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PARA-SASAKIAN MANIFOLDS ADMITTING ALMOST
n- RICCI SOLITONS ON SOME SPECIAL CURVATURE
TENSORS

Tugba Mert and Mehmet Atceken

ABSTRACT. In this paper, we consider Ricci-pseudosymmetric para-Sasakian
manifolds admitting almost n—Ricci solitons by means of some curvature ten-
sors. Ricci pseudosymmetry concept of para-Sasakian manifolds admitting
n—Ricci soliton is introduced according to the choice of the curvature tensor.
Then, again according to these curvature tensor, necessary and sufficient con-
ditions are given for a para-sasakian manifold admitting n—Ricci soliton to
be Ricci semi-symmetric. Then some characterizations are obtained and some
classifications are made.

1. Introduction

Hamilton revealed a new concept the Ricci flow in 1982. He obtained the canon-
ical metric of a smooth manifold with the concept of Ricci flow. In the following
years, Ricci flow played a very active role in the study of Riemann manifolds. It
has become very useful especially for Riemannian manifolds with positive curva-
ture. Poincare conjecture proven by Perelman using Ricci flow in [16], [17]. Ricci
flow, which is an evolution equation for metrics in Riemannian manifolds, defined
as

0
St =289 ().

The limit of solutions of Ricci flow is called Ricci soliton. If the Ricci flow

moves with the only one set of parameters, it is called a solution of the Ricci flow.
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34 MERT AND ATCEKEN

Especially in the last 20 years, Ricci solitons occupied a very important place
for geometry and managed to attract the attention of many authors. In addition,
the Ricci soliton was solved by Perelman in 1904 with the help of Ricci soliton, and
the long-standing Poincare conjecture turned Ricci solitons into a very important
one. In [18], Sharma studied the Ricci solitons in contact geometry. Thereafter
Ricci solitons in contact metric manifolds have been studied by various authors
such as Bagewadi et al. in [1], [2], [4], [12], Bejan and Crasmareanu in [5], Blaga
in [6], Chandra et al. in [7], Chen and Deshmukh in [8], Deshmukh et al. in [10],
He and Zhu [11], Atgeken et al. in [3,13,14], Nagaraja and Premalatta in [15],
Tripathi in [20] and many others.

Motivated by the above studies, in this paper, we consider Ricci-pseudosymmetric
para-Sasakian manifolds admitting almost n—Ricci solitons by means of some cur-
vature tensors. Ricci pseudosymmetry concept of para-Sasakian manifolds admit-
ting n—Ricci soliton is introduced according to the choice of the curvature tensor.
Then, again according to these curvature tensor, necessary and sufficient conditions
are given for a para-sasakian manifold admitting n—Ricci soliton to be Ricci semi-
symmetric. Then some characterizations are obtained and some classifications are
made.

2. Preliminaries

A (2n + 1)-dimensional smooth manifold M?"*! has an almost paracontact
structure (¢,&,n) if it admits a tensor field ¢ of type (1,1), a vector field £ and a
1-form 7 satisfying the following conditions;

(1) Pw=w-—n(@¢ né)=1, ¢£=0, no¢=0.

If an almost paracontact manifold is endowed with a semi-Riemannian metric tensor
g such that

(2) 9(¢w@, dp) = —g(@, p) + 1(@)n(p),

for all vector fields @, p on M?" 1 then M?"*+1(¢,¢,n,g) is said to be almost
paracontact metric manifold. It is clear that

3) 9§ @) =n(=).

The fundamental 2-form ® of an almost paracontact metric manifold M2+ (¢, £, 7, g)
is defined by

(4) ®(w, p) = g(@, dp).

