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THE NONLINEAR SECOND-ORDER IMPULSIVE
BOUNDARY VALUE PROBLEM
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ABSTRACT. In this study, some criteria for the existence of multiple solutions
of the iterative system of the second order nonlinear impulsive boundary value
problem are presented with the help of the fixed point theorem on the cone.
Then, the applicability of the results is emphasised with an example.

1. Introduction

Impulsive differential equations, unlike classical differential equations, are used
to model systems that exhibit abrupt changes at certain points in time. These
equations have important applications in fields as diverse as engineering, biology,
economics and physics. In the references [1,2,10,16,17], a few specific examples
of the application areas of impulsive differential equations can be as follows:

e It is used for modelling sudden changes in control systems. For example,
these equations are used when a robot arm must suddenly stop or change
direction.

e It is used for modelling sudden market movements or economic shocks.
For example, it can be used to model the effects of sudden interest rate
changes or financial crises.
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e It is used to model sudden increases or decreases of populations, especially
situations such as migration, epidemics or sudden environmental changes.
e [t is used for modelling drug administration. For example, it can be used
to model the effects of drug doses given to a patient at certain intervals.
e In electrical circuits, it is used for modelling sudden voltage or current
changes. In particular, impulsive equations are used in switching circuits.

Many authors have worked on the existence of solutions of impulsive boundary
value problems. In fact, in most studies, especially the existence of positive solu-
tions has been investigated. The existence of positive solutions is a critical issue
in many mathematical and applied fields. For impulsive BVPs, positive solutions
indicate that the system is stable and sustainable under certain conditions. Positive
solutions refer to the transition of a system from a given initial state to a positive
state or a sustainable positive state. in this context, [4,5,7,13] studies can be
cited.

Moreover, some authors have considered the system form of impulsive differ-
ential equations, especially discrete systems. In this paper, the boundary value
problem is considered as an iterative system, unlike the discrete system. It is clear
that the iterative system is much more complicated than the discrete system. In
iterative systems, starting from a starting point, a solution or sequence is generated
through repeated steps. At each step, the next step is calculated using the results
obtained from the previous step. [3,6,8,9,11,12,14] studies can also be given as
examples of iterative systems and systems.

In this work, we consider the following iterative system of nonlinear second-
order impulsive boundary value problem (IBVP), inspired by the aforementioned
result:

K () +mq:(0)pi(kiv1 (1)) =0, 1 <i<n, t€J=][0,1]
Fint1(t) = k1 (t),
AV P tj *W?Ivj(’fwl( ), t#t,5 =12,k
Akili=t; = 771‘[1] (Kit1(t5)),
a1k (0 )—agfi (0) =0,
aski(1) + agri(1) =0
where t #¢;, j=1,2,...,k such that 0 <t; <ty < ... <t <1. Furthermore, for
i=1,2,...,n, the functions Ax,; and Ax} at the point ¢ = t; stand for the jump of
ki(t) and k}(t) at the point t = t;, i.e.,
Akili=t, = ki(t]) — mi(t]), Dkilimr, = ri(t) — ri(E;),

where the values /si(t;r), H;(tj) state the right-hand limit of x;(t) and &}(t) at the
point t =t;, j = 1,2, ..., k and similarly ;(t; ), #i(t; ) state left-hand limit of r;(?)
and k}(t) at the point t =¢;, j =1,2,..., k.

Throughout this article we assume that the following conditions are met.

(C1) Let n; be a positive number for alli = 1,2, ..., n. Given that ay, as, ag, ay
€ [0,00), we have ajaz + ajay + asaz > 0,
(C2) For 1 < i < n, the function p; : Rt — RT is continuous,
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(C3) For 1 < i < n, the function ¢; € C([0,1],R") does not vanish identically
on any closed subinterval of [0, 1],

(C4) Let I;; € C(R,R*) and I;; € C(R,R*) be bounded functions. For any
nonnegative number A and for ¢ < ¢; where j =1,2,...,kand 1 < ¢ < n,
the inequality [Ot4 + 013(1 — tj>]f1j(A) > Oégjij()\) holds.

