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HERMITE-HADAMARD-TYPE INEQUALITIES FOR
EXPONENTIAL TYPE HARMONICALLY
M(a, 5)-CONVEX FUNCTIONS

Kemi Iyabo Apanpa, Adesanmi Alao Mogbademu,
and Johnson Olajire Olaleru

ABSTRACT. In this paper, we introduce a new form of convex mapping known
as exponential type harmonically m(a, s)-convex function. The generalized
convex function for the product of functions of exponential type Hermite-
Hadamard inequalities are as well studied. Additionally, we investigate differ-
ent cases of double and triple integrals to obtain some new products of this
function.

1. Introduction

The theory of convex functions has become highly important in different
areas of mathematics and their use in optimization and modern analysis can’t be
underrated. Their applications generalized and extended in different directions by
several authors because of their adaptivity. For proper details, (see [1-20]). The
generalization of classical convexity is known to have gotten so many applications
out of which the Hermite-Hadamard inequality is mostly used. For example, Bital
and Khan [8] introduced some new Hermite-Hadamard dual inequalities, Tariq et
al. [24] introduced Hermite-Hadamard-type inequalities for product of functions
by using convex functions, Noor et al. [19] introduced (a,m,h)-convex function
and also found few fundamental inequalities for the class of twice-differentiable
functions, Toader [23] introduced m-convex function and established some results
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180 APANPA, MOGBADEMU, AND OLALERU

on Hermite-Hadamard type inequalities. For further study on this, please refer to
the stated articles ([7-23]), [16, 26].

Motivated by previous studies in literature, researchers were moved to establish
another class of convexity know as exponential convexity which has been developed
in several ways. For example, Dragomir and Gomm [10] introduced the concept of
exponential type convexity, Awan et. al [2] introduced Hemite-Hadamard inequal-
ities for exponential convex functions, Kadakal and Iscan [16] introduced exponen-
tial type convexity and some related inequalities. For proper study on exponential
convexity, see [4] and its references. Propelled by the work of Tariq et al., we
introduce exponential-type harmonically m(«, s)- convex functions and establish
Hermite-Hadamard-type inequalities for functions of this class. Some special re-
sults are studied by introducing different cases of double and triple integrals on this
functions. Our results generalize different classes of convexity functions, as expo-
nential type convex function, harmonically p-function, harmonically («, s)- convex
function, exponential type harmonically («, s)-convex function, (a,m,h)-convex
function and (a, m)-convex functions.

2. Preliminaries

Some well known definitions which are related to our work are stated out in
this section.

DEFINITION 2.1. ([2]) Let f : I — (0,00) be a mapping, then f is m-convex if,
for every z,y € I,m € [0,1] and X € [0, 1]

(2.1) fFOx+m(1 = Ay) < Af(z) +m(l = A)f(y)-

DEFINITION 2.2. ([18]) Let f : I — (O o0) be a mapping, then f is («,m)-
convex if, for every z,y € I, (a,m) € [0,1]? and X € [0, 1]
(2.2) FOu+m(1 = Ny) < A% () + (1= A*) f(y).

DEFINITION 2.3. ([19]) Let f : I — (0,00) be a mapping, then f is (a, m, h)-
convex if, for all x,y € I, € [0,1], (o, m) € [0,1]> and & : [0,1] — [0, 1],
(2.3) FOx+m(1=A)y) <hAf(2)) +mh(1 =A%) f(y).

DEFINITION 2.4. [16]A nonnegative function f : I — R is said to be expo-
nential type convex, if for all z,y € I and X € [0, 1]

(2.4) fOy+ (1 =Nz) < (e =1)f(x) + (e = 1) f(y).

DEFINITION 2.5. ([14]) Let f : I C [0,00) — R be a mapping and I be the
real interval, then

(2.5)f(ﬁ) = Af(y)+ (1= Nf(x), ¥ z,yel and Xe[0,1]

is called harmonically convex function.

DEFINITION 2.6. ([1]) A nonnegative function f : I — R is said to be expo-
nential type harmonically (e, s)p-convex function if V z,y € I, h(.) > 0, € (0, 1]
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and (a,s) € (0,1)

Ty )\+1—)\_

(2.6)
< (P02 D) f(2) + (PO — 1) f(y).

