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SOME TOPOLOGICAL PROPERTIES IN
)-HOMOGENEOUS NEUTROSOPHIC MODULAR
SPACES

Mathuraiveeran Jeyaraman, Muniyasami Pandiselvi,
and Manimaran Rathivel

ABSTRACT. This paper introduces the concept of neutrosophic modular space.
Afterward, a Hausdorff topology induced by a d-homogeneous neutrosophic
modular is defined and some related topological properties are also examined.
After giving the fundamental definitions and the necessary examples, we intro-
duce the definitions of Neutrosophic boundedness, neutrosophic compactness
and neutrosophic convergence, and obtain several preservation properties and
some characterizations concerning them. Also, we investigate the relation-
ship between a neutrosophic modular and a neutrosophic metric. Finally, we
prove some known results of metric spaces including Baire’s theorem and the
Uniform limit theorem for neutrosophic modular spaces.

1. Introduction

The notion of fuzzy sets was introduced by Zadeh [26] in 1965 and there are
many viewpoints on the notion of metric space in topology. Kramosil and Michalek
[13] introduced the concept of a metric space, which can be regarded as a gen-
eralization of the probabilistic metric space. Afterward, Grabiec [5] defined the
metric spaces completeness and extended the Banach contraction theorem to the
complete metric spaces. Next, George and Veeramani [6] modified the definition
of the Cauchy sequence introduced by Grabiec. Atanassov [1] gave the concept of
an intuitionistic set as a generalization of a set. Park [19] introduced the notion of
an intuitionistic metric space as a natural generalization of a metric space due to

2020 Mathematics Subject Classification. Primary 42C15; Secondary 06D22.
Key words and phrases. Modular space, neutrosophic sets, Baire’s theorem, compactness.
Communicated by Dusko Bogdanic.

163



164 M. JEYARAMAN, M. PANDISELVI, AND M. RATHIVEL

George and Veeramani. He proved Baire’s theorem and the uniform limit theorem
for these spaces. For more details on intuitionistic metric space and related results,
we refer the reader to [2, 18].

The concept of a modular space was founded by Nakano [16] and developed
by Luxemburg [14]. Then, Musielak and Orlicz [15] redefined and generalized
the notion of modular space Kozlowski [10, 11] introduced a modular function
space. In the sequel, Kozlowski and Lewicki [12] considered the problem of analytic
extension of measurable functions in modular function spaces and discussed some
extension properties by means of polynomial approximation. Afterward, Kilmer
and Kozlowski [8] studied the existence of best approximations in modular function
spaces by elements of sub lattices. Nourouzi [17] proposed probabilistic modular
spaces based on the theory of modular spaces and in [18] he extended the well-known
Baire’s theorem to probabilistic modular spaces by using a special condition. Shen
and Chen [24] introduced the notion of modular space by using continuous t-norm
and continuous t-conorm.

In 1998, Smarandache [21] characterized the new concept called neutrosophic
logic and neutrosophic set and explored many results in it. In the idea of neu-
trosophic sets, there is T degree of membership, I degree of indeterminacy and F
degree of non-membership Basset et al., explored the neutrosophic applications in
dif and only different fields such as model for sustainable supply chain risk manage-
ment, resource levelling problem in construction projects, decision making. In 2020,
Kirisci et al [9] defined neutrosophic metric spaces as a generalization of Intuition-
istic metric spaces and bring about fixed point theorems in complete neutrosophic
metric spaces. In 2020, Sowndrarajan et al. [22] proved some fixed point results
for contraction theorems in neutrosophic metric spaces.

The concept of neutrosophic modular space is first proposed in this paper. We
investigate some topological properties and the existence of a relationship between
an neutrosophic modular and an neutrosophic metric. The paper is organized as
follows. First, we recall the fundamental definitions and the necessary examples of
an neutrosophic metric space. In section 2, following the idea of modular spaces and
the definition of an neutrosophic metric space, we give a new concept named neu-
trosophic modular space and give two examples to show that there does not exist a
direct relationship between an neutrosophic modular and an neutrosophic metric.
In section 3, a Hausdorff topology induced by a d-homogeneous neutrosophic mod-
ular is defined, and several theorems on pu,v,w completeness of the neutrosophic
modular space are given. Finally, the well-known Baire’s theorem and the uniform
limit theorem are extended to neutrosophic modular spaces.