If dn = ®, then almost paracontact metric manifold M?"H1(¢, £, n,g) is called

paracontact metric manifold. If a paracontact metric structure is normal, this
structure is called para-Sasakian. That means

1
(5) dn (@, p) = 5 [n(p) @ —n(@) p =1 ([w, p])] = 0.
It is well known that an almost paracontact metric manifold is a para-Sasakian if

and only if
(6) (Vo) p=—g(w@.p)§—n(p) @+ 2n(@)n(p)&,
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for all w. From (6), one can easily to see that
where V denote the Levi-Civita connection on M?2"+1, If the relation
(Van) p=—g(w@,p)+n(@)n(p)

is satisfied specifically, then para-Sasakian manifold is called the special para-
Sasakian manifold or the Sp-Sasakian manifold.

LEMMA 2.1. In a (2n+ 1)—dimensional para-Sasakian manifold, the following
relations holds:

(8) R(w@,p)§ =n(w@)p—n(p) =,

9) R(&@)p=n(p)w@—g(w,p)E,
(10) n(R(w@,p)7) =90 (p)@—n(@)p7),
(11) S(@,§) = —2nn(w),

(12) Q€ = —2ng,

(13) (Van) p=g(@, ¢p)

for any vector fields @, p on M*" L where V is the Levi-Civita connection, R and
S denote the Riemannian curvature tensor and Ricci tensor of M?"1, respectively.

Precisely, a Ricci soliton on a Riemannian manifold (M, g) is defined as a triple
(g9,€,\) on M satisfying

(14) Leg+254+20g =0,
where L¢ is the Lie derivative operator along the vector field £ and X is a real
constant. We note that if £ is a Killing vector field, then Ricci soliton reduces to an

Einstein metric (g, A) . Futhermore, in [9], as generalization the notion of n—Ricci
soliton is defined by J.T. Cho and M. Kimura as a quadruple (g,&, A, u) satisfying

(15) Leg+25 42X g+ 2un®n =0,
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where A and p denote real constants and 7 is the dual of £ and S denotes the Ricci
tensor of M. Furthermore if A and p are smooth functions on M, then it called an
almost n—Ricci soliton on M [9].

Suppose the (g,&, A\, ) is almost n—Ricci soliton on M.

- If A <0, then M is shriking.

- If A =0, then M is steady.

- If A > 0, then M is expanding.

3. Almost n—Ricci solitons on Ricci pseudosymmetric para-Sasakian
manifolds

Now let (g, &, A, 1) be almost n—Ricci soliton on para-Sasakian manifold. Then
we have
(Leg) (@, p) = Leg (@, p) — g (Lgw, p) — g (@, Lep)
=&9(w,p) —9 (& @],p) — g (=, & p))
=9 (Vew,p) = g(@,Vep) — g (Vew, p)

+9(Vet,p) =9 (Vep, @) + g (@, VpE)
for all w,p € T'(T'M) . By using ¢ is anti-symmetric and (7), we have

(16) (Leg) (w,p) = 0.
Thus, in a para-Sasakian manifolds, from (15) and (16), we have
(17) S(w,p) = =Ag (@, p) — pn (@)1 (p).-

It is clear from (17) that the (2n+1)—dimensional para-Sasakian admitting n—Ricci
soliton (M?" 1 g,& A, p) is an n—Einstein manifold.
For p = ¢ in (17), it implies that

(18) S(6,) = — (A + 1) n ().
Taking into account of (11), we conclude that

(19) A+ p=2n.

Again it is clear from (17)

(20) Qp=—-Xp—pun(p)&.

For an (2n 4+ 1) —dimensional semi-Riemann manifold M, the Wj—curvature
tensor is defined as

(21) Wi (,0) 7 = R (@, )7 + 5= [S (1)@ — 8 (w,7) .

For an (2n 4 1) —dimensional para-Sasakian manifold, if we choose 7 = £ in (21),
we can easily see

(22) Wi (w,p) & =2[n(w)p—n(p) =],
in the same way, if we take the inner product of both sides of (21) by &£, we get

(23) n(Wi(w,p)7)=29(n(p)w—n(=)p,T)
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DEFINITION 3.1. Let M?"*! be an (2n + 1) —dimensional para-Sasakian man-
ifold. If W7 - S and Q (g, S) are linearly dependent, then the manifold is said to be
Wi —Ricci pseudosymmetric.