THEOREM 2.1. ([20]). Let f and g be nonnegative convex functions on [¢1, da],
suppose they are real valued. Then, the following inequalities hold

1 2 1 1
(2.7) s —on L, f(@)g(z)dz < gM(¢1,¢2) + 6N(¢1’¢2)’
2f(¢1 +¢2)q(¢1 ;¢2)
B8 L) egtonda + Eaton 00 + I
\¢27¢1 1 xr)g\x)axr 6 1, P2 3 1,%2),
where

M(¢1,92) = f(¢1)9(01) + f(d2)g(¢2), N(d1,d2) = f(P1)9(d2) + f(d2)g(¢1).
THEOREM 2.2. ([25]). Suppose f and g are two functions, if

(f(x) = f)(g(z) —g(y) =0

holds for all x,y € R, then f and g are said to be similarly ordered functions.

3. Main results
We define the following:
DEFINITION 3.1. A nonnegative function f : I — R is said to be exponential
type harmonically m(a, s)-convex, if for all x,y € I, A € (0,1) and m(a, s) € (0,1]2
xy B A m(l—X),_,
(3.1) f()\y +m(1— )\)x) N f((a? + Y ™)
< (eI =) @) + (" = D f(y).

REMARK 3.1. Some notable results of exponential type harmonically m(a, s)-
convex functions:

(1) If (emh(=2A"" 1) = 1, (e"@")" —1) = 1 and m = 1 in inequality (3.1),
we recover harmonically p-function [15].

L
Ay+(1- Nz
that A > A2, A2 < X which implies h(\) = A\, @ = m
(3.1), then it becomes exponential type-convex function [1

(2) On the condition f( ) < fOx+ (1= Ny), h=1 giving

= s = 1 in inequality
6].
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(3) If ") = h(a) + 1, which implies e"*")" —1 = h(A*)* and m = 1 in in-
equality (3.1), then it gives the definition of harmonically («, s)-convex function
[22].

(4) If m =1 in inequality (3.1), we recover exponential type harmonically («, s)p-
convex function in [1].

(5) If f(m) <fOz+ (1= N)y) and ehO) = h(-) + 1= ) — 1 =h(:)

which implies """ — 1 = h(A*)* and e™P(1-A")" — 1 = mh(1 — \*)®,
with s =1 in (3.1), we recover (o, m, h)-convex function in [19].

(6) In addition to the stated conditions in (5), if h(A) =X, A(L—X) =1 — A
in (3.1), we recover (o, m)-convex function in [25].

LEMMA 3.1. For allz,y € I, A€ [0,1] and ") = h(.)+1, the following hold

Ty h(N)z+h(1-X\)y
3.2 — ) < — 1.
(3:2) Sy Taons S¢
PROOF. We start by using left hand side of (11) to have
xy Ay+ (1 =Nz, _,
[ S < -~ ~ @7
f()\y+(1—/\)x) ( xy )
<«
S+ (1-Nz
1Y
1

< -
S I I
A=+ (1= )

x y

take X = 1/x and Y = 1/y, it becomes

1

Gy —vy) < Ao+ (1-Ny)
(3.3) AX +(1-)\)Y

< eh(A)a:-i—h(l—A)y -1
that is,
Yy h(N)z+(1-X\)y
A4 — ) < —1.

B4 Syra—ne) S ¢

O

THEOREM 3.1. Let f and g be two exponential type harmonically m(«, s)-
convez functions on [¢1, P2], [ and g being a nonnegative real-valued functions with
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fg € [¢1,62], where ¢1,b € I and ¢y < o, ") =1 >0, (e*—1)(eb—
Then, the following inequalities hold.

1) <e®—1.

mey
(65) o [ f@lg(o)is

< q(@102)p + q(P192)N + q(¢1, P2) R,

meo1 — ¢2 &
where
q(o1, 92) f(P1)g(¢1)
(3.6) q(92, 92) f(92)g(2)
a(p1,¢2) = f(d1)g(d2) + f(d2)g(é1),
and
b= JPOTE - 1o
(3.7) N = fol(emz[h(l—x")s]z_l)d)\
R = fol(emh(’\a)sh(lf’\a)s—l)d)\.

