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ABSTRACT. This paper introduces bipolar fuzzy implicative SBG-ideals in
the context of SBG-algebras, establishing that these ideals are also bipolar
fuzzy SBG-ideals. We explore their key properties under homomorphisms and
(v, B)-translations, and demonstrate how they are preserved through these op-
erations. The relationship between implicative SBG-ideals and their cuts is
examined, showing that nonempty cuts form implicative ideals. Additionally,
we investigate bipolar fuzzy sub-implicative SBG-ideals, particularly in medial
SBG-algebras, where these ideals act as both sub-implicative and implicative
ideals. We also define the concept of normality for bipolar-valued fuzzy SBG-
ideals, characterizing the conditions under which these ideals are normal, and
explore their maximality in partially ordered sets. This research sets the stage
for further studies on complex algebraic structures and computational appli-
cations in fields like artificial intelligence.

1. Introduction

In mathematical modeling, reducing complexity by minimizing the number of
axioms or operations plays a crucial role. Tarski [23] and Sheffer [22] exemplified
this by using minimal operations to define Abelian groups and Boolean functions,
respectively. Expanding on this approach, McCune et al. [10] axiomatized Boolean
algebras using only the Sheffer stroke.

Logical algebraic structures find broad applications in fields such as artificial
intelligence, computer science, quantum logics, and probability theory. Sheffer

2020 Mathematics Subject Classification. Primary 03G25; Secondary 03E72, 03B52.

Key words and phrases. Bipolar valued implicative SBG-ideals, normality bipolar fuzzy SBG-
ideals, bipolar fuzzy («, 8)-translations in SBG-algebras.

Communicated by Dusko Bogdanic.



2 ONER, SENTURK, RAJESH, AND GENC

stroke basic algebras, introduced by Oner and Senturk [15], offer a streamlined
version of basic algebras using a single operation, thereby providing computational
efficiency in technological applications. This concept was later extended to Sheffer
stroke BG-algebras in [17].

The development of algebraic structures progressed with Imai and Iséki’s intro-
duction of BCK- and BCl-algebras [2], followed by Neggers and Kim’s B-algebras
[14], and Kim and Kim’s generalization, BG-algebras [7].

Fuzzy set theory, introduced by Zadeh in 1965 [25], has undergone various
extensions, including intuitionistic, interval-valued, vague, and bipolar-valued fuzzy
sets. In particular, bipolar-valued fuzzy sets, introduced by Lee in 2000 [8], extend
traditional fuzzy sets by allowing a membership degree range of [-1, 1]. Subsequent
studies explored bipolar fuzzy structures in algebraic frameworks such as BCH-
algebras [4, 5], BCI-algebras [6,9], KU-algebras [11], and BG-algebras [20]. More
recent research has further expanded these ideas into bipolar fuzzy translations in
various algebraic structures [3,18,19].

Bipolar-valued fuzzy sets play a pivotal role in numerous applications, con-
tributing to the development of advanced algorithms for solving complex problems.
In the framework of BG-algebras, Ahn and Lee [1] examined fuzzy subalgebras,
while Muthuraj et al. [12,13] focused on fuzzy ideals and multi-fuzzy subalgebras.
Building on these studies, Oner, Senturk, and Rezaei explored bipolar-valued fuzzy
translations in Sheffer stroke MTL-algebras [16].

In this paper, we delve into the concepts of bipolar fuzzy implicative SBG-ideals
and normal bipolar-valued fuzzy SBG-ideals within the framework of SBG-algebras.
We begin by defining bipolar fuzzy implicative SBG-ideals, demonstrating that they
are preserved under homomorphisms and («, 8) - translations, and establishing that
every bipolar fuzzy implicative SBG-ideal is also a bipolar fuzzy SBG-ideal. We
further explore the relationship between these ideals and their cuts, showing that
nonempty cuts form implicative SBG-ideals. Additionally, we examine how bipolar
fuzzy sub-implicative SBG-ideals function in medial SBG-algebras and prove that
these implicative ideals are maintained under surjective homomorphisms. The sec-
ond part of the paper focuses on normal bipolar-valued fuzzy SBG-ideals, providing
a characterization of their normality through conditions on membership functions.
We also explore the relationship between normal and larger ideals using a novel
inclusion-based construction, and we conclude by proving maximality conditions,
describing the behavior of these ideals within a partially ordered set.

2. Preliminaries

During this section, we present the essential definitions, lemmas,theorem and
propositions related to Sheffer stroke BG-algebras, their corresponding ideals, sub-
algebras, bipolar fuzzy sets, bipolar fuzzy SBG-ideals. These foundational concepts
will be utilized throughout the paper.

DEFINITION 2.1. [22] Let G = (G, |) be a groupoid. The operation | is said to
be a Sheffer stroke operation if it satisfies the following conditions:

(S1) a|B = Bla
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(52) (a|a)|(alf) = o

(53) al((BINI(B7) = (alB)l(alB)]y

(54) (al((ale)|(B18))|(al((ala)[(518))) = a.

DEFINITION 2.2. [17] A Sheffer stroke BG-algebra (briefly, SBG-algebra) is a
structure (A, ) of type (2) where 0 is the fixed element in A, and the following
conditions are satisfied for all «, 8,7 € A:

(SBG — 1) (af(aa))|(al(ala)) =0,
(SBG —2) (0[(B8)I((B]8) (] (5]8)) = afa.

PROPOSITION 2.1. [17] Let (A, ) be an SBG-algebra. Then the binary relation
a < B if and only if (B|(a]a)|(B](a]a)) = 0 is a partial order on A.

DEFINITION 2.3. [17] A nonempty subset G of a Sheffer stroke BG-algebra H
is called an SBG-subalgebra of H if («|(8|8))|(a|(8]8)) € G for all o, 8 € G.

DEFINITION 2.4. [17] A nonempty subset G of a Sheffer stroke BG-algebra H
is called an SBG-ideal of H if for all «, 8 € G:
(1) 0 €@,
(2) (BIB)(al(B]B)) € Gand B G = a €.
LEMMA 2.1. [17] Let A be a Sheffer stroke BG-algebra. Then the following
properties hold for all ay,as, a3 € A:
(1) (0l0)[(az]on) = ay,

(2) (a1](0]0))[(a1](0]0)) = ax,

(3) (arl(az|az))|(au|(azlaz)) = (as|(az|az))|(as|(az|az)) implies ar = as,
(4) (0[(0[(a1|an))) = a1lan,

(5) If (ai|(az|az))|(a1|(az]az)) = 0, then an = as,

(6) If (O[(cu1|a1)) = (0|(az|az)), then an = a,

(7) (((a1](O[(a1|an))) (1] (Of(a1|ar))))[(aa]ar)) = ailas,

(8) (airl(a1|ar))l(ea|an) = as.

DEFINITION 2.5. [17] An SBG-algebra is called SBG-implicative if it satisfies
the condition:
zlz? = yly*
for all z,y € L.

DEFINITION 2.6. [17] An SBG-algebra L is called medial if it satisfies the
condition:
zlz? = yly
for all z,y € L.

DEFINITION 2.7. [26] Let X be a nonempty set. A bipolar fuzzy set B in X is
an object of the form

B={(& (&), fH(9) | £ e X},
where fT: X —[0,1] and f~ : X — [~1,0] are mappings.
The positive membership degree fT(£) denotes the satisfaction degree of an
element & to the property corresponding to a bipolar fuzzy set B, while the negative
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membership degree f~ (&) represents the satisfaction degree of an element & to some
implicit counter-property of B.

If f¥(¢) # 0 and f~(£) = 0, then £ has only positive satisfaction for B. If
FT(€) =0and f~(£) # 0, then & does not satisfy the property of B but somewhat
satisfies its counter-property.

It is also possible for an element ¢ to satisfy both f*(£) =0 and f~(£) = 0 if
the membership functions of the property and its counter-property overlap in some
portion of X.

For simplicity, we use the notation f = (fT, f7) to represent the bipolar fuzzy

set B ={(§ f7(£).f7(§) £ X}
LEMMA 2.2. [24] Let o, 3,7 € R. Then the following statements hold:

(1) o —min{B,v} = max{a — B, — v},
(2) o —max{8,7} = min{a — B,a —~}.