The primary tool used in this study is the fixed point theorem with reference
to [15], aiming to identify certain conditions for the existence of multiple positive
solutions in the iterative system of nonlinear second-order IBVP (1.1). To the
best of the authors’ knowledge, the existence of multiple positive solutions for this
iterative system has not been previously investigated. By establishing some criteria
for the existence of these solutions, we contribute to the existing literature.

The structure of this paper is as follows: In Section 2, we introduce several
definitions and fundamental lemmas essential for understanding our main results.
Section 3 provides criteria for the existence of multiple positive solutions for the
iterative system of IBVP (1.1). Finally, in Section 4, we illustrate the application
of our main results with an example.

2. Preliminaries

In this section, we start by introducing fundamental definitions in Banach
spaces, followed by several supplementary lemmas that will be utilized later.
Define J' = J\{t1,t2,...,tx}. The space C(J) denotes the Banach space of all
continuous mappings x : J — R equipped with the norm ||x| = sup|x(t)|. The
teJ

space PC(J) consists of functions & : J — R such that k € C(J'), Ii(t;r) and £(t; )

exist, and n(t;) = k(t;) for j =1,2,....,k. PC(J) is also a Banach space with the

norm ||s||pc = sup |k(t)]. Let B = PC(J)NC?(J'). A function (k1, ..., k,) € B" is
teJ

considered a solution of the second-order IBVP (1.1)’s iterative system if it satisfies
the conditions of the second-order IBVP (1.1)’s iterative system.

Initially, we will address the case where ¢ = 1 in the second-order IBVP (1.1).
Consequently, we will present the solution x; for the second-order IBVP (2.1).
Subsequently, having determined x;, we proceed to find k,. Continuing in this
manner, we can sequentially determine k,_1, k,_2, and so forth, eventually reach-
ing k2. Thus, we obtain the solution (k1, ..., k) for the second-order IBVP (1.1)’s
iterative system.

Assume that g € C[0, 1], then we deal with the following second-order IBVP:

K{(t)+g(t)=0, teJ=1[0,1],t #t;,5 =1,2,..., k,
Ak, = mIy(r2(t))),
(2.1) Athle=t, = —mIy(ra(t))),
a1k1(0) — ak) (0) = 0,
ask1(1) + ayr)(1) = 0.
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The solutions of the corresponding homogeneous equation are defined by ¢ and (.
Under the initial conditions

€(0) =az, ('(0)=au,
(22) {cm —au, C(1) = —as,
we have
(2.3) kK (t)=0, tel0,1].

Using the initial conditions (2.2), we can deduce from equation (2.3) for ¢ and ¢
the following equations:

(2.4) C(t) = as + aqt, f(t) =ay+az(l— t).
Set
(2.5) L= arag + aras + asas.

LEMMA 2.1. Let (C1)-(C4) hold. If k1 € B is a solution of the equation

1 k
(2.6) k1 (1) :/ H(t,s)g(s)ds + Y Wij(t.t;),
0 =

where

1 (2 + a18)[as + a3z(1 —t)], s<t,
2.7) H(t.s) = I {(ag + agt)|ag + az(l —s)], t<s,
(2.8)

Wi,(t,t5) =

; (g + as(1 — t))[amlflj(/‘@(tj)) + (o2 + altj)nljlj(/‘@(tj))}» tj <t

then k1 is a solution of the IBVP (2.1).

1 {(Ozz + Ozlt)[—ag’lhjlj(/ﬂlg(tj)) + (Oé4 + Oég(l — tj))nlflj(lﬁjg(tj))], t< tj,

PROOF. Let k; satisfies the equation (2.6), then we get

1 k
i) = [ H(ts)gds+ 3 Wiy (e.)

k1(t) = i/o(ag+als)[oz4—|—a3(1—t)]g(s)ds+%/t(a2+a1t)[a4+a3(1—3)]g(s)ds

i1 D (au+as(l—6)[avm iy (ra(ty)) + (a2 + arty)m Iy (ra(t;))]
0<t;<t

1 > (oo + ant)[—agmi T (ra(ty)) + (e + as(1 = t;))m I (ra()))],
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t 1
i) = [ conertarmlsids+ - [ arlas+ sl = lg()ds
+% > (—as)oamiTy(ra(t;) + (a2 + anty)m i (ra(t)))]
0<t;<t