PROOF. Since f and g are exponential type harmonically m(«, s)-convex func-
tions on [¢1, ¢2]. It follows that,

D102 D192
UG vsrpsys gy yFIRLLS vapnperc g v
< (ON 1) f(n) + (@AD" 1) f(6y)]

[N = 1)g(¢1) + (e —1)g(62)]
<O =) = D)](f(d1)g(¢1))
= 1(em" D = D] (f(dr9(2)))
— DI (92)9(¢1))
= 1)(emm AT = D](f(f2)9(¢2))-

(e
F[(emh(=AT)T 1) (ehA)?

_i_[(emh(l—)\"‘)S
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and this gives,

$192
Ad2 +m(1l — \)p

102
Apg +m(1l — N)p1

I )g( )

< (€O = 1)[f(¢1)g(d1)]

+(e™ PO 1) [f(¢2)g(¢2)]
H(ehX) M= )£ () ) g(¢ho)]
H(emPA=ADTRONT _ 1) [ £(ho)g(1)],

this implies

192
)\(7252 —+ m(l — )\)¢1

P12 )
Ad)g —+ m(l — >\)¢1

f( )g(

< (PO — 1) [f(h19(e1))]
(e A=A 1) [ f(a)g(2)]
+(emhOTTRA=AT _1)[f(61)g(2) + f(¢2)g(e1)]-

Integrating inequalities (3.8) on interval [0, 1] gives:

fl f 102 ol D102
O Npo +m(1 — N1 "7 A2 +m(1 — Ny

(3.8)

)]

<y (PO 1) [£(¢h1)g(1)]dA
+ [ (e A=A 1) [F (o) g(ha)]dA

+f emPOTTRAZXDT 1) [f(61)g(d2) + f($2)9(61)]-
By proper substitution of (3.6), we have

1 D192 102
S vesasy S vasnmrm yew)

< o (PO 1) [g(p161)]dN
+Ha(d262)] f, (em*RA=ADD? _1)d)

+g (¢1¢2)]f (emhOTTRA=ADT 1)\,
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By appropriate substitution of (3.7), we have

By i =52,

P12

< q(p101)p + q(P2d2)N + q(d102)R

Taking x = Ag2 + m(1 — \)¢1 and with the use of lemma 3.2 in inequalities (3.9),
we have:

)]dA
(3.9)

me1
310) ot [ ) < oo +alornN +alerenn

O

REMARK 3.2. (1) If m = a = 1, """ +h(1=A)" < 1 following the given con-
ditions in theorem 3.1, inequality (3.5) gives the result obtained in [20].

— Yy
(2)If A(\) = I and WV S

ity (3.5) gives the result obtained in theorem 2 of [19].

e Nz +h(1=Ny _ 1 in theorem 3.1, inequal-

THEOREM 3.2. . Let f and g be two exponential type harmonically m(«, s)-
convex functions, suppose f and g are similarly ordered functions and
eh(AT)+mh(1-A%)" _ 1 < 1, ehA")" =1 > ( gnd M) 4 () > 2, where a and b are
positive functions. Then, the product fg is also exponential type harmonically
m(a, s)-convex function.

PROOF. Since f and g are exponential type harmonically m(c, s)-convex func-
tions, it follows

f( ¢1¢2

A2 +m(1— Ay

D102
Ap2 +m(1 — X)p1

< [(e"XDT = 1) f(h1) + (emhI=ADT — 1) f(2)]
x[("T = 1)g(¢r) + (emhI=ADT — 1)g(¢o)]

)g(

)

(3.11)

and this gives,

192
Aoz +m(1 — Ny

P12
Ao +m(1 = A)oy

< (" — 1) —1)[f(61)g(¢1)]

H (DT — 1) (emh AT — 1)[£(61)g(¢2)]
(A=A 1) (PO 1) [F(62)g(61)]
+(emh =27 1) (emh (=2 _ 1)[f(¢2)g(d2)],

A

)g(

)
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which implies

P192 ol P192 )
)\d)g =+ m(l — )\)Qﬁl )\¢2 + m(l — )\)(;51

< (" —1)[f (1)
+(6 h(XY)?® mh(l AY)? 1)
1)