DEFINITION 1.1. [18] Let = be a non void set, * is a continuous t-norm, < is a
continuous t-conorm, if fuzzy sets 3,3, & on =2 x (0, 0o0) such that for all ¢, 9,3 € =
and ¢, 7 > 0 satisfies the following:

1P, 7) + T, 7) + K, b7 < 3,
2. P(é,n,7) >0,

3. P(¢,n,7) = 1 if and only if ¢ =y,
4. ‘43(@‘\%%) = m(f)a é7%>7
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0,

0 if and only if ¢ = v,
=7J(,¢,7),

3(

e? )
10. 3(&,9,7)03(9,3,<) = 3(¢,3,7 +9),
11. 3(é,9,.) : (0,00) — (0, 1] is continuous.
12. R(¢,H,7) > 0,
13. R(¢,H,7) =0 if and only if ¢ =y,
14. 8(&,9,7) = K, ¢,7),
15. R(&,9,7)0RM, 3, <) = R(&,3,7 +<),
16. R(¢,1,.) : (0,00) — (0, 1] is continuous.

Then (3,7, &) is called a neutrosophic metric on =.

ExaMPLE 1.1. [18], Let (E,9) be a metric space.
Denote a* b = ab and a®Ob = min{l,a+ b} for all a,b € [0,1] and let P, , T and
£ be fuzzy sets on Z2 x (0, 00) defined as follows:
AN hr" A n %) — (D) AN ()
PBal&,0.7) = grrrmoresy Jo(60,7) = m7ﬁa(e,0ﬂ’) = m
for all b, &, m,n € RT. Then (Z, %, Jo, Rox, O, ) is a neutrosophic metric space.

2. Neutrosophic modular spaces

In this section, we introduce the concept of a neutrosophic modular space by
using continuous t-norm and continuous t-conorm. We investigate the relationship
between a neutrosophic modular and a neutrosophic metric.

DEFINITION 2.1. A 7-tuple (5, A, 7, w,*,<, @) is said to be an neutrosophic
modular space if = is a real or complex vector space, * is a continuous t-norm,
< is a continuous t-conorm and /'\,7'%, @ are sets on = X (0,00) such that for all
¢, 9,3 €2,¢,7>0and ¢ i >0 with € + & = 1 followings hold:

1. A6, 7) +7(é,7) + @ (¢,7) < 3,
. Aé,7) >0,
. A(é,7) = 1 if and only if ¢ = 0,
) ).\(—é,f'),
AT = AEQ) * A, ),
o0) — (0,1] is continuous,

0N T W
> >
—~
NN
o
_;'_\1(\1(\]

=

V=30

if and only if ¢ =0,

(5. 7),

) < #(6.)0R(, ),
o0) — (0,1] is continuous.

0
0

3N O O

<

"
_|_
<

11. 7
12. @ )
13. @ (¢ if and only if ¢ =0,
14. @ = w(—¢,7),

15. wW(é+ kY, ¢+ 7) < W(E, )0 (), 7),

[V 4
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16. @(¢,.) : (0,00) — (0,1] is continuous.
Then ()\ i, @) is called a neutrosophic modular or neutrosophic §-modular on E.
The 7-tuple (u7)\,7r, w~,>k,<>,®) is called 0-homogeneous, where 6 € (0, 1], if for
each ¢ € 2,7 >0and T € R— {0},
ATe7) = A6 o ) 7 (Fe7) =7 (65 ) #(T67) = & (645 ).

REMARK 2.1. (i) If (Z, A, ) is a §-modular space, then (2, A, 1-X, 1—X, %, O, ©)
is an N§FM such that for any a,b € [0,1],a0b=1— ((1 —a) x (1 — b)).
(ii) In NgM (B, \, 7, @, %, <O, @), for all é¢,9 € E,A(¢,D,.) is non-decreasing and
#(¢,19,.), wW(¢n,.) are non-increasing.

ExXAMPLE 2.1. Let (2, ¢9) be a modular space.