In this case, there exists a function Fyy, on M?"! such that
Wi-S=Fw,Q(g,5).

In particular, if Fyy, = 0, the manifold M?"*! is said to be Wj;—Ricci semi-
symmetric.

Let us now consider W7 —Ricci pseudosymmetry case of the (2n + 1) —dimensional
para-Sasakian manifold.

THEOREM 3.1. Let M?"T! be para-Sasakian manifold and (g,&,\, 1) be almost
n— Ricci soliton on M?" 1. If M?"+L s a Wi — Ricci pseudosymmetric, then Fyy, =
—2 or A\ =2n.

PROOF. Let’s assume that para-Sasakian manifold M?"*! be W, —Ricci pseu-
dosymmetric and (g,&, A, 1) be almost n—Ricci soliton on para-Sasakian manifold
M?"+1, That’s mean

(Wl (wap) . S) (U? Q) = FW1Q (975) (U7 va7p) )
for all w, p,v, 0 € T (T'M). From the last equation, we can easily write

o0 S (W1 (w,p)v,0)+ S (v, W1 (w, p) 0)
24

=Fw, {S (@ Ag p)v,0) + 5 (v, (@ Ay p) 0)}-
If we choose p = ¢ in (24), we get

S (Wl (va) U7€) +S (U7 Wi (va) 6)
(25) =Fw, {5(9(p,v) @ — g(@,v) p,§)

+5 (v (p)@w—n(=)p)}-

If we make use of (11) and (22) in (25), we have

—2nn (W1 (@, p)v) + 25 (v,n (@) p —n(p) @)
(26)

= Fw, {=2ng (n (@) p = n(p) @, v) + S (v,n(p) @ —n (@) p)} -
If we use (23) in (26), we get

—4ng (n (p) @ —n (@) p,v) + S (n(@) p — 1 (p) @, v)
(27)

= Fw, {=2ng (n (@) p —n(p)w,v) + 5 (v,n(p) @ —n (@) p)}.
If we use (17) in (27), we reach at
(28) [(2n =) 2+ Fw,)lg (n(p) @ —n (@) p,v) =0,

which proves our assertions. O

We can give the results obtained from this theorem as follows.
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COROLLARY 3.1. Let M?"*! be para-Sasakian manifold and (g,&, \, 1) be al-
most n—Ricci soliton on M?" 1. If M?"*+ is a Wi —Ricci semi-symmetric then
A = 2n, M?"*! is an Einstein manifold and almost n— Ricci soliton (g,&, A, )
induces Ricci soliton (g,&, A).

COROLLARY 3.2. Let M?"*! be para-Sasakian manifold and (g,&, \, i) be al-
most n— Ricci soliton on M?" 1. If M?"+! s a Wi—Ricci semisymmetric, then
M2+ s an expanding.

For an (2n + 1) —dimensional semi-Riemann manifold M, the W} —curvature
tensor is defined as
. 1
(29) Wi (w,p)7=R(w,p)7—5-[S(p,7)w — 5 (w,7)p].

For an (2n + 1) —dimensional para-Sasakian manifold, if we choose 7 = ¢ in (29),
we can write

(30) Wi (@, p)§ =0,
so, we have
(31) n (Wi (w,p)7) = 0.

DEFINITION 3.2. Let M?"*1 be an (2n + 1) —dimensional para-Sasakian man-
ifold. If W7 - S and Q (g, S) are linearly dependent, then the manifold is said to be
Wi —Ricci pseudosymmetric.

In this case, there exists a function Fyy» on M 2n+1 such that
Wi S=Fw;Q(y,5).

In particular, if Fy» = 0, the manifold M2+ s said to be W;—Ricci semi-
symmetric.