+(emh(17A“)sh(A“)s _
H(emhIADT 1) [f(d2)g(¢2)]-

I

By solving, we have

D192 gl 192 )
Apa +m(1 — N1 "7 Apa +m(1 — Ny

I

< (MO~ 1) f(61)g()
+(ehATMRA=ANT 1) [f(d1)g(d1) + f(B2)g(d2)]
+H(emA=XDT 1) F(¢)g(2),

which further leads to,

f( ¢1¢2

Apa +m(1 — N)gy

102
Apg +m(1l — X)p1

= (" = 1)[f(¢1)g(¢1)] + (™MD —1)
X[f(92)g(@2)][(e"*) = 1) + (emhI=ADT — 1)),

Following the given conditions, we obtain

D102 D102 s
(3.125)@2 (= )\)qbl)g()\¢2 (= >\)¢1) < (") = 1)[f(61)g(41)]

)g(

)

(=AD" —1)[f(¢2)g(42))]-
Hence the proof. O

REMARK 3.3. If m =1 in theorem 3.2, it gives the result obtained in [1].

THEOREM 3.3. Let f and g be two exponential type harmonically m(«, s)-
convex functions, if fg € L{¢1, ¢2] and

P12
Adz + (1= A)gn
(e —1)(e® — 1) < e* — 1, where a,b > 0. Then the following hold

f( ) < f(Ap1 + (1 — N)p2). Given (e® —1)(e® — 1) < e® — 1 with
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1 +maeo
2

¢1 +moo

2
p(2

)g( )
(3.13) < Sy FOG1 +m(1 = N)ba)g(Ad1 + m(1 — N)a)dA

HQ(6161) + m2Q(éaba)|R + S la(r62)V

where

R = [/("O AT _1)g)
(3.14)

Vv = fol(em[h(A")s]2 ~1)+ (@[’1(14\”)5]2 —1),
and

Q(p1,¢1) = [(b1)f(d2)
(3.15) Q2. ¢2) = [f(d2)9(s2)
Q(p1,02) = f(b1)g(d2) + f(d2)g(1).

PROOF. Since f and g are exponential type harmonically m(«, s)-convex func-
tions, we have

f((bl +2m¢2)g(¢1 +2m¢2) _ f()\(bl + m21 - )\)¢2) n (1- )\)¢;+ mAdy
g()\¢1 + mél - )\)¢2) " (1- )\)¢;+ mApy
< IO+ m(1 = N)a) + F(1 - Aoy +mAda)
X 1901 +m(1 = N62) +9((1 ~ N1 +mAc)]
f(d)l +2m¢2)g(¢1 +2m¢2)
= L1001+ m(1 = X)g)g(\b1 +m(1 ~ N)6)
(8.16) FF((1= N1 +mAdo)g((1 = N +mAga)]

F2IFOG1 (1= N2)a(1 — N1 +mAs

+f((1 = A1 +mAd2)g(Ad1 + m(1 — A)pa)],
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and this gives

O1+mepa. 1+ mps
(9=

~

[f(Ap1 +m(1 = N)p2)g(Ad1 +m(1 — N)g)
A1+ mAg2)g(1l — A1 + mAga)]

+f(1—
("7 — 1) f(¢1) + (emPADT — 1) f (o))

_|_
’N"\MH

X[("IAT = 1)g(¢1) + (€™M —1)g(¢2)]

N

[f(Ap1 +m(1 = N)d2)g(Ad1 + m(1 — N)g2)
= A)o1 + mAg2)g((1 — A)p1 + mAgs)]

ehATRAZADT 1) [F(¢1)g(1)]

e D[f(¢19(02))]

emlh(1-X)°]? )[f(¢2) (¢1)]

e =2’ h(’\a = D)[f(d1)g(¢1)]-

_|_
’“,L’“'?Q»M —

4+t

Thus

¢1+m¢2) (¢1 +m¢2)
9 9T

I

—_

< 7 [f(Ad1 +m(l = N)g2)g(Ad1 + m(1l — A)2)

S

(BATHF((1 = N)p1 +mAd2)g((1 — A)p1 + mAgz)]

S [( ORI 1)](£(61) f(d2) + m2 S (92)g(d)

+2[(emODT 1) 4 (lPOADT —1)](F(61)g(2) + f(02)9(d1)).