Thus
K1 (t) = —(—ast — (a4 +a3(1 —1)))g(t)
= —g(t)
(t) +g(t) =0
Since
k1(0) = %/0 agfag + as(l — $)]g(s)ds
k
+% > asl—asmlij(r2(t;)) + (o + as(1 = t;))m T (s2(t;))]
and
}0) = 5 [ i+ oyl - 9lg(a)ds
k
iz —ain T (a(15)) + (o + as(1 = 1) Ty (a(t))],
we get
(2.9) a1k1(0) — ak’ (0) = 0.
Since
1
ki1(l) = ;/o (a2 + a18)(as + aq)g(s)ds
k
+% > (a3 + ag)lerm Ty (r2(t;)) + (a2 + anty)m i (ka(t)]

j=1
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and
! _ 1 1—oz s + ay8)g(s)ds
k1) = 5 [ (o) + a9l
1< _ 8
+; . (—az)[armlij(ka(t;)) + (a2 + ait;)nili;(ka(t;))],
we get
(2.10) iy (1) + agr; (1) = 0.

The conditions of the IBVP (2.1) are satisfied as indicated by equations (2.9) and
(2.10). O

LEMMA 2.2. Suppose that the conditions (C1)-(C4) are satisfied. For k1(t) € B
with g(t) = 0, the solution k1(t) of the second-order IBVP (2.1) fulfills k1(t) > 0
forte J

PROOF. First, note that the Green function H(t,s) is non-negative for ¢, s €
J x J. Furthermore, given that Ir;(k1(t;)) and I1;(k1(t;)) are non-negative, it
follows that Wiy;(t,t;) is also non-negative. Consequently, x1(t) is positive for
te0,1]. O

LEMMA 2.3. Assuming that (C1)-(C4) hold, the solution ki(t) € B of the
second-order IBVP (2.1) satisfies ki (t) = 0 fort e J.

PROOF. Suppose the inequality () < 0 is satisfied. Given that r;(t) is
monotonically decreasing on J, it can be ascertained that (1) is strictly less than

K1 (O)
From the boundary conditions of the IBVP (2.1), we have
k1(1) < 224(0).
aq

This implies that

The last inequality contradicts the Lemma 2.2. That is, our assumption is wrong.
Thus, 5(t) >0 for t € J.
O

LEMMA 2.4. Assume that (C1)-(C4) hold, then for any t,s € J, we conclude
the following inequality

(2.11) H(s,s) > H(t,s) > 0.

PRrROOF. From equation (2.7), it is easily obtained. O
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LEMMA 2.5. Assuming that (C1)-(C4) hold, then for any t,s € J, and

1
TE <O, 2) , we obtain the following inequality

(2.12) H(s,s) < —H(t,s)

=2 |~

. {ozg +oqT a4—|—a37}
where 7y := min .

)
Qo + Q1 Q4+ Q3

ProOOF. From the definition of H(t, s), we can conclude that for any ¢ belonging
to the interval [7,1 — 7], we obtain

a aqt
Q2 tout t<s,
H(t,s) B 2 + Q18
H(s, ) atas(l-t)
e SNt AN S
ag +az(l—s) =
«
Ajiﬁﬂ7 t<s,
042—|—O[1
>
Q4 + a3T s <t

. Qo + a1 T Q4 + Q3T
= min ,
az+ a1 ag+ag

=.
(]

Consider the set K defined as K = {k1(t) € B : k1(t) is nonnegative, nonde-
creasing, and concave on J}. It follows that K constitutes a cone within PC(.J).