DEFINITION 2.8. [21] A bipolar-valued fuzzy set f = (L; f~, f*) in L is called
a bipolar-valued fuzzy SBG-subalgebra of £ = (L;|) if it satisfies the following
condition for all z,y € L:

f(xY|xY) <max{f~(z), f~
(2.1) (Va,y € L) ( f+gxy||xy; > min{{f"'((ﬂc)), f+((yy))}} ) '

THEOREM 2.1. [21] A bipolar-valued fuzzy set f = (L; f~, fT) in L is a bipolar-
valued fuzzy SBG-subalgebra of £ = (L;|) if and only if its negative s-cut and
positive t-cut are SBG-subalgebras of L = (L;|) whenever they are nonempty for
all (s,t) € [-1,0] x [0,1].

3. Structural analysis and preservation of bipolar fuzzy implicative
SBG-ideals

In this section, we introduced the concept of bipolar fuzzy implicative SBG-
ideals within the framework of SBG-algebras. We began by defining a bipolar fuzzy
implicative SBG-ideal and presented conditions involving both the negative and
positive components of bipolar fuzzy sets. Following this, we demonstrated that
every bipolar fuzzy implicative SBG-ideal is, in fact, a bipolar fuzzy SBG-ideal.
We explored several key propositions and theorems, proving that these implicative
ideals are preserved under certain conditions such as homomorphisms and (a, 3)-
translations. Additionally, we examined the relationship between these ideals and
cuts (negative s-cuts and positive t-cuts), establishing that if the cuts are nonempty,
they form implicative SBG-ideals. This section also provided a thorough discus-
sion of how bipolar fuzzy sub-implicative SBG-ideals relate to implicative ones,
emphasizing that in medial SBG-algebras, bipolar fuzzy implicative SBG-ideals
also function as bipolar fuzzy sub-implicative ideals. Finally, we proved that these
implicative ideals are maintained under surjective homomorphisms, further solidi-
fying the structure and behavior of bipolar fuzzy implicative SBG-ideals in various
algebraic settings.
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DEFINITION 3.1. A bipolar fuzzy set f = (L; f~, f1) on an SBG-algebra L is
called a bipolar fuzzy implicative SBG-ideal of L if, for all x,y € L,

(1) f7(0) < f7 (@) < max {f 7 ((((2ly")(x]y™) ) (((2]y™)|(2y™))), [~ ()},
(id) f7(0) = f* (@) = min { fF((((z]y")|(z[y")*)((@ly")(xly™)))), f7(2)} -

PROPOSITION 3.1. Each bipolar fuzzy implicative SBG-ideal of an SBG-algebra
L is a bipolar fuzzy SBG-ideal.

PRrROOF. Let f be a bipolar fuzzy implicative SBG-ideal of an SBG-algebra L.
Then, we have f~(0) < f~(z) and f7(0) > f*(z). Additionally, the following
holds:

(@) < max{f(y), f~(((x](z")) (2|(z)))¥]((z[(27) (x| (z7)))) }
= max{f(y), f~ ((«°[z°)Y|(2"]2°)")}
max{f~ (y), [~ (z¥]2")},

For the positive component:

fH@) = min{f* (), (2| (27) (2] (7)) (2] (7)) (x| (27)))¥)}
= min{f*(y), f7((2°")¥[(2"]2°)*)}
= min{f*(y), f*(2¥]a¥)}.
Thus, f is a bipolar fuzzy SBG-ideal of L. O

THEOREM 3.1. A bipolar-valued fuzzy set f = (L; f=, f%) on L is a bipolar-
valued fuzzy implicative SBG-ideal of L = (L;|) if and only if its negative s-cut and
positive t-cut are implicative SBG-ideals of L, provided they are nonempty for all
(s,t) € [-1,0] x [0,1].

PROOF. Assume that f = (L;f~, fT) is a bipolar-valued fuzzy implicative
SBG-ideal of £ = (L;|) and L(f~,s) # 0 # U(fT,t) for all (s,¢) € [-1,0] x [0, 1].
Let z,a € L be such that (z,a) € L(f~,s) x U(f*,t). Then f_(x) < s and
fT(a) > t, and therefore f~(0) < f~(z) < s and f¥(0) > f*(a) > t. Thus,
0€ L(f~,8) x U(f*,1).

Let z,y,2,a,b,c € L be such that

(((@ly) @y NIy 1(=]y™)) ), ((alb™)](alb*)) ) (((alb®)|(alb*)))EL(f~.8)xU(fT,1),
and (z,¢) € L(f~,s) x U(f*,t). Then, we attain

Sl ) ly®)(xly®)?) <s, f7(2) <5,
and
FH(alb®) [(alb®))((alp)|(alp))) = t,  fH(c) >t

Thus, we get

S (@) < max{f~ ((((z|y")[(z]y*))I((z]y®)[(=]y*))*), f~(2)} < s
and

f (@) = min{ f((((al")[(a]6*)*)[(((ald*)[(alb")))), [T (c)} = ¢,
so (x,a) € L(f~,s) x U(f*,t). Therefore, L(f~,s) and U(f*,t) are implicative
SBG- 1deals of L =(L;]).
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Conversely, let f = (L; f~, f*) be a bipolar-valued fuzzy set on L for which its
negative s-cut and positive t-cut are implicative SBG-ideals of £ whenever they are
nonempty for all (s,t) € [-1,0] x [0,1]. Suppose f~(0) > f~(a) for some a € L.
Then a € L(f~,f~(b)) but 0 ¢ L(f~, f(a)), a contradiction. Hence, f~(0) <
f~(z) for all z € L. Similarly, suppose f(0) < f*(z) for some z € L. Then
x e U(fT, fT(y) but 0 ¢ U(f*, fT(y)), a contradiction. Hence, f¥(0) > f*(a)
for all a € L.

Now, suppose

f~(a) > max{ £~ ((((a[b*)[(al6))[(((al6™)|(a]b*))%)), F~(c)}
FH@) <min{f T (((@ly") ™) DI(2ly)I(@ly™)*), f1(2)}

for some a,b,c,z,y,z € L. Then, we have

(((alb")[(a[6*))*)|(((alb?)[(alb?))),c € L(f™, )

(e ly™) Iy ) )I((ly™)(x]y™)?), 2 € U(FF, 1),
where
s = max{f ((((a[b")[(alb)))(((alb)[(alb*)))), £ (c)}
and

t = min{f " ((((zly™)|(2ly™))((ly) [ (ly™)), £ (2)}-

But a ¢ L(f~,s) or z ¢ U(f*,t), a contradiction. Therefore, we achieve

S (@) < max{f~ ((((zly”)[(z]y"))I(((z]y™)[(=]y*))?)), F~(2)}
and

fH (@) = min{ £ ((((2ly)[(ly)*)(((ly™)(z]y™)) ). £ (=)}
for all z,y,z € L. Consequently, f = (L; f~, fT) is a bipolar-valued fuzzy implica-
tive SBG-ideal of £ = (L;|). O

THEOREM 3.2. A bipolar-valued fuzzy set f = (L; f~, fT) on L is a bipolar-
valued fuzzy implicative SBG-ideal of L = (L;|) if and only if the fuzzy sets f
and f* are fuzzy implicative SBG-ideals of L, where o : L — [0,1] is defined by
fo(xz)=—f"(x) for allxz € L.