Let us now investigate the Wi —Ricci pseudosymmetry case of the
(2n + 1) —dimensional para-Sasakian manifold under condition the almost n—Ricci
soliton.

THEOREM 3.2. Let M?" Tt be para-Sasakian manifold and (g,&, \, i) be almost
n— Ricci soliton on M2+, If M+ is a W — Ricci pseudosymmetric, then M>?"+1
is either Ricci semisymmetric or X\ = 2n and in this case almost n—Ricci soliton
(9,&, A, 1) reduces Ricci soliton (g,&,\) .

PROOF. Let’s assume that para-Sasakian manifold M?"*! be W —Ricci pseu-

dosymmetric and (g, &, A, u) be almost n—Ricci soliton on para-Sasakian manifold
M?"*1 That’s mean

(Wl* (wap) . S) (Ua Q) = FW{‘Q (975) <U7 Q7wap) )
for all w, p,v, 0 € T (T'M). From the last equation, we can easily write

52 S (Wi (w,p)v,0)+ S (v, W] (@, p) o)
32
= Fw: {S((wAgp)v,0) +S(v,(@wAgp)o)}-
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If we putting o = £ in (32), we get
S(Wi (@, p)v,&) + 5 (v, Wy (w,p)€)
(33) =Fw; {S(9(p,v) @ — g(m,v)p,§)
+8 (v,n(p)@ —n(@)p)}-
If making use of (11) and (30) in (33), we have
Fwy {=2ng (n (@) p—n(p)w,v)+ S (v,n(p)w—n(w)p)}

(34)
= —2nn (WY (w,p)v).

Setting (31) and (17) in (34), we get

(35) Fw: (A =2n) g (n(w)p—n(p) w,v) = 0.

This completes the proof.

We can give the results obtained from this theorem as follows.

39

COROLLARY 3.3. Let M?"*! be para-Sasakian manifold and (g,&, \, i) be al-
most n— Ricci soliton on ML If M?"*! is a Wi —Ricci semi-symmetric, then

A = 2n and M?"*! is an Einstein manifold.

COROLLARY 3.4. Let M?"*! be para-Sasakian manifold and (g,&, \, i) be al-
most m—Ricci soliton on M?*" Tt If M?"*! s a W{—Ricci semiymmetric, then

M?"+1 s an expanding.

For an (2n + 1) —dimensional semi-Riemann manifold, the Ws—curvature ten-

sor is defined as

(3)  Wa(@p)7=R(@p) T 5 l9(0,7) Q@ — g (w,7) Qpl.

For an (2n + 1) —dimensional para-Sasakian manifold, if we choose 7 = ¢ in (36),

we can write

Wa (@, p) € = [n(@)p—n(p) =]

—3n [1(p) Qw — 1 (w) Qp],
by means of (37), we get

(37)

n(Wa(w,p)7) =9 (n(p)@—n(=)p,7)
(38)

+5=S(n(p)w—n(w@)p,7).

DEFINITION 3.3. Let M?"*! be an (2n + 1) —dimensional para-Sasakian man-
ifold. If Wy - S and @ (g, S) are linearly dependent, then the manifold is said to be

Ws—Ricci pseudosymmetric.
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In this case, there exists a function Fyy, on M?"*! such that
W2 -8 = FW2Q (g, S) .

In particular, if Fyy, = 0, M?"*1 is called Wa—Ricci semi-symmetric.
Next, let us now investigate the Ws—Ricci pseudosymmetry case of the
(2n + 1) —dimensional para-Sasakian manifold.