LEMMA 2.6. Assume that the conditions (C1)-(C4) are satisfied. Then, for
1
ki(t) € K and T € (0, 2) , we conclude the following inequality

(2.13) l61]|pe < 1 min k().
T te[r,1—7]

PROOF. Given that x1(t) € K, it can be deduced that x1(¢) is concave on J.
Consequently, we can assert that the minimum value of x4 (t) for ¢ in the interval
[7,1 — 7] is achieved at k1(7), and the norm ||x1]|pc is equal to the supremum of
|k1(t)] on J, which is attained at x1(1). Since the graph of k; exhibits a concave
downward shape on J, we obtain

k1(7) — k1(0) < k1(1) — k1(0)
-0 7 1-0
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In other words, we have 7x1(1) + (1 — 7)%1(0) < k1(7). Consequently, we can

1
deduce that 7x1(1) < k1(7), that is, k1(1) < —k1(7). This concludes the proof. O
T
We note that

t) =m /1H(t’31)611(51)p1 (772 /1 H(s1,52)q2(s2)p2 (773 /1H(52783)Q3(53)p3~-~

Pn— l(nn/ H Sn I;Sn)qn<5n)pn(’€1(3n d8n+ZWnJ Sn— 17 ))dsn 1

Jj=1

+ZWn 1,](5»” 2,1 ))dsn 2+ .. +ZW3J S9,1 ))dSQ

J1 Jj=1

ZWQJ 81, >d81+ZW1]tt)

j=1

K /Htsqz( )pi(Kir1(8)) dS—I—ZWZJtt) ted,

j=1

fint1(t) = Ka(t)
and
Wiy () = 1 J(a2+ Oélt)[—a377ifij(ffj+1(tj)) + (aa + az(l — tj))qz'fij(fwrl(tj))], t<tj,
T (a F as(1 = ) faanmidij (ki (8)) + (a2 + aaty)nidig (i (8))], 85 <t
if and only if the n-tuple (k1(t), k2(t), ..., K, (t)) is a solution of the iterative system
of the IBVP (1.1).

3. Main results

The fixed point theorem presented below is fundamental and plays a crucial
role in proving our main result.

DEFINITION 3.1. Let B be a Banach space. For a nonnegative continuous
function v defined on a cone K C B, we define the set K(v,¢) = {z € K : vy(z) < ¢}
for each ¢ > 0.

To determine some conditions on the existence of at least three positive solu-
tions for the iterative system of the IBVP (1.1), we will apply the following fixed
point theorem [15].

LEMMA 3.1. [15] Let K be a cone in a real Banach space B. Suppose 1, 8, and
¢ are three increasing, nonnegative, and continuous functionals on K, satisfying
the conditions for some v > 0 and M > 0 such that:

U(z) <O(z) <p(x), lz] < My(x)
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for all x in K(v, ¢3).
Assume there exists a completely continuous operator T : K(1,€3) — K and
0 <1 < ¥ty <3 such that:

(i) Yv(Tx) < L3 for all x € OP(, L3);
(ii) (Tx) > Ly for all x € OP(0,42);
(iii) P(p,l1) #0, and o(Txz) < £y for all x € OP(p,(1).

Then, the operator T has at least three fixved points, x1, w2, and x3 in K(1, l3) such
that:
0< p(rr) <l <@(xa), O(x2) <lo <O(x3), P(x3) < /L3

Now, we define the following operator B — B, for k; € B, by

Tra(t) 2771/ H(t, s1)q1(s1)p1 (772/ H(Slasz)%(sﬁpz(??s/ H(s2,53)q3(s3)ps...

Pn— l(nn/H Sn 17Sn)Qn(8n)pn("$l(sn dsn+Zan Sn 17 ))dsn 1

=1
(3.1) k
+ZWTL 1](571 2a ))dsn 2+ .. +ZW3] 527 )>d32

]1 j=1

+ZW2] 81, >d81+ZW1jtt)

Given (Cl)—(C4), along with Lemmas 2.2, 2.3, and the definition of T, it is
evident that for k1(t) € KC, Trki(t) 2 0, (Tk1)'(t) = 0 and Tk1(t) is concave on J.
Consequently, T(K) C K. Additionally, the Arzela-Ascoli Theorem demonstrates
that the operator T is completely continuous. We now focus on investigating the
relevant fixed points of T' that are located within the cone K.