Consider a * b = ab, a®b = min{1,a + b} as well as a @ b = min{1,a + b} for all

a,b € [0,1], in addition to define sets )\Q, s and @yon = x (0, 00) according to,

hol6,7) = Fmgrey Folé ) = wtmgrm PoléiF) = R

for all h,¢ € Rt and m,n € N. Then (_,/\ 7, @, *,<,®) is a neutrosophic 3-
modular space (NFM). We look into condition (5) within Definition (2.1)). In this
case, let €, £ > 0 with € + £ = 1, because ¢ is modular, we get

(2.1) o(ée + #D) < 0(¢) + o(v),

for every ¢,1) € Z. As a result

AG6,Q) = A(h, 7) =

b b
b<m +mo(¢) b7 + mo(D)
B h25n7v_n
(b 4+ mg(é) (b7 + mo())
< herr™
b 4+ m(7o(€) + < (U))
Without lossing of generality, we assume that 7 < ¢. Using ([2.1) we then obtain
b
MES) My 7) < b + mo(éé + &D)
h(S+7)"
S p(S + )"+ mo(éé + iD)
= MNeé+ i, ¢+ 7).

REMARK 2.2. By getting h = ¢ =m =n =1, from Example (2.1)), we obtain
Ao(é,7) = Tﬂ)(e),ﬂg(e 7) = %f_(g()é),%ﬁé(é, ) = @. This N§M is called the stan-
dard NFM.

It should be noted that, in general, a neutrosophic modular and a neutrosophic
metric do not necessarily induce mutually a metric when the triangular norm is the
same one. In essence, the neutrosophic modular and neutrosophic metric can be
viewed as two different characterizations for the same set. Next, we give two exam-
ples to show that there does not exist a direct relationship between neutrosophic
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modular and an neutrosophic metric. In fact, the neutrosophic modular and the
neutrosophic metric can be viewed as two different characterizations for the same
set.

EXAMPLE 2.2. Let Z = R in addition to apply ¢(¢) = |¢|, afterwards ¢ is
modular on Z. Apply a* b = min{a, b}, aOb=1—((1 —a)* (1 —b)) and
a®b=1—(1—a)x(1—=0)) or aOb = max{a,b},a ® b = max{a,b}. For every
7 € (0,00) and ¢ € Z, define A(¢,7) = *jlél' Then (Z, A, %) is an §-modular space
and so by Remark ,

(5, }\7 1— )\, ,1— )'\, %, <, @) is an neutrosophic @—modular space. However, if we set
PED,7) = AE—D,7) = s (6D, 7) = mirlyy and 8(E b, 7) = 152,

when t-norm as well as the t-conorm defined as

axb=min{a, b}, aOb = max{a, b} and a ©® b = max{a, b} respectively.

Remark 2.1 suggests that (3,7, &) is not a neutrosophic metric.

EXAMPLE 2.3. Let E = R. Take t-norm a * b = min{a, b}, t-conorm
aCb=a+b—aband a®b=a+b—ab. For every ¢,§) € = and 7 € (0,00), we
specify

¢=

E#£D,EDEZ
¢eZheR\Zor¢ eR\Z,H € Z
¢# 0,6 heR\Z,

¢=

E£D, 6 el
¢eZ,heR\Zoré e R\Z,Hh e Z
¢#9,6heR\Z,

¢=

E#£D,EDEZ
¢eZheR\Zor¢ eR\Z,H € Z
¢#D,¢heR\Z,

B(e,H,7) =

J(é,9,7) = and

R(&,9,7) =

N0 = O = O o=

The fact that it exists (P, T, &, x, O, ®) is a neutrosophic metric on = can easily be
demonstrated. Now, set

1, é=0 0, ¢=0
A, 7) = % ¢ e Z\{0} , 7(¢,7) = % ¢ € Z\{0} and
7 ¢ER\Z 5, ¢c€R\Z.
0, ¢=0
@, 7) =< L, ¢e7Z\{0}
%, ¢eR\Z

When we choose é = g,k =1—¢€¢#1n, and ¢,y € Z, then é + &n € R\Z.
Hence for each ¢, 7 > 0, we have ).\(€é +ED,S+7) = %, but }\(é,g”) * )\(0,7“') = %
Also 7 (€é + kb, < + 7) = 3, @ (€6 + kb, <+ 7) = 3, but #(¢,8) 0 (h,7) = §.
Therefore ()\, 7, @) is not an NM on =.
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3. Topology induced by d-homogeneous neutrosophic modular spaces

In this section, we define a topology induced by a §-homogeneous N §M and in-
vestigate some topological properties in d-homogeneous NFM. The results obtained
in this section are an extension of the results presented in [24] to NFM.