N
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Integrating (3.17) on [0, 1], gives

£ P1 —|—2m¢2 o o1 +2m¢2 )

< 1 J Q01+ m(1 = N)o2)gh1 +m(1 — )6)

(1= A)p1 + mAd2)g((1 — N1 + mAga)]
(3.18)

b SO RN ) 7(60)(6) + 2 (62)g(62)]

7 (PO T 1) 4 (HONF — 1lay

+[f(p1)9(P2) f(#2)g(b1)]-

Substituting (3.14)and (3.15) gives

f(¢1 + m</>2)g(<f>1 + m¢2)

1 1
. . < ; /0 FOb1 + m(1 = Np2)g(Aby + m(l — N)ga)dA

F21Q(01,61) + M2 Q02 62)]R + 1Q(61, 62}V

Taking = A¢1 + m(1 — X)¢ga, result to

2f(¢1 +m¢2)g(¢1+m¢2)< 1 b2

5 5 Slg =g Jor Fl@g(@)d

(3.19)
HQ(61.61) + m2Qb2, b2 + L [Q(r. 02)]V.

d

REMARK 3.4. (1) If €@ = h(a) 41 and s = 1 in theorem 3.3, then it reduces
to inequality (14) of [19].

(2) If we take s = 0 and €™® = h(a) + 1 in theorem 3.3, the following results
for exponential type harmonically p-convex functions will be obtain

COROLLARY 3.1. Let f and g be two exponential type harmonically p-convex

P192

functions. If fg € L[$1, 2] and f(m

) < f(A¢1 4+ (1= N)g2),
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where (e® —1)(eb — 1) < €™ — 1 with (e* — 1)(e® — 1) < e®” — 1. Then,
P11+ m¢2)

2p(
(3.20)

<) OB+ m(1— N)a)g(Adr +m(1 — A)ga)dA

1
+Q(¢1a ¢1) + mQQ(¢2a ¢2) + §Q(¢17 (b?)a
where, Q(d1, 1), Q(da, p2) and Q(¢1,d2) are as stated in theorem 3.2 .
THEOREM 3.4. Let f,g: I — R be two exponential type harmonically m(«, s)-

convez functions. Where a,b € I with a <b, a € (0,1],s € [0,1] and (e* —1)(e’ —
1) <e® —1, M) =0. If fg € Lla,b]. Then

1 ™2
(3.21) / F@)g@)dr < Eapn + Eopiz + Espis,

mea — ¢1 ¢
where

& = fle)g(er)
(3.22) & = [(g2)9(2)
& = f(d1)g(d2) + f(d2)g(d1),

and
_ 1 h(\2¥)s _
po= Jfyle 1)dA
(323) 112 _ fol(emh(l—)\a)z; . l)d)\
py = SO RO 1)y

PROOF. Assume f,g: I — R to be an exponential type harmonically m(a, s)-
convex functions, then

FO1+m(1 = N2)g(Adr +m(1 = N)go)
(O = 1) (1) + (PO = 1) f(60)]

(3:24)  x[(e"X) = 1)g(e) + (™A~ 1)g(60)]
= ("N = 1)[f(@1)g(¢1)] + (€™M ADT —1)[f(2)g(02)]
+(emONRANDT 1) (1)g(62) + F(62)9(61)].
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Integrating (3.24) on interval [0, 1] gives

Jo FO@1+m(1 = N)ga)g(Ad1 +m(1 = N)ga)

< Sy (€O = D)[F(61)g(1) + (™AD" = 1)] £(62)g(¢2)

+ fo (emPOTRAANDT 1) £(61)g(62) + F(2)g(e1)],

then
Jo FO1+m(1 = X)g2)g(Ad1 +m(1 = N)éo)