PROOF. Assume that f = (L;f~, f) is a bipolar-valued fuzzy implicative
SBG-ideal of £ = (L;|). It is clear that f is a fuzzy implicative SBG-ideal of L.
For every x,y € L, we have

fe0) = —f7(0)
> —f(z)
and
felz) = —f(z)
= —max{f~ ((((=ly")|(z[y®))*)(((z]y™)(z]y")*)), f~(2)}
= min{—f7((((2|y")[(z]y*))*)[(((z[y®)|(z]y"))?)), =~ (2)}
= min{fo ((((z[y")[(@|y")*)(((=|y*)[(z[y*))*)), fe (2)}-
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Hence, f is a fuzzy implicative SBG-ideal of £ = (L;|).
Conversely, let f = (L; f~, f*) be a bipolar-valued fuzzy set of £ for which f.
and f1 are fuzzy implicative SBG-ideals of £. Let x,y,z € L. Then, we get

—f=(0) = f(0)
> fo(z)
= _f_(x)a
and
f70) < f(z),
and also
—f (@) = fo(=)
> min{ fo ((((z]y®)[(2|y*)*)(((@]y*)(z|y®))?)), fo ()}
= min{—f~ ((((z[y*)[(2|y")))(((z]y*)(z|y*))?*)), = [~ (2)}
= —max{f™ ((((z[y*)[(=]y")*)|(((z[y*)[(2]y*))*)), f~ (=)}

Thus, we attain

f7(@) < max{f~ ((((|y")|(z]y")HI(((z]y™)[(=]y*))*)), £~ (2)}-
Hence, f = (L;f~, f") is a bipolar-valued fuzzy implicative SBG-ideal of £ =
(L3 ). O

THEOREM 3.3. Given a nonempty subset F of L, let fr = (L; fr, ff) be a

bipolar-valued fuzzy set on L, defined as follows:

s~ ifa €F,
t~  otherwise,

fr L —[-1,0], a»—>{

and
L
L S fo S F7
fr:L—=101], z— { tt  otherwise,

where s~ <t~ in [~1,0] and s* > t+ in [0,1]. Then fr = (L; fr, f3) is a bipolar-
valued fuzzy implicative SBG-ideal of L = (L;|) if and only if F is an implicative
SBG-ideal of L = (L;|).

PROOF. Suppose that fr = (L; fz, f#) is a bipolar-valued fuzzy implicative
SBG-ideal in £ = (L,|). Take z,y, z € L where z,y € F. Then, we have:

frO)<fp@) =5 f7(0)> fi(2) =",
which implies f (0) = s~ and f7#(0) = s*. Thus, 0 € F. Additionally, since
fr () <max{ f (((2ly )@ ly")I(@y") | (@ly*)*), fr )} =57,
and
(@) = min{ £ (((@ly)| ™) ((@ly)I(ly™)*), f2 @)} = T

it follows that f(z) = s~ and fj(z) = s*. Hence, z € F. This demonstrates
that F is an implicative SBG-ideal in £ = (L;|).



8 ONER, SENTURK, RAJESH, AND GENC

Now, assume that F' is an implicative SBG-ideal in £. For any z,y € L, if
x € F, then 0 € F. Consequently:

fr0)=s7, fr(@)=s" and fr(0)=s", fi(z)=s"
If 0 ¢ F, we instead have:
fr0) =t= > fr(z), fr(0)=t"<fil(x)
Consider z,y, z € L where:
((Cly)ly™))I((=]y™)[(x]y")7) € F.

Since z € F, we get:

fr (@) =57 = max{f ((((|y")|(@|y"))(((zly")(z]y*))*), fr (2)}
and

fi (@) = s = min{f ((2|y")|(zy") )]y (2]y")))). fr (2)}-
If instead

((ly) (") )(((2ly)|(x]y))?) ¢ F or z & F,

then we obtain

fr (@) <t = max{fp (((=]y")|(ly"))I(((z]y*)[(z]y"))?)), fr (2)}
and

fr (@) = 7 = min{ £ ((((2]y™)|(y" )]y (2ly™))?)), i (2)}-
Thus, fr = (L; fz, ff) is a bipolar-valued fuzzy implicative SBG-ideal of £ =
(L; ). O

PROPOSITION 3.2. If fi = {(fi",f7) : i € A} is a family of bipolar fuzzy

implicative SBG-ideals of an SBG-algebra H, then /\ fi is also a bipolar fuzzy
implicative SBG-ideal of H. es

PrOOF. Let fi = {(f;", f) : i € A} be a family of bipolar fuzzy implicative
SBG-ideals of the SBG-algebra H.
For any z,y € H, we have:

(N FOO) = L0} > {7 @)} = (A F)),
€A ieA
and
(ié\A f)(0) = sup{£7(0)} < sup{f;” ()} = (ié\A f7)(@).
Then, for all z,y € H:
(A F)E) = nf(f @)
> iigg{min(ff((((l’ly”)|($|yz))z)I(((fEIy”)|(ﬂf|yz))z)),ff(Z))}
= min {int £ (Gl Gl (Cely el ) ) nf )

= min< (A £)((@ly)Ily"NHI(=ly™)(ly™)), (A ff)(Z)}
[ASVAN 1EA



BIPOLAR FUZZY IMPLICATIVE SBG-IDEALS AND THEIR NORMALITY 9

Similarly, we get

(A D)@
IEA

félg{f{(w)}

Sup {max (f; ((((ly™)1(@ly))I(((ly™)(=ly™))*)), fi (2)) }

max {fgf{((((wlyx)I(w\ym))z)I(((wly””)l(w\y’”))z)),fggf[(Z)}

= maX{(./\ SOy 1@y ) )]y ™) =ly)) 7)), (A f[)(Z)}~
i€EA 1€EA

Thus, A f: is a bipolar fuzzy implicative SBG-ideal of the SBG-algebra H. O
ieA

N

DEFINITION 3.2. A bipolar fuzzy subset f = (L; f~, f7) of an SBG-algebra L
is called a bipolar fuzzy sub-implicative SBG-ideal of L if the following conditions
hold for all z,y, z € L:

(i) f~ ( ) < f(2),
(1) f1(0) = f*(2),
(@11) [~ ((yly*)|(yly®)) < max {f~ ((((z|y")[(@|y*))((z]y*)|(z]y*))*)), f~(2)},
(1) f((yly)|(yly®)) = min {f*((((z]y)[(z]y")*)(((=ly®)[(z[y")%)), fF(2)}

PROPOSITION 3.3. Let L be an SBG-algebra. Every bipolar fuzzy subimplicative
SBG-ideal of L is also a bipolar fuzzy SBG-ideal of L.

PRrROOF. Let f = (L; f~, fT) be a bipolar fuzzy sub-implicative SBG-ideal of
L. We know that f~(0) < f~(z) and f*(0) > f*(z). Now, for any z,z € L, we
have

fo(@) = f(@°2%) = £ ((x|2™)|(z] (7).
Thus, we get
f(@) < max {f7(((2]a”)|(z](2")))*|((2]2™)|(2](2)))7), f~(2) } -
= max {f((«°[«°)*[(a"]2°)%), F~(2)}
This simplifies to:
f7 (@) S max { f~(a%[2%), f~(2) } -
Similarly, for the positive part, we obtain the follows:
fHa) = fH(@"2%) = fH((a]a®)|(z]2")).
Then, we have:
f@) = min {f7(((2]a")|(2](2)))]((z]a”)|(z](z7)))), f7(2)},
= min {f*((2°]2°)7|(2°|2°)%), f* (2)}
which reduces to
(@) = min { f*(a%]2%), f7(2)} -
Thus, f = (L; f~, f) satisfies the conditions of a bipolar fuzzy SBG-ideal of L. [
THEOREM 3.4. Let f = (L; f~, fT) be a bipolar fuzzy SBG-ideal of an SBG-

algebra L. Then f = (L; f~, f*) is a bipolar fuzzy sub-implicative SBG-ideal of L
if and only if the following conditions hold:
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(@) f~(Wly")Iyly®)) < £~ (z]2z?)](z]2Y)),

(i) S*(yly™)Iwly™)) = f+ (@l (@]a?)).

PrOOF. Let f = (L; f~, fT) be a bipolar fuzzy sub-implicative SBG-ideal of
L. First, we have:

=l (ly™)) max { £~ (((z]2")|(z|
= max {f " (((z|z")|(=]
= 7 ((=[zY)[(z]z")).
Similarly, for the positive component, we attain:
Fryly)ly™) < min {f7(((2]2")|(2]2))°|((z]2?)|(z]2*))°), f7(0) }
= min {f7(((z[a¥)[(2|2"))]((z|2")|(z]¥))), /7 (0) }
FH (]2 (z]2?)) -

Now, conversely, since f is a bipolar fuzzy SBG-ideal, we have f~(0) < f~ (z)
and f(0) > f*(x). Therefore, we get

N I((@la¥)|(x]2))), £~ (0)}
DI((zl=)|(x]2))), £~ (0) }

N

xY
xY

F(ly)Iwly™) < f (@fa?)|(zl2?))
< max {7 ((((ly")[@ly"))I((2ly)|(=]y™)) ), £~ (2)}

and also

FAly)ly™) = ((@la?)|(zl2))

> min {fF((((z]y™)|(@ly™))I((ly™)(@ly™)*), F (=)}
Thus, f satisfies the conditions of a bipolar fuzzy sub-implicative SBG-ideal of
L. O

THEOREM 3.5. Let L be an implicative SBG-algebra. Then every fuzzy SBG-
ideal of L is also a bipolar fuzzy sub-implicative SBG-ideal of L.