DEFINITION 3.1. Let (57)\,7'%7 W, *, O, ) be an NGM and let é € Z,v € (0,1)
and # > 0. Then the A — 7 — ¢-ball with center ¢ and radius t with respect to T is
defined as B(é,v,7) ={h e E: )\(é —9,7) > 11—, 7(¢—9,7) <v,w(¢—n,7T) <t}
Let € C =. An clement é € € is called a A — 7 — @-interior point of & if there exist
t € (0,1) and 7 > 0 such that B(¢é,t,7) C €. We say that € is a A\ — i — &-open
set in = if and only if every element of & is a A — i — t5-interior point. Note that
each open set in an NgMis not a A — # — 5-ball in general.

EXAMPLE 3.1. Let = = R and let ¢, A, * and < be as in Example Consider
PY={¢eR:0<é<1}U{é€R:1<¢é< 2} Then U is an open set in
(R, A\, 1 — A % <), but it is not a A — (1 — A)-ball. In fact, the A — (1- /.\)—ball in
(R, A1 =\, <) with center ¢ and radius v is as follows.

v

B(é,t,7) = {1)6 7:\>1—t,u|e_,n|\<t}
7+ [é— 7+ [¢—

T
=<{npeR:|¢—1 7o
{ne ¢ n|<1tf}

THEOREM 3.1. Each A\ — i — @-ball in a d-homogeneous NFMis an open set.

PROOF. Let B(é,t,7) be a A — 7 — t-ball and i € B(¢,t, 7). Then
Mé—19,7)>1—rt,7(¢—9,7) <vand & (¢ —,7) <.

Put 7 = 27. Since A\(é —1,.) and (¢ — §,.) are continuous, there exists & >0
such that

( 1), 25 f">>1t,7'%< t), 26 fn)<tandiﬁ<’ v, 261€U><t.

For some ¢ > 0 with ;};f > 0 and 5= € (0,&), put tp = )\( -1, ;}5 f) Since
tg >t — 1, there exists ¢ € (0,1) such that vy > 1 —¢ > 1 — ¢, by Lemma, we can
choose t1 € (0,1) such that tgxtp > 1 —¢, (1 —1t9)O(1 —1vp) <<

Put t3 = max{ry,t2}. We show that B (§,1 — 3, 5= ) C B(é,t,271).

Suppose that 3 € B (9,1 — t3, 5= ) then

vl s N 3 . (s N € o f s N 3
)\(0_3,267_1> >t3,W(U_3,F> <1—t33ndw<n_5,267_1) <].—t3.
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Therefore

ME=3.7) = AE—3,27) = A2(E - 1).2(R — ) * A(2(h - 3), 2¢)
i, s TL—EY (s s E
_)\<?Ua25_1>*>\(05725_1)
Zrxtp 21 —-0>1-—r,

M(E—3,7) =(¢ —5,271) < #(2(E - U) 2(71 =€) Ot (2(h - 3), 2¢)
<(1—t0) (1—r3) <(1—t0)<>(1—t2) <d<r,
w(e—5,7)=w(¢ —5,271) S @(2(¢E-1),2(1 —e))0w(2(h —3), 2€)

\ — € 3
=w < > <>w 26—1)

< (1—t0)<>(1—t3 (1—t0)<>(1—t2) <S<e.

Therefore 3 € B(¢é,t,7) and hence B (1), 1—r13, 25%1) C B¢, 7).
Now, we define a topology on a §-homogeneous NFM. O

\, 7, @5, %, O, ®) be a §-homogeneous NFM.
1 Ve € U, 37 > 0,v € (0,1);B(é,¢,7) C V}. Then

DEFINITION 3.2. Let (E
Define 7(\, 7, @) = {U C
7(\, 7, @) is a topology on

[ I

REMARK 3.1. Since the family of A — # — ¢-balls {B (¢,1,1):neN} isa
local base at ¢, the topology T().\, i, @) is first countable.

EXAMPLE 3.2. Let Z = R and let 9, )\ x and < be as in Example lb Then
the set of all {(a,b) : a,b € R} induces a topology on (R, A, 1 — X, *, O).

THEOREM 3.2. Fvery §-homogeneous NZM is Hausdorff.