We investigate the presence of at least three positive solutions for the impulsive
boundary value problem (1.1) using the fixed point theorem discussed in [15].

Let 7 € (0O, % and define the increasing, nonnegative continuous functionals

1,6 and ¢ on K by

P(K) = Jnax, K(t) = K(T),

(k) = in K(t) = K(T),

p(k) = e K(t) = k(1)

For each k € K, it is clear that

P(k) = 0(k) < (k).
Additionally, with the help of the Lemma 2.6, for each k € IC,

Isllpe < ~a(r) = Z4(x).
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The notations that follow are provided for the convenience.
Suppose
1—7
Q; =iy H(s,s)q(s)ds,

T

! k
A= [/0 H(s,s)g(s)ds + ;(20[1 + ag)(asg + ayg)|.

THEOREM 3.1. Assume that conditions (C1)-(C4) are satisfied. Let there exist
positive numbers 1 < €y < U3 such that
2

_€2<€3

4
£1<7<€2<Qz

fori=1,2,...n and T € (O, é) And fori=1,2,...n and j = 1,2,.... k, assume

that the functions p;, I_ij and fij satisfies the following conditions:
ly - ly - U3
(a) pit, riy1(t)) < e Lij(kiv1(t))) < v Lij(Kkiy1(t;)) < T

3 2 3

for all (t,kix1) € ]0,1] x [O, 63},
-

) ¢
(b) pi(t, kig1(t)) > Qi for all (t,kip1) € [, 1 — 7] x {@, j
0 0o - 0
(c) pi(t, kis1(t)) < Afliv Lij(kig1(ty)) < i, Lij(kip1(t;)) < A%

for all (t,kiy1) €10,1] x |:07 81}
-

Then, the operator T has at least three fized points, ki, R; and k; € K(¢,£3) such
that

0 < P(h) < b <p(Ry), O(K;) < lo <O(R;), p(Ri) <UL, fori=12,..n.

PROOF. We identify the completely continuous operator T" as in (3.1). Thus,
it is straightforward to verify that T : (¢, ¢3) — K. Next, we demonstrate that
all the criteria of Lemma 3.1 are met. To verify condition (i) of Lemma 3.1, we

select k1 € K(1,£3). Then ¥(k1) = s, i.e., (k1) = tren[g,)i] k1(t) = k1(T) = €3, this
means 0 < k1(t) < 43 for all ¢ € [0, 7].

If we recall that ||k1] < %1““1) = %fg = E?S So, we get 0 < k1 < E?S for all
t€0,1].

14
Now, we can demonstrate that ks (t) € [O, 3} for t € [0,1]. For all (s,,—1, kn) €
T

14
[0,1] x [0, 3], by using the assumption (a) in Theorem 3.1 and the Lemma 2.5,
T



SOME RESULTS ON THE EXISTENCE OF MULTIPLE POSITIVE SOLUTIONS

we obtain
k

o [ G500 s 1 (50 3 W (5n1.8)

j=1
1

= nn/ H(Sn—la Sn)Qn(Sn)pn(Hl(Sn))dSn
0

1—7

2 NnY H(SruSn)Qn(Sn)pn(Hl(sn))dsn

>0,

and by using the assumtion (a) in Theorem 3.1, we get

) k
i /O H(n—1,n)0n (52)pn (51 (50))dsn + g Wi (5n-1.1;)
< nn/o H (s, 80)qn (50)pn(K1(80))dsy, + 77,%(2041 + ao)(ag + ay)
~max{T;(k1(t;), Inj(r1(t;)}

¢ ! k
< Ainn |:/ H(Snv Sn)Qn(Sn)dsn + p(2a1 + 0[2)(043 + a4):|
n 0

37

= 63
<
T
14
Then, we have k,(t) € {0, 3] for all ¢ € [0,1]. By continuing with this bootstrap-
T