PROOF. Let f be a bipolar fuzzy SBG-ideal of L. We know that f~(0) < f~ (z)
and f(0) > f*(z). Now consider:
ST (@I @IE2)) < max{ £~ ((ly™)ly™ )1 (ly™)ly™)*).f~ ()}
= max{f" (((=ly")(@ly"N)I((@]y)|(z]y™))*)).f~ (2) }-
Similarly, for the positive part:
Il y(]) = min{ £ ((ly™)@ly™)1(lyD) Iy ()}
= min{ST(((@ly")|(ly"N )=y (ly)?).f T (=)}
Thus, f satisfies the conditions for being a bipolar fuzzy sub-implicative SBG-ideal
of L. O
LEMMA 3.1. In an SBG-algebra L, the following property holds for all x,y € L:

((zfa?)|(z]a))ly" = w2



BIPOLAR FUZZY IMPLICATIVE SBG-IDEALS AND THEIR NORMALITY 11
THEOREM 3.6. In a medial SBG-algebra L, every bipolar fuzzy SBG-ideal is
also a bipolar fuzzy sub-implicative SBG-ideal.

PRrROOF. Let f = (L; f~, fT) be a bipolar fuzzy SBG-ideal in a medial SBG-
algebra L. Since f is a bipolar fuzzy SBG-ideal, we have:

FTO)< (@), fH0) = fH(a).

Then, we obtain the following inequalities:

T (Wly)lyly™) = f (=)
< max{f (2%2%), f(2)}
= max { /7 (((yly)ly" ) 1(((ly™)(wly™)*), f~(2)}
= max{f~ (((((z|2*)[(z]z")[y")(((=|2¥)|(z|2*))|y"))*
|((((]2”)[(@]22) [y ) (]2 [(z]2)[y")7), £~ (2)}
= max { fT((((2|y")[(zy™) )N ((z]y™)|(z]y*)?), FT (=)}
and
A @ly)lwly®) = ()
> min{f* (2%z%), fT(2)}
= min {f* (((yly” )I(yly NI ((ly)Iwly™))  f(2)}
= min{f*(((((z]2?)|(z|z*) [y (((z|z¥)](=]2Y))[y"))*
(|2 ||z ) [y I(((]a) [ (z]2)[y®))?), f7(2)}

min { £ ((((2]y™)|(z]y)*)(((z]y) (2ly™)). [ (2)} -
Hence, f satisfies the conditions of a bipolar fuzzy sub-implicative SBG-ideal of

L. (]

THEOREM 3.7. Let L be an SBG-algebra that satisfies the following condition
forall z,y,z € L:

= Wrly?) < (((@fa?) | (2] () 7| (el (2] (2)))7)
Fr@ly) = £ ((@la?) @] @) (@la?)| (2] (2¥)))?) -

Then every bipolar fuzzy SBG-ideal of L is also a bipolar fuzzy sub-implicative
SBG-ideal of L.

PRrOOF. We obtain the following inequalities:

= ((wly™)Iyly™)) J7 (Gl | (2|22) [y") [ (((2]22) [ (2]2¥))[y™))
[~ ((]a?)|(2]2)) -

N

and

FHlyIwly™) = 7 (@) @]a?) [y I((]a?)](2]2))1y"))
= 7 ((=[z")[(z]z")).

Therefore, f satisfies the conditions to be a bipolar fuzzy sub-implicative SBG-ideal

of L. O
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THEOREM 3.8. Fvery medial SBG-algebra is an implicative SBG-algebra.

THEOREM 3.9. Let f be a bipolar fuzzy SBG-ideal of an SBG-algebra L. Then
f is a bipolar fuzzy implicative SBG-ideal of L if and only if it satisfies the following
condition for all x,y € L:

F @) < S (),
(31 {f+<x> > FH((ely®) ().
Yy

PROOF. Let f be a bipolar fuzzy implicative SBG-ideal of L. Then, we get the
following inequalities:

f(@) < max{f=(0), f~(((z|=¥)|(x]z¥))°|((x]z¥)|(x|z¥))")}
= max{f7(0), [~ ((z]y")|(z[y"))}
= [ ((2ly")I(z]y")),
and
fH@) = min{f*(0), fH(((z|lz?)|(x]2¥))°|((x]2¥)[(x]2¥))°)}
= min{f*(0), f*((=|y")|(z]y"))}
= fT((=@ly)|(zly)),

for all z,y € L.

Conversely, let f be a bipolar fuzzy SBG-ideal of L satisfying the inequalities
n (3.1). Then it is clear that f~(0) < f~(z) and f(0) > f*(x) for all x € L.
Since, the following inequalities

f7@) < f((=ly®)|(z]y®))
< max{f 7 (((z[y®)[(z[y®)*[((z]y®)[(z]y®))?), [~ (2)},
and
@) = =y (@ly®)
> min{f*(((=y®)|(2ly")*[((=]y®)|(x]y))?), f7(2)},

are verified for all z,y, z € L, we have f is a bipolar fuzzy implicative SBG-ideal of
L. O

THEOREM 3.10. Let L be a medial SBG-algebra. If the following inequalities
(3.2 {f-«my)(my)) < £~ ((aly®)(aly™)
fH(@lav)|(@la?) = fH(ly®)l(@]y®))

are satisfying for each x,y € L, then every bipolar fuzzy sub-implicative SBG-ideal
of L is a bipolar fuzzy implicative ideal of L.

PROOF. Let f be a bipolar fuzzy sub-implicative SBG-ideal of a medial SBG-
algebra L satisfying the inequalities in (3.2). Then we obtain the following cases:

f(z) F=(Wly)(ly*®))

< max{f~ (((z]2)|(z]2))° I((xlxy)l(ff\xy))o),f*(O)}
= max{f ((z[?)|(z[z¥)), f~(0)}

= [ ((x]2?)|(z]2"))

< () Ily®),
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and
fH@) = A (yly")lyly*®))
> min{f*(((z]z¥)|(z]z¥))° I(wlxy)l(wlwy))o),fﬂo)}
= mm{f*((xlxy)l(x\ Y)), f(0)}
= fT((z]zY)|(z]2Y))
> fH((ly®)|(zly®)).

As a result, we conclude that f is a bipolar fuzzy implicative SBG-ideal of L. O

THEOREM 3.11. In an implicative SBG-algebra L, every bipolar fuzzy implica-
tive SBG-ideal is also a bipolar fuzzy sub-implicative SBG-ideal of L.

PROOF. Let f be a bipolar fuzzy implicative SBG-ideal in an implicative SBG-
algebra L. Since f is also a bipolar fuzzy SBG-ideal, it follows that f~(0) < f~ ()
and fT(0) > f*(x) for all z € L. Now, consider:

S (ly)Iwly) = F (@la?)|(z]z?))
< max{f~(((z]a?)[(x]2?))*|((z|z¥)[(z]2*))7), f~(0)}
Similarly, for the positive component:
FrHwlyDlyly™) = fH(la?)|(z]?))
= min{ [~ (((z|z")|(z|z¥))*|((x]2)[(x]2))7), f~(0)}
Thus, f satisfies the conditions for being a bipolar fuzzy sub-implicative SBG-ideal
of L. O

COROLLARY 3.1. In a medial SBG-algebra L, every bipolar fuzzy implicative
SBG-ideal is also a bipolar fuzzy sub-implicative SBG-ideal.

DEFINITION 3.3. A bipolar fuzzy SBG-ideal f = (L; f*, f~) of an SBG-algebra
L is called bipolar fuzzy closed if, for every x € L, the following conditions hold:

F77107) < f (@), fH(07]07) = £ (2).