THEOREM 3.3. Let M?" Tt be para-Sasakian manifold and (g,&,\, 1) be almost
n— Ricci soliton on M1, If M2+ s a Wa— Ricci pseudosymmetric, then Fyy, =

A= 2n provided X\ — 2n # 0.
n

PROOF. Let’s assume that para-Sasakian manifold M2"+! is a W, —Ricci pseu-
dosymmetric and (g, &, A, u) be almost n—Ricci soliton on para-Sasakian manifold.
This means

(39) (Wg(w,p)S)(’U,Q):FWQQ(Q7S)('U,Q,W,/)),
for all @, p,v,0 € T'(TM). From (39), we can easily write

o) S (Wa (w, p)v,0) + S (v, Wa (w, p) 0)
40
= Fw, {S (@ Ay p)v,0) + S (v, (@ Ag p) 0)} -

If we choose o = ¢ in (40), we get
S (WQ (va) U?&) + S (U7 W2 (va) f)

(41) = Fw, {S (g9 (p,v) @ — g (w=,v) p,§)
+S (v,n(p)w —n(=)p)}.

Making use of (11) and (37) in (41), we have

Fyw, {—2ng (n(w) p—n(p)w,v) + 5 (v,n(p)w—n(w)p)}
(42) = —2nn (Wz (@, p)v) + S (v, [n (@) p — 1 (p) @]

—n(p) Qw —n (=) Qp]) .
If we use (38) in (42), we get

Fy, {=2ng (n (@) p—n(p) w,v) + 5 (v,n(p)w—n(w)p)}
(43) =2ng (n(p) @ —n (@) p,v) =25 (n(p) @ —n (@) p,v)

55 (v, (p) Qw — n (@) Qp) .
If we use (17) in (43), we have

2-Ngmp)@w—n(@) pv)+52Snp)=—n(=) pv)
(44)

=Fw, (2n—X)g(n(p)w —n(w@)p,v).
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If we use (17) in (44), we have

)\2
(45) S =200 n)+ (20— N) Fry | 9 (1 (p) @ — 0 () py0) = 0.
This completes the proof. O

We can give the sub-results obtained from this theorem as follows.

COROLLARY 3.5. Let M?"*! be para-Sasakian manifold and (g,&, M\, 1) be al-
most n— Ricci soliton on M1, M?" L s not admits a Wao— Ricci semisymmetric.

For an (2n 4+ 1) —dimensional semi-Riemann manifold M, the W3—curvature
tensor is defined as
1
(46) W (@,p)7=R(w,p)7— - [S(@,7) p—g(p,7) Qu].
For an (2n 4 1) —dimensional para-Sasakian manifold, if we choose 7 = £ in (46),
we have
1

(47) Wa (@, p) & = 20 (@) p =1 (p) @ + 51 (p) Q.
Furthermore, we take the inner product of both sides of (46) by £, we get
n(Ws(@,p)7) =g (p)w—2n(@)p,7)
(48)
—578 (@, 7)1 (p).
DEFINITION 3.4. Let M?"*! be an (2n + 1) —dimensional para-Sasakian man-

ifold. If W3- S and @ (g,.S) are linearly dependent, then the manifold is said to be
W3—Ricci pseudosymmetric.

In this case, there exists a function Fyy, on M?"*1 such that
Wy -5 = Fw,Q(9,5) -

In particular, if Fy, = 0, M?"1 is said to be W3—Ricci semi-symmetric.
Now, taking into account that M is a W3—Ricci pseudosymmetry case of the
(2n + 1) —dimensional para-Sasakian manifold.

THEOREM 3.4. Let M?" ! be para-Sasakian manifold and (g,&, \, i) be almost
n— Ricci soliton on M1, If M?"+1 is a W3— Ricci pseudosymmetric, then M*"+1
1s either expanding or Fy, = —2.