/.
ping argument, we can establish that xo(t) € {0, ‘3] for all t € [0,1].
T

1
For all (t,x1) € [0,1] x [0, 3], by using the assumption (a) in Theorem 3.1,
T

we obtain
P(Tk1) = max Tky(t)
te(0,7]
= (Tr1)(7)

1 k
—m / H(r, $)as (5)p1 (ma(s))ds + S Wi (7, 1)

Jj=1

< [/01 H(s,s)q(s)ds + %(2@1 + o) (a3 + a4)}

Secondly, we show that (ii) of th Lemma 3.1 is satisfied. For this, we take

k1 € 0K(0,L3). Then, 0(x1)

te[r,1—7]

min  k1(t) = k1(7) = Lo, this means k1 (t) > o
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1 1 1 14
for all ¢ € [r,1 — 7]. Noticing that, [|r1]| < =th(k1) = =0(k1) = — < — for all
T T T T

14
€ [0,1]. That is, we get £ < r1(t) < — for t € [r,1— 7).
T

{3
Now, we can show that ko(t) € {52, } for t € [1,1 — 7]. For all (s,—1,kn) €

l3
[1,1— 7] [62, ] by using the assumption (b) in Theorem 3.1, we obtain
k
/ H Sn lysn)Qn(sn)pn<Kfl(Sn dSn +ZWn] Sn— 1,t )
Jj=1
2 Mn / H(Snflv Sn)‘]n(sn)pn(ﬁl(sn))dsn
0
1—7
Z MY H(Sna Sn)Qn(sn)pn(Hl(Sn))dsn
62 1—7
Mn0 H (8, $n)qn(8n)dsn
Q. i
= £27

and by using the assumtion (a) in Theorem 3.1, we get

/ H sn 173n)Qn(5n)pn("{1(sn dsn+ZWn] Sn 1)tj)

Jj=1
< / H (S5t (5090 (61520 + 1 - (201 + a2) (03 + )
-max{L; (k1(t;), Inj (k1 (t;)}

k
< A nn[/ H(Sn, $n)qn(8n)dsn + M(2al + az)(as +a4)}

A
b
-

14
For all (¢,k1) € [1,1 — 7] % [52, 3], by using the assumption (b) in Theorem
T

3.1, we obtain

0(Tky) = tE[I-zr—lilrir] Tk1(t)

= (Tk1)(7)
—771/ H(7,8)q1(s)p1(k2(s) dS—l—ZWlJ T,t;)

j=1
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1—7
> my H(s, s)q1(s)p1(r2(s))ds
£2 1—-7
Zq.m [’Y H(s, s)q1(s)ds
1 T
= {s.

Lastly, we show that the condition (iii) of the Lemma 3.1 is satisfied. We note

that r1(t) = %1 for t € J is a member of the set K (p, 7). And so K(p, £1) # 0.

Now, let k1 € OK(p,¢1). Then, ¢(k1) = tm[(?}f] k1(t) = k1(1) = ¢;. This implies
€10,
1

1 14
0 < ki(t) < £y, t € [0,1]. Noticing that [|r1] < =(k1) < —¢(k1) = —. We
T T T
1 14
get, 0 < k1(t) < = for t € [0,1]. Now, we can demonstrate that ry(t) € {O, 1}
T T
1
for t € [0,1]. For all (sp—_1,%Kn) € [0,1] x [O, 1}, by using the assumtion (b) in
T
Theorem 3.1, we conclude that

1 k
Tin /0 H(Snflv Sn)qn(sn)pn(nl(sn))d‘gn + Z an(snfla tj)

j=1
1
> Mn / H(Sn—la Sn)Qn(Sn)pn(ﬁl(Sn))dsn
0
1—7

T

2 i H(Sru Sn)Qn(Sn)pn(Hl(sn))dsn
= 0,
and by using the assumtion (c) in Theorem 3.1, we get
1 k
Mn / H(snflv sn)qn (Sn)pn(’{l(sn))dsn + Z an(snfla tj)
0 =
! k
< M / H(Sm Sn)QH (Sn)pn(ﬂl(rsn))dsn + %;(20&1 + 042)(0‘3 + 014)
0
~max{Ln;j(r1(ty), Inj (k1 (t;)}
A ! k
ST H(sn,50)qn(5n)dsn + ;(2% + az)(az + ay)
n 0