DEFINITION 3.4. Let f = (L; f*, f7) be a bipolar fuzzy SBG-ideal of an SBG-
algebra L. The ideal f is called a bipolar fuzzy completely closed SBG-ideal of L
if, for all ,y € L, the following conditions hold:

[ (@Y]a) < max{f~(2), " (y)}
and
fH(@¥|2Y) = min{f* (), f(y)}-
THEOREM 3.12. Let L be a SBG-algebra. If the following equality
(3.3) (((@¥]2¥)]2%)[((«]2¥)|27))[2¥ = 0[]0

is satisfied for each x,y,z € L, then L is implicative if and only if every bipolar
fuzzy closed SBG-ideal of L is a bipolar fuzzy implicative SBG-ideal of L.
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PROOF. Let L be an SBG-algebra that satisfies the equality in (3.3). Assume
L is implicative and f is a bipolar fuzzy closed SBG-ideal of L. Since f is a bipolar
fuzzy SBG-ideal of L, it follows that f~(0) < f~(z) and f*(0) > f*(z) for all
x € L. Additionally, we have:

(@) < max{f7(2), f7(z7]a7)}
= max{f"(2), /7 ((((z|z)"](z]x)]y))")}
= max{f"(2), f~ (((z]y")|(z[y"))*)}-

Similarly, for the positive component:
ff@) = min{f*(2), fF(a*|2%)}
min{ f* (2), f* ((((z]2)"(2]2)|y))*)}
= min{f*(2), /" (((zly")|(z|y"))*)}.
This shows that f is a bipolar fuzzy implicative SBG-ideal of L.

Conversely, assume that every bipolar fuzzy closed SBG-ideal of L is also a
bipolar fuzzy implicative SBG-ideal. From the equality in (3.3), we have 2¥ =
x*|(a¥]zY). Since 2¥ = z*|(x¥|zY) = ((x]|z?)|(z|x*))¥ from conditions Definition
2.1 (S1) and (S3), we use Definition 2.1 (52) and Lemma 2.1 (3) to obtain z =
(x|z*)|(z|x*). Hence, from Definition 2.1 (S1)—(53) and Lemma 2.1 (8), we derive:

zlz¥ = ((yly)Iyly"DI(yly™)I(yly™))?
= ((yly")Ily*))ly?
= (W1 ly))ly*
= yly",
for all x,y € L. This confirms that L is implicative. O

PROPOSITION 3.4. Let L be an implicative SBG-algebra that satisfies the equal-
ity in (3.8). Then every bipolar fuzzy completely closed SBG-ideal of L is also a
bipolar fuzzy implicative SBG-ideal of L.

PROOF. Let f be a bipolar fuzzy completely closed SBG-ideal of an implicative
SBG-algebra L. Since f is a bipolar fuzzy SBG-ideal of L, we have the following:

f7(0710%) < max{f~(0), f~(y)} = f~ (),
and
F(0%]0Y) = min{ f7(0), f"(y)} = fF(»).
This shows that f satisfies the conditions for being a bipolar fuzzy closed SBG-ideal

of L. Therefore, by definition, f is also a bipolar fuzzy implicative SBG-ideal of
L. O

COROLLARY 3.2. Let L be a medial SBG-algebra that satisfies the equality in
(3.3). Then every bipolar fuzzy completely closed SBG-ideal of L is also a bipolar
fuzzy implicative SBG-ideal.

DEFINITION 3.5. A bipolar fuzzy set f in an SBG-algebra L is called a bipolar
fuzzy p-ideal of L if it satisfies the following conditions for all x,y,z € L:
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(i) f7(0) < f~ (),
(i) f(0) = f* (=),
(#id) [~ () <max{f~ (((«*|27)[y")[((«*|27)]y7)), [~ (y)},

(iv) () = min{f* (((2%]27)[y)[(@*]2*)|y*)) , [ ()}
DEFINITION 3.6. Let L be a SBG-algebra. Then the set
AT ={zx € A:0%|0" = 0}
is called the BCA-part of L.

THEOREM 3.13. Let A = AT be an SBG-algebra. Then every bipolar fuzzy
p-ideal of L is also a bipolar fuzzy implicative SBG-ideal of L.

PROOF. Let f be a bipolar fuzzy p-ideal of L. We can derive the following for
the negative component:

(@) < max{f™ (((((z]y")[(=]y"))|(0]y")
= max{f~ ((((zly™)|(=[y"))(((=]
max{ f~((z|y*)|(z]y")), f~(0)}
o (@ly)I(=ly™)),
Similarly, for the positive component:
fr) = max{ ()| @y NIy NI(ly™)(ly™)I(0]y®))), £7(0)}
= min{ /" ((((z[y")(2]y") ) (((=ly)(z]y™)°), FT(0)}
= min{f*((z[y")[(z]y")), F7(0)}
= [T ((ly)zly®)),
Thus, f satisfies the conditions to be a bipolar fuzzy implicative SBG-ideal of L. [
THEOREM 3.14. Let f = (A; f~, f1) be a bipolar fuzzy implicative SBG-ideal

in A. Then, for all (a,8) € [£,0] x [0,F], the bipolar fuzzy (a, B)-translation
f(TCf 5 = (A;f(; Tz),f(‘g Tz)) of [ is also a bipolar fuzzy implicative SBG-ideal of A.

((ly™)I(ly™)IOy"))), £~ (0)}

(Oly™))
[((ly™)I(ly™)®)), £~ (0)}

PROOF. Assume that f = (A4; f~, fT) is a bipolar fuzzy implicative SBG-ideal
of A. For any (a, 8) € [%,0] x [0, F] and for all x € A, we have:
7)< f(x), fH(0) > f(a).
Therefore, we can deduce:
f(?LTQ)(O) = fi(o) —a < fi(x) —a= f(;7T2)(z)7
and similarly for the positive component:
F a0 = F50) = 8> FH (@) = B = [, 3 (@)

Moreover, let x,y,z € A. Since f is a bipolar fuzzy implicative SBG-ideal, we
have:
f7 () <max {f~ (((xly™)|(z]y")7) . f(2)},
and:

FH(@) = min {f* (((ly")(ly™)"), F(2)} -
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Thus, for the translated fuzzy set, we get:

)

Famy@ = f@-a
< max{ £~ ((((ely)|(2ly) ) (g (@ly)?), £~ ()} - a
= max{ 7~ ((ely®) [ (aly™)) [ (((aly®)] ly*)?)) — o~ (2) - )
= max{ ) ((ly?) @y ((ly™) [ ly)). Fa gy ()},

For the positive component:

Foa@ = fHa) -8
min{ f+((((aly”)| )(((aly®)l ly™)), £+(2)} -
wmin 7 ((((aly™) eyl (™)) — by (=) - B}
min{ £ 7 (@l =) A ), £ ()

| Hence, f(To’iB) = (4; f(a o) i (3.5 )) is a bipolar fuzzy implicative SBG-ideal Ef

v

THEOREM 3.15. If there exist (o, 8) € [%,0] X [0, F| such that the bipolar fuzzy
(a, B)-translation f(Toiﬁ) = (A§f(;,T2)vf(JB,T2)) of f=(A;f,f%) is a bipolar fuzzy
implicative SBG-ideal of A, then f = (A; f~, fT) itself is a bipolar fuzzy implicative
SBG-ideal of A.

PROOF. Assume that f(Tof g = (A; farms) f(; Tz)) is a bipolar fuzzy implicative
SBG-ideal of A for some («, 5) € [+, 0] x [0, F]. For all x € A, we know that:

€[+
ROy < f (@), fH0) = ().
Thus, we have:
FO0) = a=fim0) < fam (@) = F (@) —a,
and:
FHO0) = 8= £y0) (0) > fi o (@) = FH (@) — B

Now, let x,y,z € A. Since f(Ta2 8) is a bipolar fuzzy implicative SBG-ideal, we

have:
@ -a = fomn@
< max{f, o) ((((ly®)] ly)) (@l [ @ly™) ) F o ()}
= max{f~ ((((=|y*)(=|y*)))((z]y")|(x]y"))*)) — a, f~(y) — a}
= max{f" ((((|y")|(z]y"))I((z]y™)[(=]y*))*), f~ ()} — e,
For the positive component, we get:
@) =8 = L@
> min{fj 5, (((@ly")|(@ly") ) (((@ly)|@ly*)))s [ 1y (2)}
= min{f*(((( 1 @ly* )]y [(x]y”))?)) = ﬁ (=) -8}
= min{ /" ((((z]y")[([y")))I(((=y")I(2]y")*)), [T (2)} = B,

Therefore, we conclude:

F7 (@) < max {f~ (((2ly")I(=]y")") . F~(2)}
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and
fH@) = min {f* (((z]y)|(=y™)7) . fH(2)}-
Thus, f = (A; f~, f1) is a bipolar fuzzy implicative SBG-ideal of A. O

THEOREM 3.16. Let f = (A; f=, fT) be a bipolar fuzzy set in A. Then f =
(A; f=, f1) is a bipolar fuzzy implicative SBG-ideal of A if and only if, for all
(t,tT) € [-1,0] x [0,1], the sets Ny(f,t~) and Pr(f,t*) are implicative SBG-
ideals of A, provided that Ny (f,t™) and Pr(f,t") are nonempty.