PROOF. We suppose that para-Sasakian manifold M?"*+! is a W5—Ricci pseu-
dosymmetric and (g, &, A, 1) is almost n—Ricci soliton on para-Sasakian manifold.
Then we have

(W3 (w7p) : S) (U7 Q) = FW';Q (gvs) (U7 vavp) )

for all w, p,v, 0 € T (T'M). From the last equation, we can easily write
S (W3 (’ZU, P) v, Q) + S (U7 W3 (wa p) Q)

(49)
= Fw, {S((@Agp)v,0) + S (v, (@ Ng p) 0)} -
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If we choose ¢ = £ in (49), we get
S (W3 (W,P) ’Uag) + S (Uv W3 (W,P) g)

(50) = Fw, {S (g (p,v) @ — g (@,v) p,§)

+5 (v (p)w—n(=)p)}-
If we (11) and (47) are put in (50), we have

Fyy {=2ng (n (@) p—n(p)w,v) + 5 (v,n(p)w—n(=)p)}
(51) = —2nn (W3 (@, p)v) + S (v, 2n (@) p—n(p) @

+5,7 (p) Q) -
If we use (48) in (51), we get

52 ang (p,v)n (@) — 2ng (w,v) 1 (p) + S (v, 2n (@) p + 521 (p) Qw)
52

= Fw; {=2ng (n (@) p —n(p) @,v) + 5 (v,n(p) @ = n (@) p)} .
Substituting (17) into (52), we have

[(2n = A) (Fw, +2)] g (p,v) 1 (@)

(54) + (3 - @n =) Fw, — 20 g (@,0) 0 (p)

@RI Y () gy (p) 1 (v) = 0.

If we choose w = ¢ in (54), we obtain

[(2n = A) (Fw, +2)] g (p,v)
(55)

—[@n =) (Fw; +2)]n (p) 1 (v) = 0.

From (55), one can easily to see

—(2n = A) (Fw, +2) g (¢p, ¢v) = 0.

This completes the proof.

O

COROLLARY 3.6. Let M?"*! be para-Sasakian manifold and (g,&, \, i) be al-
most n— Ricci soliton on M?" 1. If M?"+! s a W3—Ricci semisymmetric, then

M?"+L s an expanding.

For an (2n 4+ 1) —dimensional M semi-Riemann manifold, the Wy—curvature

tensor is defined as

(56)  Wil@p)7 = R@p) 7+ 519 (,7) Qo — 9 () Q7]
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For an (2n + 1) —dimensional para-Sasakian manifold, if we choose 7 = £ in (56),
we can write

GT) Wi n)E=ln(@)p— ()] + 50 (@) Qo+ (@ p)&

and similarly if we take the inner product of both sides of (56) by &, we get
n(Wi(w,p)7) =—gn(1T)w+n(@)T,p)
(58)
+g (@, 7)n(p) = 5,5 (p,7) n (@) -
DEFINITION 3.5. Let M?"*! be an (2n + 1) —dimensional para-Sasakian man-

ifold. If Wy - S and Q (g, S) are linearly dependent, then the manifold M?"T! is
said to be W4—Ricci pseudosymmetric.

In this case, there exists a function Fyy, on M?"*! such that
Wy S = Fw,Q(g,5).

In particular, if Fy, = 0, the manifold M?"*! is said to be W;—Ricci semi-
symmetric.

Let us now investigate the Ws—Ricci pseudosymmetry case of the
(2n + 1) —dimensional para-Sasakian manifold.

THEOREM 3.5. Let M?" ! be para-Sasakian manifold and (g,&,\, 1) be almost
n— Ricci soliton on M?" 1. If M*"+L is a Wy— Ricci pseudosymmetric, then Fy, =
)‘;—3" provided \ # 2n.