PROOF. Let ¢, be two distinct points in é-homogeneous NFM
(2, A, 7, @, %,O,®). Then for all # > 0,0 < A(é —,7) < 1,0 < 7(¢ —9,7) < 1.
Put t; = A(¢é — ,7),ty = 7(é — 9, 7) and v = max{t;,ta}.
For tg € (v, 1), there are t3, tysuch that 3 *t3 > to, (1 —t4)O(1 —tg) < 1 — 1.
Put v5 = max{vs,ts}. Then B (¢,1 — v5, 57 ) B (B, 1 — v5, 57 ) = 0.
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Otherwise, if there exists 3 € B (é, 1—rts, Q(Jﬁ) NB (l), 1—ts, Qfﬁ), then

= A= 00) 2 A (260, ) A (2607 )

(. T (s o T
>\<25725+1)*/\<5Ua25+1>

2 Ts x5 > v3 % T3 = To > vy, and

= ie i) < & (2-3.7) o (269

L, T Ly o T

< (1 — 'C5)<>(1 — t5) < (1 — t4)<>(1 — t4) <1 —1g <y,
which is a contradiction. Therefore (2, A, 7, @, %, &, ®) is Hausdorff. O

In the following, we give further properties of a d-homogeneous NZM.

DEFINITION 3.3. Let (Z, \, 7, @, %, O, ©®) be a §-homogeneous NZM.
1. A subset 2 of = is said to be A — i — t@-bounded if there are # > 0 and t € (0, 1)
such that for all ¢ € 2, A(¢,7) > 1 —rt, #(¢,7) < v and @(¢7) <t
2. A subset 2 of Z is said to be A — 7 — w-compact if every A— it — w-open cover
of 2 has a finite subcover.
3. A sequence {¢,} in = is said to be A\ — i — @-convergent to ¢ € = if for every
vt € (0,1) and 7 > 0 there exists ng € N such that for each n > ng, ¢, € B(é,t, 7).

ExXAMPLE 3.3. Let = =R and let g, )\, * and < be as in Example 1'
(i) Consider Y= {¢ e R: 0 < ¢ < 1}.
Then U is a bounded set in (R, h ).
(ii) Each finite set in (R, A1 =\ x, Q) is A\ — i — @-compact.
(iii) The sequence {%} is \— 7 — @-convergent to 0 in (R, N 1=, %, <) by choosing
ng such that 1 — 7 < % <t

THEOREM 3.3. Every AN—i— w -compact subset of a
d-homogeneous N§FM(Z, \, 7, @7, *, O, 0), is A — it — @ -bounded.

PROOF. Let 2 be a A — 7 — @-compact subset of (5, \, 7, @5, %, O, o).
Fix # > 0 and v € (0,1), then the family {9 (¢,r, 25%) : ¢ € A} is an open cover of
2, since 2 is compact there exist ¢1,...,¢, € A such that A C UP_,B (éi,t, 2{%)
Hence for each ¢ € 2 there exists ¢ such that ¢ € B (¢;,t, 25%) Thus

S (e T 1 ., . T de (s 7
e—ei,ﬁ >1—-vm e—ehﬁ < tvandw e—ehﬁ <t
Putélzmin{;\(éi,ﬁ%):l z‘gn},€2:max{ﬁ(éi,?%):lgign},and

<
€3 = max{iﬂ" (éi,@%) 1< < n} it is clear that €7, €9, é3 > 0.
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Hence for some ¢, <, <3 € (0,1) we have

Il
N:

N

Taking ¢ = max{<, &, s} we conclude A(é,7) > 1—¢, #t(¢,7) <<, and @(é,7) <<
consequently 2l is A — & — @w-bounded. O

THEOREM 3.4. Let (E,)\,ﬁ, W, *, O, ®) be a 6-homogeneous N Mand {¢n} a
sequence in Z. Then é, — ¢ if and only if \(é, — é,7) — 1,7 (én — 6,7) — 0 and
w(é, —¢,7) = 0.

PrROOF. Fix ¥ > 0. Assume that ¢, — ¢, then for v € (0, 1) there exists ng € N
such that for each n > ng, é, € B(é,t,7), 50 AM(ép — 6,7) > 1 — v, 7(é, — ¢,7) <t
and @w(é, —¢,7) <t
Hence A(é, — ¢,7) = 1,7(é, — ¢,7) = 0,and & (¢, — ¢,7) — 0.

Conversely, for each 7 > 0, let A(é,—¢,%) — 1,7 (é,—é,7) — 0 and & (¢, —¢, %) — 0.
Then for v € (0,1), there exists ny € N such that for each n > ny,

1—A(éy —6,7) <t,7(é, — 6,7) <vand @ (é, —¢,7) <.