PROOF. Assume that f = (A4; f—, f+) is a bipolar fuzzy implicative SBG-ideal
of A. Let (t7,t+) € [-1,0] x [0,1] be such that Ny (f,t7) and Pp(f,tT) are
nonempty. Let 2 € A be such that « € Ny(f,t7). Then f~(y) > ¢t~. Since
f=(4;f,fT) is a bipolar fuzzy implicative SBG-ideal of A, we have

f700) < f(2)
= 1-f*(0) <1- fH(2)
= fT0)=fT(z)>t".
Hence, we get 0 € Ny (f,t7). Let z,y,z € A be such that
((ly)ly))(((2ly")(z]y®))?), 2 € Nu(f,t7).

Then we attain f~((((z|ly")(z|y*))*)|(((x]y")|(x]y"))*)) = t~ and f~(2) = t~.
Since f = (A, f—, fT) is a bipolar fuzzy implicative SBG-ideal of A, we have
F (@) < max{F=((((zly")](zly"))((ly™)(|y™))*)), F~ ()},
= 1= f7(z) <max{l— f~((((=ly")(z]y"))(((z|y*)|(x]y*))*), 1 = f~(2)},
= 1—f"(2) <1—min{f" ((((|y")|(ly"))(((=]y")(@|y*))*), f~(2)},
= 7 (z) Z min{f™ ((((z]y")[(@|y"))((zly)(2ly*)?), [ (2)} =t~
Hence, x € Ny (f,t7). Therefore, Ny (f,t+) is an implicative SBG-ideal of A.
Let # € A be such that x € Pr(f,t%). Then f*(z) > ¢*. Since f = (A; f~, fT)
is a bipolar fuzzy implicative SBG-ideal of A, we have

fF0) = fr@) = 1-f50) =21~ f"(2)
= fHo)< ffx) <t .
Hence, we conclude that 0 € Pr(f,t7). Moreover, let x,y, z € A be such that
(((ly)ly™ )N (ly™) (2]y™))?), 2 € PLf, 7).
Then, we have f*((((z|y")|(=]y"))*)I(((z]y®)(z]y*))*)) > t* and f¥(2) > tT.
Since f = (A; f—, fT) is a bipolar fuzzy implicative SBG-ideal of A, we have

S (@) < max{f*((((z|y")[(@ly))I(((x]y")|(=|y*))?)), f+(2)}
= 11— fH(z) <max{l— fH((((ly")|(ly™)*)(((z]y™)(z]y")))). 1 = f7(2)}
= 1—f*(2) <1—min{f*((((z]y")|(z]y"))((2ly™)[(z]y™))*)), [ (2)}
= (@) = min{f*((((zly")](ly")))I((ly™)(]y™))*)), fF(2)} =t
Hence, x € Pr(f,t"). Therefore, Pr(f,t") is an implicative SBG-ideal of A.
Conversely, assume that for all (¢=,¢") € [—1,0]x[0, 1], Ny (f,t~) and Pr(f,tT)
are implicative SBG-ideals of A if Ny (f,t™) and Pp(f,t") are nonempty. Let
x € A. Then f~(z) € [-1,0]. Choose t~ = f~ (). Thus f~(0) > f~(x) =t so
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0 € Ny(f,t7) # 0. By assumption, we have Ny (f,t) is an implicative SBG-ideal
of Aand so 0 € Ny(f,t). Thus f~(0) >t~ = f~(z)andso f—(0) = —1—f~(0) <
—1— f~(x) = f~(x). Let 2,9,z € A. Then, we have

STy ")l ™))y ™) [(2]y™))7)), f~(2) € [-1,0].
Choose ¢~ = min{f~ ((((=[y")[(x[y"))*)(((z|ly*)|(z|y*))*)), f~(2)}. Thus, we get
S (@ y)(@ly™))I(((2ly)[(x]y*))*)) =t~ and f~(z) =2 7, so, we attain

(((ly ") @y DOI((@ly*)I(=y"))?), 2 € Nu(f,¢7) # 0.

By assumption, we have Ny (f,¢”) is an implicative SBG-ideal of A and so z €
Ny (f,t7). Thus, we get

f () =t = min{ f (((([y")[(x]y™) )l @ly®)?)), £~ (2)}-

By Lemma 2.2 1, we have

f(2) —1=f(x)

—1 = min{f~((((z|y")[(=[y")*)|(((z]y")|(z|y*))?), F~(2)}

max{—1 — f~((((2|y")[(x[y")))(((x]y)|(z[y")*), =1 = 7 (2)}

max{f = ((((z]y")|(zly*) ) ((ly")(2ly)?), F~(2)}-

Let x,y € A. Then f*(z) € [0,1]. Choose tT = f*(z). Thus fT(0) < f(x) =1tT,

sox € P(f,t") # 0. By assumption, we have Py (f,t") is an implicative SBG-ideal

of A and so 0 € PL(f,t%). Thus f7(0) > ¢+ = f*(x) and so f+(0) =1 — f+(0) >

1—f*(z) = f*(z). Let z,y,2 € A. Then f*((((z]y®)[(x|y™)*)|(((z[y™)|(z[y"))?)),

J*(2) € [0,1]. Choose £+ = max{/*((((z]y)|(ely™)) ) (((ly*) (zl5)*), ().

Thus £+((((ly®) (aly*) (@) (2ly®))) < ¢ and £+(2) < £, 50 we get
(@ly") =y NIy (@]y™))7), 2 € Po(ft7) # 0.

By assumption, Pr(f,t") is an implicative SBG-ideal of A and so = € Pr(f,tT).

Thus, we attain

Fr@) >t = max{f T (((2ly")|(ly™) )=y @ly)) ), £5(2)}

By Lemma 2.2 1, we have

([N

[H@) = 1-f*()
< 1 —max{ /T ((((x]y®)|(z]y*))*)[(((=]y®)|(=[y"))?)), f7(2)}
= min{1 — f*((((ly®)[(=[y"))(((z]y*)|(z|y*))?), 1 — fF(2)}
= min{f*((((z]y")|(z]y")))(((=[y™)[(z[y"))?)), f+(2)}-
Hence f = (A, f—, fT) is a bipolar fuzzy implicative SBG-ideal of A. O

THEOREM 3.17. Let (A;|4,04) and (B;|p,0p) be SBG-algebras, and let « :
A — B be a surjective homomorphism. Suppose f is a bipolar fuzzy set on B.
Then f is a bipolar fuzzy implicative SBG-ideal of B if and only if its preimage
fe, defined as f*(z¥) = f(a(z)*®) for all x,y € A, is a bipolar fuzzy implicative
SBG-ideal of A.
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PROOF. Let (A,|4,04) and (B,|p,0p5) be SBG-algebras, f : A — B be a
surjective homomorphism and f be a bipolar fuzzy implicative SBG-ideal of B.
Let 1, x9, 23 € A. Then, we have

f704) = [ (a(04)) < [ (a(z1)) = f7%(21),
and also

") = [ (al0))
maX{f (afz3)), [~ (()(a(xl)\Ba(wz)“(“))lB(a(w

N

Ba(xz)a(wl)))a(wg)

)l
3) }

|5((a(z1)|B (552)‘1< ) B(a(@1)|pa()* 1))
= max{f (a(z3)), f (a(((z1]|az5")|a(z1|az5" )" [a((z1]az5")a(z1]a25"))"?))}
= max{f “(z3), [T (((z1|az5")|a(z1]az3")) "2 |a((z1]a25")a(21]a25"))"?)}
and
fr0a) = fH((04)) = fF(a(z1)) = fT(21),
also
fr(@) = fH(a(z))
> min{f*(a(z3)), f* ((a(ml)|Ba($2)a(zl>)|B(Oé($1)|BO4(:C2)0‘(E1>))0‘(I3)
|5 ((a(z1)|pa(zs) ) )\B( (z1)|Ba(az)*(*1)))*(*3))}
min{f* (a(z3)), f T ((((@1]az3")|a(@1]az5")) "2 [a((21| a3 ) a(z1|az3"))™))}

min{ [ (a3), [ (21| a3 a(@1]a251)) ™ | a((@1]a25)|a (@1 ] a257)) ™)}

Hence f is a bipolar fuzzy implicative SBG-ideal of A.