PRrROOF. Let’s assume that para-Sasakian manifold be W —Ricci pseudosym-
metric and (g, &, A, 1) be almost n—Ricci soliton on para-Sasakian manifold. That’s
mean

(W4 (w’p) : S) (Ua Q) = FW4Q (97‘9) (Ua vaap) 3
for all w, p,v,0 € T'(T'M) . From the last equation, we can easily write

(59) S(Wy(w,p)v,0)+ S (v, Wy (w,p) o)
59

— Fu, {S (@ Ag 9)0,0) + 5 (v, (= Ag ) 0)}
If we choose o = ¢ in (59), we get

S (W4 (w,p) ’U,f) +8 (Uv Wy (w,p) 5)
(60) = Fw, {S (g (p,v) @ — g (w,v) p,§)

+5 (v,n(p)w —n (@) p)}-
If making use of (11) and (57) in (60), we have

Fy, {=2ng (n (@) p—n(p)w,v) + 5 (v,n(p)w—n(w)p)}
(61) = —=2nn (Wy (=, p)v) + S (v,g(w,p){+n (@) p

—n(p) @ + 51 (@) Qp) .
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By using (58) in (61), we get
Fy, {=2ng (n (@) p—n(p)w,v) + 5 (v,n(p)w—n(=)p)}

= 2ng (@, p) n (v) + 2ng (p,v)n (@) — 2ng (w,v)n (p)
(62)

+25 (p,v)n(w) + 5 (v, 9 (w,0) € =1 (p) @
+5,1 (@) Qp) -
If we use (17) in (62), we have
—(2n =) (1 + Fw,) g (@, v)n (p)

(63) H[E 20—+ @0 - Y A 9 (0, 0)n ()

+ A= @@ =0
If we choose w = & in (63), we can easily to see
[ +200- 0+ @03 Fw] g(o0)
(64)
~[E+20-N+@n =N Fw] (o) n @) =0,

which is equivalent to

/\2
(65) - |5 #2009 6p.00) =0
This completes the proof. O

COROLLARY 3.7. Let M?"*! be para-Sasakian manifold and (g,&, \, i) be al-
most n—Ricci soliton on M?"TL.If M?"*1 4s a W,—Ricci semisymmetric, then
M?"*L s an expanding.

For an (2n 4+ 1) —dimensional semi-Riemann manifold M, the Ws—curvature
tensor is given by

66)  W(@p)r=R(@0)m o [S(@7)p— g (w7) Q.

For an (2n + 1) —dimensional para-Sasakian manifold, if we choose 7 = ¢ in (66),
we can write

1
(67) Ws (@,p) € =2n(w) p —n(p)w + 51 (@) Qp,
and similarly if we take the inner product of both sides of (67) by &, we get

n(Ws (w,p) 1) = =29 (p,7)n (@) + g (=, 7)n(p)
(68)

—5=S(p,7)n ().
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DEFINITION 3.6. Let M?"*! be an (2n + 1) —dimensional para-Sasakian man-
ifold. If W5 - S and Q (g, S) are linearly dependent, then the manifold is said to be
Ws—Ricci pseudosymmetric.

In this case, there exists a function Fyy, on M?"*1 such that
W5'S:FW5Q(95S)'

In particular, if Fyy. = 0, the manifold M?"*! is said to be W5—Ricci semisym-
metric.

Let us now investigate the W5—Ricci pseudosymmetry case of the
(2n + 1) —dimensional para-Sasakian manifold.

THEOREM 3.6. Let M?" ! be para-Sasakian manifold and (g,&,\, 1) be almost
n— Ricci soliton on M*" 1 If M?" ! js a Ws— Ricci pseudosymmetric, then Fy, =
A4 provided A # 2n.

PROOF. Let’s assume that para-Sasakian manifold be W5—Ricci pseudosym-
metric and (g, &, A, u) be almost n—Ricci soliton on para-Sasakian manifold. That’s
mean

(W5 (w7p> : S) (U7 Q) = FW5Q (97 S) (Ua Q;W,,O) 3
for all @, p,v,0 € T' (T M) . From the last equation, we can easily write

) S (W5 (w,p)v,0) + S (v, W5 (=, p) 0)
69
= Fw, {S ((w Ng p)v,0)+ S (v,(w Ny p)o)}-

If we choose o = & in (69), we get
S (W4 (w,p) ’U,f) +S (U7 W4 (w,p) 5)