(3:25) f(61)9(d1) fy ("X = 1)dX+ f(2)g(g2) fy (™MD — 1)dA
HF(@1)9(62) + F(82)g(é1)] [y (€mPODRA=XDT _1)g),

thus
Jo FOG1L+m(1 = X)d2)g(Ar +m(L = No)
(3.26) <& fy (T 1)dA & [y (emhOIADT _ 1)dN
ey [o (emPOATTRASADT 1) gy

Taking = Ap1 + m(1 — ) ¢a, result to

(3.27)

1 mez p
< .
e /¢> f@)g(x)de < Eipr+ Eopo + E3ps

O

THEOREM 3.5. Let f and g be two exponential type harmonically m(a,s)-
convex functions, if fg € L|p1, d2] and (e — 1)(e® — 1) < e® — 1. Then, the
following inequalities hold

1

@g‘zji¢l 22 [0 FOw+m(1 = Ny)g(Az +m(1 — Ny)dAdyda

1

(3.28)<(P+T)¢)2_¢1

2 f@)g(x)ds

1 1

+§WJ[Q(¢17 ¢1) + Q(b2, h2) + Q(¢1, P2)],
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where
P = [ (PO —1)dx
T = et gy
(3.29)
J _ fol(emh()\")sh(lf)\”)s71)d>\
Q(o1,¢1) = f(é1)g(d1)-
and

Q(d2, d2), Q(¢1,02) are as stated in theorem 3.4.

PROOF. Since f, g are exponential type harmonically m(«, s)-convex functions,
using the exponential type m(«, s)-convexity, we have

fz+m(1 = Ay)g(Az +m(1 = Ny)
<[ =1)f(@) + (™A =) f()][(e"N) = 1)g(2) + (e )g(y)].
this gives
fz+m(1 = Ny)g(Az +m(1 = Ny)
(3.30) = (O —1)[f(2)g(@)] + (™ POV —1)[f(y)g(y)]

+(emhOTRA=AT [ f(2)g(y) + f(y)g(x)].

Integrating (3.30) on [0, 1], gives
J3 FO +m(1 = Ny)gOha +m(1 — N)y)dA
< [f@)g(@)] fy (PO —1)d
+HF@)g ()] fy (e PA=2DT —1)dx

Hf(@)g(y) + Fy)g(@)] [ (emPADRA=XDT _1)q),
thus

fo FOz +m(1 = Ny)g Az +m(1 — N)y)dA

< Plf(2)g(@)] + Tlf (y)g ()] + J[f(2)g(y) + f(y)g(x)].

(3.31)
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Integrating (3.31) on the rectangle [0,1] x [0, 1], we have

fo FOz+m(1 = Ny)g(A\x + m(1 — N)y)d\dydz
(3.32) < P(gs—on) [37 f(2)g(@)de + T(d2 — 8) [37 F(y)9(y)dy
I f@)da [§2 g()dy + [ F(y)dy [ g(x)dx].

By the application of Hermite-Hadamard’s inequality from right half, the result
becomes

fo FOz+m(1 = Ny)g(Az +m(1l — N)y)d\dydx

< 1P+ TY(02 — 60) [ F@hg@)ds + ST1F(@0)g(61) + F(02)g(62)
(3337 (61)9(62) + F(82)a(61)].
= [P+ T)(62 — ¢1) [ f(a)g(x)da

+%T[Q(¢17 1) + Q(d2, p2) + Q(é1, ¢2)].

thus, we obtain

1
(2 — #1)? ¢1 fO

(334 1 R B
< S P TI S@gtadr + s

J[Q(¢11 ¢1) + Q(¢21 ¢2) + Q(¢1a ¢2)]

FfOz+m(l = Ny)g(Az +m(l — N)y)d\dydx

4. Applications

In this section, we made an application to some special means.

(1) The geometric mean:

(4.1) GM = Yx1,x9,..., 2,
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which equally can be written as,
GM = (21,29, ..., x,)"/"

(4.2) .
logGM = Elog(scl,xg, ey T

In short, we have

(4.3) GM = GM (xy) = /Ty, = #y.
(2) The logarithmic mean:

T —y
4.4 LM =1L =_——J .
(4.4) (z,y) Tr—— Voz,y>0

(3) The power mean:
xP + yP

M, = My(e,) = (5

)1/p, V z,y >0 and for all real number p# 0.
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