Conversely, let f* be a bipolar fuzzy implicative SBG-ideal of A. Let y1,y2,y3 €
B such that a(x1) = y1, a(ze) = y2 and a(xs) = ys for x1, 29,23 € A. Then, we
have

f7(08) = f7(a(04)) < f7(04) = [~ (a(z1)) = [~ (1),

and
I~ (y) = [ (afz1))
= f%(x)
< max{f %(z3), [T (((z1]a25")|a(z1]az5" )2 [a((21]az5" )| a(w1|az3")) ™)}
= max{f (a(z3)), [ (a(((z1|az3")|a(z1]az3"))"*[a((z1]a25" )|a(21|a25"))"2))}
= max{f (a(zs)), f (a(((z1|az3")[a(z1|az3"))"?|a ((wllAwg )a(zi|azs'))™®))}
= max{f (a(ys)), f (((aly)paly2)*¥)|s(a(y)|pa(y)*¥1)))*¥s)

|5((a(y1)|paly2) ") s (a(yr) Baly2)* ) @)}
Moreover, we have

fH08) = f(e(04)) 2 fH(21) = fH(a(z1)) = [T (1),

and
) = (a( 1)) = [ (1)
> min{fT(z3), T (((w1]az5")|a(@1]a25")* | (1] a25") | a (21| 225" ))*2)}
= min{f"(a(zs)), fT(a(((z1]az5")|a(z1]az5"))*2 |a((z1]azs*)a(21|az5"))7?))}
= min{f"(a(zs)), fT(a(((z1]az3")|a(z1|az5"))? [a((1]az5" ) a(z1|az5")) ™))}
= min{fT(a(ys)), T (((a(y)|a(y2)*Y") s (aly)|po(yz)*¥D))*®s)
la((a(y1)|Baly2) )| s(aly)| aly:) @) @)}

Hence f is a bipolar fuzzy implicative SBG-ideal of B. ]
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4. Normality of bipolar-valued fuzzy SBG-ideals

In this section, we defined the concept of normality for bipolar-valued fuzzy
SBG-ideals in SBG-algebras. Specifically, we introduced the definition of a nor-
mal bipolar-valued fuzzy SBG-ideal and provided several theorems to characterize
the conditions under which a bipolar-valued fuzzy SBG-ideal can be considered
normal. The theorems established the equivalence between the normality of these
ideals and specific conditions on their membership functions. Additionally, we ex-
plored the relationship between normal bipolar-valued fuzzy SBG-ideals and their
larger counterparts, using a novel construction that relates bipolar-valued fuzzy
sets via inclusion. Finally, we concluded by proving the maximality conditions for
normal bipolar-valued fuzzy SBG-ideals, describing how such ideals behave within
a partially ordered set.

DEFINITION 4.1. A bipolar-valued fuzzy SBG-ideal f = (L; f*,f”) of the
SBG-algebra £ = (L;|) is called normal if there exist elements a,z € L such that
f~(a) =—1and f(x) = 1.

THEOREM 4.1. A bipolar fuzzy SBG-ideal f = (L; f*, f~) of the SBG-algebra
L = (L;|) is normal if and only if f~(0) = —1 and f+(0) = 1.

PROOF. Assume that f = (L, fT, f7) is a normal bipolar-valued fuzzy SBG-
ideal of £ = (L,]|). By definition, there exist elements a,z € L such that f~(a) =
—1and f*(z) =1. Since f~(0) < f~(a) = —1 and fT(0) > f*(z) =1, it follows
that f~(0) = —1 and f*(0) = 1. The converse is straightforward and evident. [

Given two bipolar-valued fuzzy sets f = (L; f*,f7) and g = (L;9g7,¢7) in L,
the inclusion relation € between them is defined as follows:

fege (Veel)(f () > g (x) and f*(z) < g* ().
In this case, we say that g = (L; g™, g7) is larger than f = (L; f, f7).

THEOREM 4.2. Let f = (L; f+, f7) be a bipolar-valued fuzzy set in L. Define

the bipolar-valued fuzzy set fo = (L; f, f7) in L by

fila)=f"(a)=1=f7(0) and fl(z)=f"(x)+1-f"(0)
for all (a,z) € L x L. Then, f = (L; f*, f~) is a bipolar-valued fuzzy SBG-ideal
of the algebra £ = (L;|) if and only if f« = (L; f7, fF) is a bipolar-valued fuzzy
SBG-ideal of L = (L;|). Furthermore, f. = (L; f, f¥) is normal and larger than
f=@f* ).

PROOF. Assume that f = (L, f*, f7) is a bipolar-valued fuzzy SBG-ideal of
L =(L,|). Let x,y € L such that x < y. We can express f, (z) as f~(x)—1—f7(0),
which implies that

fo(@) = f7(0) =1 —=f7(0) = £(0),
and similarly, f(z) = f+() + 1 - £+(0) < f+(0) + 1 — F+(0) = £:+(0).
For any x,y € L, we have:

fio(@) =7 (2) =1 = f(0) S max{f~ (z|2"), f~(y)} = 1= f(0),
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which simplifies to:

fo (@) S max{f~ (a¥|z¥) 1= f7(0), /7 (y) =1=f7(0)} = max{f_ (z¥|z"), i (v)}-

Similarly, we have:

FE@) =T (@) + 1= f7(0) > min{f*(2¥]2¥), f*(y)} + 1 - [7(0),

which simplifies to:

FE (@) 2 min{f*(@¥]2¥) + 1= F7(0), f 7 (y) +1— F1(0)} = min{ £, (2" |2"), £ () }.

Thus, f. = (L; f7, fF) is a bipolar-valued fuzzy SBG-ideal of £ = (L;|).

Conversely, suppose that f. = (L; ., f) is a bipolar-valued fuzzy SBG-ideal
of £ = (L;]). From the definitions, we have f(0) = f~(0) —1— f~(0) < f, (a) =
@)~ 1~ (0) and F£(0) = F£(0) + 1~ £+(0) 3 £ (@) = (@) +1- F+(0)
for all (a,z) € L x L. Therefore, it follows that f~(0) < f~(z) and f7(0) > f*(x)
for all z € L.

Additionally, for all (a,z), (b,y) € L, we have:

£ (a) < max{f, (a’[a®), £, (b)},
which simplifies to:
fol@)=f"(a)=1—f7(0) < max{f (a’la®) —1—f(0),f (b)—1— f(0)}
= max{f(a"la®), f7(b)} — 1 — f(0).

Similarly, we have:
£ (@) = min{ £ (2¥|2Y), 7 (y)},
which simplifies to:

fr@) =fT(@)+1-f7(0)

WV

min{f* (a¥2¥) + 1 — f7(0), f*(y) + 1 - f7(0)}
= min{f*(2¥|2Y), f*(y)} + 1 - fH(0).

Thus, f = (L; f*, f7) is a bipolar-valued fuzzy SBG-ideal of £ = (L;|). More-
over, since f7(0) = f7(0) —1— f~(0) = =1 and fF(0) = f+(0)+1— f+(0) =1,
it follows that f. = (L; f, fi¥) is normal. Additionally, we have f; (z) = f~(z) —
1—f7(0) < f(x)and ff(z) = fH(z)+1— fT(0) > fH(z) for all x € L, showing
that f. = (L; f, f.7) is larger than f = (L; f+, f7). O

THEOREM 4.3. Let f = (L; fT, f7) be a bipolar-valued fuzzy SBG-ideal of the
SBG-algebra L = (L;|). The set f is a normal bipolar-valued fuzzy SBG-ideal if
and only if f. = f. That is, f~(x) = f7(z) and f(z) = fT(x) for all x € L.