Therefore ).\(én —¢,7)>1—v,7(éy —¢,7) <vand @(e, —¢,7) <t for all n > ny,
that is, ¢, € B(¢,t,7) and so ¢, — ¢. O

In the following, we give some related results of completeness of an NZM.

DEFINITION 3.4. Let (2, A, #, &, *, <, ®) be an NFM.
1. A sequence {¢,} in = is called A\—7 — @-Cauchy if for every e > 0 and # > 0 there
exists ng € N such that )'\(én b, T) > 1=, (¢ — &, 7) <vand (¢, — &, 7) <t
for all m,n > ng.
2. 2 is called A — 7 — t@-complete if every A — 7 — t-Cauchy sequence is A — it — -
convergent.

THEOREM 3.5. Let (E,)\,i'r, W, xqp, O, Op) be a J-homogeneous NZM. Then
every A — it — w-convergent sequence in Z is a A — i — w-Cauchy sequence.

PROOF. Let {¢,} be \ — 7 — &-convergent to ¢ € =.
Then for every ¢ > 0 and 7 > 0 there exists ng € N such that
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}\(én—é,%) > 1—5,#(én—é,2{%) < ¢ and 1'3"(én—é,2j+l) < ¢ for all
n = ng. For all m,n > ng we get

(b — &, 7) <A (2(ém — ),

& (b — 60, 7) < & (Q(ém —6), ;) © & (Q(én —9), ;)

O

REMARK 3.2. (1) Theorem shows that in an NFM, a A—i — %-convergent
sequence is not necessarily a A=t — w-Cauchy sequence, and the §-homogeneity
and the choice of t-norm and t-conorm are essential.

(2) From Definition , it is clear that each A—7 — ¢7-closed subspace of A—7 — -
complete F-modular space is A—it— w-complete.

THEOREM 3.6. Let (_,)\ i, @, %, 0, 0) be ad- homogeneous NFM and? a sub—
set of E. If every A\ — it — t@-Cauchy sequence of Y s A— it — - convergent mn =,
then every AN—i— - Cauchy sequence of Q) is AN—d—@- convergent in =, where
9) denotes the A\ — 7 — @ -closure of 9.

PROOF. Let {¢,} be a A — 7 — %-Cauchy sequence of ), then for each n € N
and 7 > 0, there exists l)n € 2) such that

5 r 1
)\ (e” B U”’ 45+1) >1- n+1 ( B Un’ 4‘5+1) < n+1 and & (e” — Yns 45%) < n+1°
Since A(¢,.) is non—decreasmg and 7 (¢, .) is non-increasing, we have
\ (2 S ¥ (7 N 7 1 1
Aén =y goter) > 145 @ (€0 — Doy goler) < g and & (€0 — o, 3o5r) < iy

Moreover for each v € (0,1) and 7 > 0, there exists ng € N such that

A(en by o) > 1=, 7 (6 — by or) <tvand & (&, — b, o7 ) <t

for all m,n > ng.

That is, A (én — &m,s 45%) — 1,7 (én — ¢, 4(,%) —0and @ (én — &m, 45%) — 0.
Now we show that {),} is a A — 7 — &-Cauchy sequence in 2.
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For all m,n > ng we have

Do L : . L, T : , LN T
ADn = Dm, 7) = A (2(Un — &), 2> * A (2(971 —Dn), 2)

R C L B . , T .. , LT
T W — D, 7) < 7F (2(% —én), 5 O <2(en — D), 2>

[EEAN

iﬂ(nn_f)mﬂu—) < w

) (4(en — ), 1) © & (4(em D) D
, T 7 . 3
=w Unen,26+1>®w<en em,46+1>®w(emnm,45+1)
<7®t®L
+1 m-+1

Hence 7 (§, — Ym, 7) — 0, that is, {D, } is Cauchy in Q) , so it is A—7 — &-convergent
to ¢ € X. Thus for each € > 0 and 7 > 0 there exists n; € N such that
)\(é—f)n,ﬁ%) >1—5,7'%(é—f)n,25%) < e and iﬁ(é—f)n,ﬁ%) <e

for all n > n;. Therefore

o =673 A (2660 =) 3 ) +A (200 - 6.3

A
>(1—5)*(1—n}r1>,

consequently, A(¢, — ¢é,7) — 1. Similarly we have
. ;o . N 7 (2 N # 1
Tr(en —¢&,7) < W(en _Unagé%) O (en _Un726%) <EX 9
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G — 6,7) < @ (én — iy 357 ) O (én f)n,%)<5*n—+1
Hence #(¢, —¢,7) — 0, and so the Cauchy sequence {¢é,} in ) converges to ¢ € Z.
This completes the proof. O

From Theorem (3.6)) we get the following result.

