) ory € (P :z s). Thus (P :z s) is an F-prime filter of L.

(2) = (1) Suppose that (P :z s) is an F-prime filter of £ for some s € S and
let a,b € £ such that avbe P—(PVF) (soaVb¢ FandaVbVse P). Since
So(F)NI(L/F) = 0, we conclude that aVbVs ¢ F;soaVb € (P iz s)—((P :z s)VF).
Now, (P :z s) is an F-prime gives s Va € P or sV b € P, as required. O

In the following theorem, we give a condition under which the F-prime and the
S-F-prime filters coincide.

THEOREM 4.6. Assume that P is a filter of L and let S be a join subset of
L disjoint with P such that So(F)NI(L/F) =0 = Sq(P)NI(L/P). Then P is
F-prime if and only if P is S-F-prime.

PRrROOF. One side is clear. To see the other side, it is enough to show that
P = (P :z s) for all s € S by Proposition 4.3. Since the inclusion P C (P :z s)
is clear, we will prove the reverse inclusion. Let s € S and € (P :£ s). Then
sVax € Pgives (SAP)Vg(xAP) = (sVz)AP =1AP. Since Sg(P)NI(L/P) =0,
we conclude that x A P = 1 A P; so z € P by [12, Remark 4.2], and so we have
equality. O

THEOREM 4.7. Assume that G is a filter of L and let S be a join subset of L.
Let P be a proper filter of L containing G such that (P/G) N Sqg(G) =0. Then P
is an S-F-prime filter of L if and only if P/G is an Sq(G)-Fo(G)-prime filter of
L/G.

ProOOF. Let P be an S-F-prime filter of £. Then there exists s € S such
that for all z,y € L, ifzVvy € P—(PV F), then sVax € Lor sVy € L. Let
aNG,bAG € L/G such that (aAG)Vq (bAG) = (aVO)AG € P/G—(P/G)V Fgo(G)
(so (aVb) NG ¢ Fg(G) gives a Vb ¢ F) which implies that a Vb € P — (P V F) by
[12, Lemma 4.3]; hence sVa € P or sVb € P. Therefore (sANG) Vg (aAG) € P/G
or (sANG) Vg (bAG) € P/G. Thus P/G is an Sq(G)-Fg(G)-prime filter of L/G.

Conversely, if P NS # 0, then (P/G) N Sq(G) # § which is a contradiction.
Thus, SN P = (. Since P/G is an So-Fg(G)-prime filter of £/G, we conclude
that there exists s € S such that for all x A G,y A G € L/G with (z A G) Vg
(y ANG) € P/G — (P/G) V Fg(G), we infer that (s A G) Vg (z A G) € P/G or
(sNG)Vg (yNG) € P/G. Now, let a,b € L such that a Vb€ P — (P V F). Then
(aANG)Vg (bAG) € P/G — (P/G)V Fgo(G) gives (s NG) Vg (a NG) € P/G or
(sANG)Vg (bAG) € P/G; hence sVa € Por sVbe P,ie. the result holds. O
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THEOREM 4.8. Let L = L1 X Ly be a decomposable lattice, P = Py X P,
F=F xF; and S = 51 X Sy, where P;, F; are filters of L; and S; is a join subset
of Li, v =1,2. Then the following hold:

(1) If P; is a proper filter of L; with P; C F;, i = 1,2, then P is an S-F-filter
of L;

(2) If Py is an S1-Fy-prime filter of L1 and Fy = Lo, then P; X Lo is an
S-F-filter of L;

(8) If Py is an Sy-Fy-prime filter of Lo and Fy = Ly, then L1 x Py is an
S-F-filter of L.

PRrROOF. (1) SincePleg—(Pl><P2)\/(F1><F2):
P1XPQ—(Pl\/Fl)X(PQ\/FQ):PlXPQ—P1><P2:®,

we infer that P = P; x P, is an S-F-prime.
(2) Suppose that Py is a S;-F-prime filter of £1 and Fy = Ly. If

(a,b) Ve (e,d) = (aVe,bVd) € Py x Log— (Py x L)V (Fy X Lg) =

Py x Ly —(PLVF)) X Ly = (P — PV F)) x Ly for some (a,b),(c,d) € L, then
aVe € P —(PyV Fy) gives there exists s; € Sy such that s;Va € Pyor s;Ve € Py
which implies that (s1,0) V. (a,b) € Py X Ly or (s1,0) Ve (¢,d) € P; x Lo, where
(s1,0) € S; 80 Py X Lo is S-F-prime.

(3) The proof is similar to that in case (2) and we omit it. O

THEOREM 4.9. Let L = L1 X Ly be a decomposable lattice, P = P; X Py,
F=F xF, and S = Sy X Sy, where P;, F; are filters of L; and S; is a join subset
of Li, 1 =1,2. If P is an S-F-prime filter of L, then Py is an S1-Fi-prime filter
of L1 and P, NSy # O or Py is an Sa-Fs-prime filter of Lo and Py NSy # 0 or P,
is an S1-Fy-prime filter of L1 and Py is an So-Fy-prime filter of L.