PrROOF. Let f = (L; f*, f7) be a bipolar-valued fuzzy SBG-ideal of £ = (L;|).
We clearly attain that f. = (L, f;~, f) is a normal bipolar-valued fuzzy SBG-ideal
of £ = (L;|). Therefore, it is evident that if f, = f, then f = (L; fT, f~) must be
normal.

Conversely, if f = (L; f*, f7) is normal, then for all z € L we have f; (x) =
Fo@) =1 - (0) = f(2) and £ (x) = fH@) +1— F4(0) = f*(x). Thus,
=T U
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PROPOSITION 4.1. Let f = (L, f*,f7) and g = (L;g",97) be bipolar-valued
fuzzy SBG-ideals of L = (L;|) such that f € g. If f~(0) = g (0) and f7(0) =
gt (0), then Ly, € Ly,

PROOF. The result follows directly. O

THEOREM 4.4. Let f = (L;f*,f7) be a bipolar-valued fuzzy SBG-ideal of
L = (L;]). Then f is normal if and only if there exists a bipolar-valued fuzzy
SBG-ideal g = (L; g%, 97) of L = (L;|) such that g. € f.

PROOF. The necessity is straightforward because if f = (L; fT, f7) is normal,
then f. = f.

Conversely, assume that there exists a bipolar-valued fuzzy SBG-ideal g =
(Lyg—,g%7) of L = (L,]) such that g, € f. Then, —1 = ¢g;(0) > f(0) and
1 = gf(0) < f*(0). Thus, f~(0) = —1 and f*(0) = 1, which implies that
f=(L; f*, f7) is normal. O

THEOREM 4.5. Given a bipolar-valued fuzzy set f = (L; f*, f~) in L, consider
an increasing mapping £ = (£=,£7) : [=1, f7(0)] x [0, f*(())] — [-1,0] x [0,1].
If f = (L; f*, f7) is a bipolar-valued fuzzy SBG-ideal of L = (L;|), then the
bipolar-valued fuzzy set fo = (L; f; . f;7) in L defined by f, (a) = £~ (f~(a)) and
[ (x) = £5(f+ () for all (a,x) € L x L is a bipolar-valued fuzzy SBG-ideal of
L = (L;|). Moreover, if f, (0) = —1 and f;'(()) =1, then f, = (L;f[,f;) 18
normal, and for all (s,t) € [—1, f~(0)] x [0, fT(0)], if €~ (s) < s and L1 (t) > t, then
I E fe

PROOF. Assume that f = (L; f, f7) is a bipolar-valued fuzzy SBG-ideal of

L = (L;|). Let z,y € L be such that x < y. Then f, (z) = ¢~ (f (x)) >
() = f7(0) and [ (x) = £5(fF(2)) < LH(F(0) = f7(0). For every
x,y € L, we have
fr(x) = 0 (f (x)
< A (max{f~ (z¥|2Y), f~(y)})
= max{C"(f~ («¥[2Y)), £ (f~(¥))}
= max{f, (@Y|2¥), f, ()},
and
Fa) = @)
> LT (min{fT(zY|2Y), fT(v)})

min{€* (f* (2¥]a?)), £ (f(y))}

min{ f," (z|2Y), f;" (y)}.

Therefore, it is obtain that f, = (L; f,, fzr ) is a bipolar-valued fuzzy SBG-ideal
of £L = (L;]). If f;(0) = —1 and f,7(0) = 1, then f, = (L; f,, f,") is normal by
Theorem 4.3 2.1. Let (s,t) € [—1, f~(0)] x [0, f7(0)] be such that £~ (s) < s and
Ct(t) > t. Then f; (z) = € (f~(2)) < f~(z) and f () = €7 (f*(x)) = f* () for
all z € L. Hence f € f,. O

THEOREM 4.6. Let f = (L; f*, f7) be a normal bipolar-valued fuzzy SBG-ideal
of L= (L;|) such that f~(a) # f~(0) and f*(x) # fT(0) for some (a,x) € L x L.
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If f = (L;f*, f7) is a mazimal element of (Np(L),E), then it is described as
follows:

o -1 ifa=1,
f7:L—=[-10], a— { 0 otherwise,
1 ifex=1,

L — 0,1, x»—>{

0 otherwise,

where Np(L) is the set of all normal bipolar-valued fuzzy SBG-ideals of L = (L; ).

PrOOF. It is evident that (Np(L), €) is a partially ordered set (poset). Sup-
pose that f = (L; f*, f7) is a maximal element in (Mg (L), €). Since f = (L; f*, f7)
is normal, it follows that f~(0) = —1 and f*(0) = 1. Let (a,z) € L x L such that
f(a) # f7(0) and f*(z) # fT(0). If f~(a) # 0 and fT(x) # 0, then there
exist (¢,z) € L x L such that —1 < f~(¢) < 0 and 0 < fT(2) < 1. Define a
bipolar-valued fuzzy set g = (L;g~,g") on L as follows:

g L= L0, s S (a) + (),

1
g Lo 01 xS + ),
For all z,y € L, we have:

g (@) = 5 (@) F0) > 5w+ F ) =g ),

and

g7 (@) = 5 (@) + £ < G0 W) + FHE) = g7 ()

Thus, for every x,y € L, we also have:

% max{ [~ (x[2Y), [~ (y)} + f(c)
= max{g (z¥]2Y), 9" (y)},

g () = 57 @) + ()

N

and

G =S (F@)+ ) > g min @), FT ) + )

= min{g*(z¥]z¥), 9" ()}.
Thus, g = (L;9~,9") is a bipolar-valued fuzzy SBG-ideal of £ = (L;|), and

g« = (L; g7, g7) is a normal bipolar-valued fuzzy SBG-ideal of £ = (L;|). More-
over:

9. (@) = g (@) -1-g7(0) =5 (@) +f () -1— %(f*(o) + /()
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and

GH@) = gT@) 1 g 0) = (@) + FTE) 1 (0 + (=)
= U@ > @),

for all z € L. Thus, f € g., which contradicts the assumption that f = (L; fT, f7)
is a maximal element in (Nr(L), €). Therefore, we must have (f~(a), fT(x)) =
(0,0) for all (a,z) € L x L such that f~(a) # —1 and f*(z) # 1. Consequently,
it is verified that f = (L; f~, fT) is a bipolar fuzzy SBG-ideal of £ by Definition
2.8. U

5. Conclusion

In this manuscript, we introduced and examined the concept of bipolar fuzzy
implicative SBG-ideals within the framework of SBG-algebras. We began by defin-
ing bipolar fuzzy implicative SBG-ideals and establishing conditions involving both
the negative and positive components of bipolar fuzzy sets. Our work demonstrated
that every bipolar fuzzy implicative SBG-ideal is inherently a bipolar fuzzy SBG-
ideal. Through the exploration of key propositions and theorems, we proved that
these implicative ideals are preserved under various operations, such as homomor-
phisms and (a, 8)-translations. Additionally, we analyzed the relationship between
these ideals and cuts, showing that nonempty cuts form implicative SBG-ideals. We
also discussed the connection between bipolar fuzzy sub-implicative SBG-ideals and
implicative ones, particularly in medial SBG-algebras, where bipolar fuzzy implica-
tive SBG-ideals serve as sub-implicative ideals. Lastly, we demonstrated that these
implicative ideals are preserved under surjective homomorphisms, further reinforc-
ing their structural robustness.

Furthermore, we extended the study to include the concept of normal bipolar-
valued fuzzy SBG-ideals in SBG-algebras. We characterized the conditions under
which a bipolar-valued fuzzy SBG-ideal can be considered normal and explored the
equivalence between the normality of these ideals and specific conditions on their
membership functions. Additionally, we examined the relationship between normal
bipolar-valued fuzzy SBG-ideals and their larger counterparts, employing a novel
construction based on inclusion relations. We concluded by proving maximality
conditions for normal bipolar-valued fuzzy SBG-ideals, providing insights into their
behavior within a partially ordered set.

Future work will aim to extend these findings by investigating more complex
algebraic structures and exploring the computational applications of these ideals
in areas such as artificial intelligence and decision theory. Additionally, further
research will delve into the connections between normal bipolar fuzzy implicative
SBG-ideals and other algebraic systems, with a particular focus on their practical
relevance in technological applications.
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