COROLLARY 3.1. Let (H,)\ 7, @, *, O, @) be a §-homogeneous NSM and let Q)
be a dense subset of E. If every A\ — i — @-Cauchy sequence of Q) is A — 7 — @ -
convergent in =, then = is N— i — - complete. Now we extend the well-known
Buaire’s theorem to §-homogeneous NZM.

THEOREM 3.7. Let {ﬂn}neN be a sequence of)\ — 7 — w-dense open subsets in
d-homogeneous neutrosophzc AN—it— - complete% modular space( ATk, Op).
Then (02, 4y, s A — 7 — & -dense in E.

PRrOOF. Consider the A — 7 — -ball B(¢,t,7) and let § € B(é,¢,7). Then
Mé—9,27) >1—vand 7#(é —1,27) <t
Since A(¢ — 1,.) and 7(¢ — ¥, .) are continuous, there exists & > 0 such that
).\(270,25 1) >1—rtand 7r( D, 275 51) < t for some € > 0 with ;‘j > 0 and
2571 € (O gl))
We claim that B (9,7, &) C B(¢,t,2¢).
Choose t € (0,1) and 3 € B (h,¢', &), then there exists a sequence {},} in

(l), v %) which is A — # — @-converges to 3, so we have

AG b g7) 2 A (26— 30) 55) + 94 (260 n‘a),i)

|
|

Youmny
=1
[N
=}
=
N—
N
4 [\
—~
(S
I
3
3
~

Therefore we have
A(E—3.26) = M2( — ), 2¢) + MAR(E — ), 2(7 — <))

A (3 gr) e (9.5

>(1-t)sp(l-—v)=1-r,
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t(é = 3,27) = M2(3 — ), 2) Ot (2(€ — 1), 2(7 — €))
. \ \ 6 T —_— 6

:71'(3—‘)7251><>qgﬂ'< 0’261)

< tOpr =r,and
(6 —3,27) = AM2(G — b), 2¢) Op #(2(6 D), 2(7 — <))

€ o f, L T—€
—w( U’2671)®q3w e_U’F

<tOptr=rt.

So the claim is true and hence if V is a nonempty A — i — @-open set of Z, then
V' Uy is nonempty and A— it — w-open.

Suppose ¢; € V (Ui, so there exist t; € (0,1) and #; > 0 such that

B (él,tl, 2:5?%1) - VﬂUl

Choose 7, < t1 and 7, = min{#, 1} such that B <el, 5ot 1) CVNOU.
Since Uy is A — 7 — t7-dense in =, we have B <é1, tll, 2;%) N Us # 0.

Let ¢5 € B <é1,t,1, 2&1) (U2, hence there exist vy € (0, %) and T > 0 such that

% (é27t27 2(?31) g % (e17t17 25— 1) ﬂUQ

Choose tIQ < tg and 7 7'2 min {72, 2} such that B <82,‘C2, 552 1) CVNUs,.
By induction, we can obtain a sequence {¢,} in Z and two sequences {t, }, {%,}
suchthat0<t < 0<T <fand%(en, ;,2521>§VﬂUn.

We show that {¢,} is A — 7 — &-Cauchy.
Get ¥ > 0 and v € (0,1), then we can choose ¢ € N such that 27*,/C < 7 and t; <t

’

. ’ ’ ’ ’ 7
Since é,,, ¢, € B (eg,té, 2;2), for m,n > £, we get

A — 60,27) = Aém — én, 47
> A (2ém — &), 27 )+ MAR(e - é0),27)

u/ vl

. # ) 7

_ ’ ’ £ ’ ’ £
=A (em — ¢, 25_1> * M (eg — €&y, 25-1)

2 (L—ve)sp (1—ve) >1—r,
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. ’ ’ %2 . 7’ ’ u/
(e — €ny 27) < (6 — €, A7)

<7 (2(ém - éE)a 2;7%) <>93?71—(2(6? - én)v 27%)

u’ u/

T, T,

o / 3 N / 3
=1 (em — ¢, 25-1) OMar (eg — ¢y, 25_1>

<)) < v, and
<

e ’ ’ (9} e ’ ’ ul
W (b — 80, 27) < W (& — €, A7)