PROOF. Suppose that P is an S-F-prime filter of £. Then we keep in mind
that there exists a fixed s = (s1,s82) € S that satisfies the S-F-prime condition.
Since PNS = (P NSy) x (P2NS2) =0, we have either PyNS; =0 or P,NSy = 0.
If PL NSy # 0, we will show that P, is an Ss-Fs-prime filter of £5. Let zVy €
Py — (P2 V Fy) for some x,y € L2 (so xVy ¢ Fy). Then (1,2)V.(1,y) = (1,xVy) €
P—(PVF)gives sV, (1,2) = (1,89Vx) € PorsV.(l,y) = (1,82 Vy € P. This
shows that so Vo € P or so Vy € P,. Hence, P, is an Sy-Fa-prime filter of L.
Similarly, if P, N Sy # (), then P; is an S;-Fj-prime filter of £;. Now assume that
PiNS; =0 = P,NSy;. We will show that P; is an S;-F-prime filter of £; and
Py is an Sy-Fy-prime filter of L£5. Suppose that P; is not an S;-F)-prime filter of
L1. Then there exist a,b € £ such that avVb € P, — (P, V F1) (so aV b ¢ FY)
but sy Va ¢ P; and sy Vb ¢ P;. Then (a,0) V. (b,1) = (aVb,1) € P—(PVF)
gives s V. (a,0) = (s1 Va,s2) € Por sV, (b1)=(s1Vb,1) € P;sosyVa€e P or
s1 Vb € Py which is a contradiction. Therefor, P; is an S1-Fi-prime filter of L.
Similarly, P, is an Sa-Fb-prime filter of Ls. O

Let S be a join subset of £. We say that a filter G of L is S-finite if s V G C
K C G for some finitely generated filter K of £ and some s € S. We say that £



S-F-PRIME FILTER PROPERTY IN LATTICES 139

is S-Noetherian if each filter of £ is S-finite [2, 15, 16]. The proof of the following
lemma can be found in [16, Lemma 2.20], but we give the details for convenience.

LEMMA 4.1. Suppose that S is a join subset of L and let P be a filter of L
which is maximal among all non-S-finite filters of L. Then P is a F-prime filter

of L.

PRrROOF. Clearly, £ is S-finite. Since every prime filter is F-prime by Example
3.2 (2), it suffices to show that P is prime. If P is not prime, let a,b ¢ P with
aVbe P. Since PG PAT({a}) and P & (P :z a), we conclude that there exist
s,t €8, p1,- ypn € Py by, by, € Land ¢1,--+ ¢ € (P iz a) such that sV (PA
T({a}) CT(B)and tV(P :r a) CT(C), where B = {p1 A(aVby), - ,ppA(aVb,)}
and C = {c1,--- ,cx}. Now, let x € P. Then sVax € sVP C sV (PAT({a}))
gives sV = A (sVaeVp) AN (sVeVaVb));soy=A"(sVaV) e
(P :z a). It follows that t Vy = Ak (¢t Vy Ve;) € (P iz a). Therefore, sVaVt=
A (sVaVp VE) A (A (aVe; ViEVy)). Hence, (sVt)V P CT(D)C P, where
D={p Vvt ,ppVt,aVey, - ,aVer} C P;so P is S-finite, a contradiction.
Thus, P is a prime filter of L. U

Let (L) be the set of all filters of L.

PROPOSITION 4.4. Let S be a join subset of L. Then L is S-Noetherian if and
only if every F-prime filter of L (disjoint from S) is S-finite.

PRrROOF. One side is clear. To see the other side, assume that every F-prime
filter P of £ with PN S = () is S-finite. On the contrary, suppose That L is not
S-Noetherian. Then the set @ = {G € F(£) : G is non-S-finite} is not empty.
Moreover, (2, C) is a partial order. It is easy to see that € is closed under taking
unions of chains and so {2 has at least one maximal element by Zorn’s Lemma,
say P. Then Lemma 4.1 shows that P is an F-prime filter. If P NS # (), then
sV P CT({s}) C P for every s € PN S gives P is S-finite, a contradiction. Thus
PN S =0. Now, by the hypothesis, P is S-finite which is impossible since P € Q.
Thus £ is S-Noetherian. O

We obtain the following S-version of Cohen’s Theorem [8].

THEOREM 4.10. Let S be a join subset of L. The following assertions are
equivalent:

(1) L is S-Noetherian;

(2) Every S-F-prime filter of L is S-finite;

(8) Every F-prime filter of L is S-finite.

PROOF. (1) = (2) This is clear.

(2) = (3) Let P be an F-prime filter of £. If PNS # @, then sVP C T({s}) C P
for every s € PN S gives P is S-finite. If P NS = (), then P is an S-F-filter of £
by Example 4.1 (2); so by (2), P is S-finite.

(3) = (1) Follows from Proposition 4.4. O
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