(70) = Fw, {S (9 (p,v) @ — g (w,v) p,§)

+5 (v,n(p)w —n (@) p)}-
If we make use of (11) and (67) in (70), we have

Fy, {=2ng (n (@) p—n(p) w,v) + 5 (v,n(p)w—n(w)p)}
(71) = —2n1n (Ws (@, p)v) + 5 (v, 2n (@) p — 1 (p) @

+5.1 (@) Qp) -
If we use (68) in (71), we get

dng (p,v) n (@) — 2ng (w,v)n (p) + S (p,v) N (@)
(72) +5 (v,2n (@) p—n (p) @ + 551 (w) Qp)

= Fw, {—2ng (n (@) p —n(p) w,v) + S (v,n(p) @ —n(w)p)}.
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If we use (17) in the (72), we have

[% +4n —3X+ (2n — A) FWJ g (p,v)n (=)
(73) + (A= 20) (14 Fi,) g (=, 0) 1 (0)

+ [z 2n =) = (2n =N n(@)n(p)n(v) =0
If we putting w = £ in (73), we can write
(32 + 40— 30+ (20— \) Fwv, | g ()

(74)
- {§+4n—3)\+(2n—/\)FW5} n(p)n(v)=0.

It is clear from (74) that

/\2
- {Qn +4n —3X+ (2n — A) FWS} g (¢p, pv) = 0.
This completes the proof. O

COROLLARY 3.8. Let M?"*! be para-Sasakian manifold and (g,&,\, 1) be al-
most n—Ricci soliton on M?"T1. If M2 is o Ws—Ricci semisymmetric, then
M2+ s an expanding.

EXAMPLE 3.1. Let’s take the M = R® manifold and assume that this manifold
is given in standard Cartesian coordinates w, p, 7. We choose the vector fields

e —ewge =e” 9.9 e __9
1= ap7 2 = 8,0 or |’ 3 = O’

which are linearly independent at each point of M. Let g be the Riemannian metric
defined by

g (e ¢j) = dij.
Let n be the 1—form defined by
g(re3) =n(r),
for any vector field 7 on M. We define the (1,1)-type tensor field ¢ as
¢ (e1) = e1, ¢ (e2) = ez and ¢ (e3) = 0.

Thus, £ = e3, (¢,£,n,g) defines an almost paracontact structure on the manifold
M. Let V be the Levi-Civita connection with respect to g. Then we have

[e1,e2] = 0, [e1, e3] = ey, [e2, €3] = ea.
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If we use Koszul’s formula, we have

veleZ = 07 vel €3 = €1, Velel = —€3,
Ve, €3 = €2, Ve,e2 = —e3, Ve,e1 =0,
v63€3 = O, V6362 = 0, Vesel =0.

This shows us that the (¢,&,n,g) structure is a para-Sasakian structure on the
manifold M. and it is clear that M (4,&,n,g) is a 3—dimensional para-Sasakian
manifold (see [19]). By using above result, we can easily obtain the following:

R(e1,e2) e2 = —eq, R (e1,e3) e3 = —e, R(eq,e1) €1 = —eo,
R (e2,€3) €3 = —ea, R(es, e1) el = —es, R (e3,e2) e2 = —e3,
R(e1,e2)e3 =0, R (e, e2) e3 = ez, R (e3,e1)e2 =0.

Tracing the Riemann curvature tensor, the components of the Ricci tensor is given
by:

5(61761) = -2, 5(62762) =-2, S (es,e3) = =2,

5(61562) - Oa 5(61763) = 0) S(€2,€3) = O

That is
S(w@,p) = —29(w,p).
Thus we have
A=2.

This manifold in the example is always expanding. Furthermore, for the above
theorems, when it is a Wy —Ricci pseudosymmetric,

2
FW2 = _57

when it is a W —Ricci pseudosymmetric,
2
FW4 = _57

when it is a W5—Ricci pseudosymmetric,
5
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