N

& (2ém — €),27) © MF(2(é — &), 27)

\/l u/

T, T

[T / 3 TS . 3
=w (em — e, 25_1> O Mw <ee —ép, 25_1>

<) Opre) <t
Therefore {¢,} is a A\ — i — @-Cauchy sequence. Since Z is A — 7 — @-complete,

there exists ¢ € Z such that ¢, — ¢. For alln > £, ¢, € B <ég,t;, 2;‘1> and hence

= (ée,c;, QQ—,) C V(Ue. This implies that V () (N2, Un) # 0.

Therefore (0%, U, is A — 7 — i-dense in E.

Finally, we give the uniform limit theorem in d-homogeneous NZM. Let = be a
nonempty set and let (), \, 7, &, %, O, ®) be an NEM. A sequence {frn} of mappings
from = to 9) is called A\ — 7 — tF-converges uniformly to a mapping f:2— 9 if,
for 7 > 0 and v € (0, 1), there exists ny € N such that

AFa(€) = 1(6),7) > 1 — v, (5 (€) — 1(€),7) < vand & (fa(€) = f(6),7) <t

for all n > ng and ¢ € =. O

THEOREM 3.8. Let {f,} be a sequence of continuous mappings fmm a topo-
logical space Z to a 6- homogeneous NFM 2, N, 7, @, O, ®). If {fn})\ -7 — w-
convergent uniformly to §f: = — ), then § is continuous.

PROOF. Let V be a A — i — t-open set of ) and ¢y € f~1(V), so there exist
t> 0 and v € (0,1) such that B(f(éy),r,7) C V.
For v € (0,1), we can choose ¢ € (0,1) such that *(1 —=¢)* (1 —¢) >1—r.
Since {f,}\ — 7 — - converges uniformly to f, for ¢ € (0,1) and # > 0 there exists
no € N such that A (§,(¢) — f(¢), 35r) > 1 — ¢ and 7 (£, (€) — §(€), 7+ ) < & for all
n>ngand ¢ €=,
Furthermore, each f, is continuous. Then there exists a neighborhood U of ¢, such
that f,(U) C B (fa(é0),<, 757)-
Therefore A (Fn (6) — F(80), 45%) > 1—¢ and 7 (§,(¢) — f(é0), 45%) <Sforalln > ng
and ¢ € U and so we have

GORSACHE “) > (2((6) ~1a(9), 3) * A (2(1(6) ~ 1(é0)). 3)
= (f(e) — fn(é ) (2 frn(€) — (o)), 2513)
(f(e) G ) (2 fn(€) — fn(é0)), 2612) * A (Q(fn(éo) — (o)), 2512)




SOME TOPOLOGICAL PROPERTIES IN §- HOMOGENEOUS NMS 177

(é), 67: ) * )‘ (fn(e> - fn(éO)v 457%) * )\ (fn(éO) - f(é0>v 45711)
1

—<¢)>1—r,

#(f(€) — fn(é0), 7) < 7 (2(7(€) — Fu(€)), 5) O (2(fa(é) — (é0)), §)

=7 (f(é) - fn(é)a 25}1) O (Q(fn(é) - f(éo))a 25:*}) 3

< # (H(6) = Fu(6), 5757) OF (2(Fn(é) — fa(é0)), z5=) OF (2(fn(é0) — F(é0)), 5752)
=7 (f(é) - fn(é)a 2511) &7t (fn(é) - fn(é0)7 4511 o7 (fn(eo) - f(éo)v 45%)
<1=-90(1 =01 —-¢) >1—rand

G (J(6) — Falfo), 7) < & (2(7() — a(€)), 5) © & (2(fa(é) — f(é0)), §)

— & (1O) — (6). 5751) © B (200(O) — H60)), 370) V

<@ (H(6) = Ful(€) 5757) © @ (2(n(€) = Fu (b)), 3552) © & (2(Fn(é0) — f(¢0)) 572

— 25 (5(6) — Fal€), 3757) © 2 (1al) — (o) 757) © 2 (Fulio) — f(é0): 770)

<Il-¢9o0-9o-=¢)>1~-rt

This implies that f(¢) € B(f(é),t,7) C V, therefore f(U) C V, hence § is continu-

ous. O
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