:El

%
< 2.
T
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l
Then, we have k,(t) € {O, 1] for all ¢ € [0,1]. By continuing with this bootstrap-
T

b

ping argument, we can establish that xs(t) € {O, ] for all ¢ € [0, 1].
T

1
For all (¢,k1) € [0,1] x {0, 1], by using the assumption (¢) in Theorem 3.1,
T

we obtain
©(Tk1) = max Tky(t)
te[0,1]
= (Tr1)(1)

1 k
= [ HLsa @ (eals)ds + 30 Wy (1,t)

j=1

l ! k
< Aflm {/ H(s,8)q1(s)ds + —(2a;1 + o) (a3 + a4)]
1 0 M
= /.

As a consequence, all conditions of Lemma 3.1 are satisfied. Hence, the operator T
has at least three fixed points x1(t), k1 and &1 € K(¢,¢3). As a result, by setting
Fnt1(t) = K1(t), Rnt1(t) = R1(t) and Kp41(t) = R1(t), we obtain the existence of
at least three positive solutions (K1, K2, ..., kn), (R1,R2,...,Ry) and (R1,Ra, ..., kn)
for the IBVP (1.1) given iteratively by

1 k
K:T(t) = 77?”/ H(t, S)qr(s)pT(KT-Fl(s))dS + ZWTj(t7tj)7 r=n,n—1,..,1,
0

j=1

1 k
Fr(t) = 77r/ H(t, s)qr(8)pr(Frr1(8))ds + Z Wit t;), m=nn—1,..,1
0 =
and
1 k
Rr(t) = 77r/ H(t,s)q (8)pr(Rry1(s))ds + Z Wit t;), m=nn—1,..,1
0 =
such that

0 < o(k) < by <@(Rg), O(Ri) < la <O(Rg), (ki) <3

for i = 1,2, ...,n. The proof of Theorem 3.1 is completed. O

4. An example

EXAMPLE 4.1. In the iterative system of the IBVP (1.1), suppose that n =
3, k=1, ¢(t) =1=m fori=1,2,3, a1 =3, as =2, ag =4, ag = 1 and
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ty = 57 Le,
& () 4+ pi(kipa(t) =0, te J=[0,1],t # %, i =1,2,3,
kg = K1 (t),
= 1
Akili—1 = I (Hi+1 <3) ;
(4.1) 3 f
Akilim = —In <Hz‘+1<3 >,
3k;(0) — 2k%(0) = 0,
4k;(1) + KL(1) = 0.
where
0,01 Ko € [0,25],
p1(K2) = { 128k — 3199,99, ko € [25, 30],
640,01, Ko € [30,15 X 105],
0,003 ks € [0, 25],
2(ks) = { 130k5 — 3249,997, k3 € [25,30],
650, 003, K3 € 30,15 x 107],
0,01, k1 € [0,25],
3(K1) 127k, — 3174,99, k1 € [25, 30,
635,01, k1 € [30,15 x 10°].
For k; 20, (1 =1,2,3)
%) = R3 = K1
I - S S
fin(k2) = 50007 121088) = ggag0 T1(81) = 5o
= K2 ~ K3 = K1
i -2 g LI S
nlr2) = so50 Tai(wa) = 3505, Tailm) = 7505
By simple calculation, we get u = 23,6(t) = 3 + 6t, ¢(t) = 9 — 6t and
1 24 3s)(b — 4t <t
Hity - L[@H36 =10, s
23 (2+3t)(5b—4s), t<s.

2
Choosing the number 7 = 3 With the help of the calculations, we have v =
. [2+32 1442 . (16 13 13
min =min{ —, — r = —.
25
~ 0,047297 and A; =

2+37 1+4 257 25

Also, we obtain ; = 143750

42339

i=1,2,3. Taking £, = 10, ¢, = 30 and /3 = 6 x 10°, we get

¢ A
(=10 < £ =25 < o, = 30 < =-0, = 583803, 68436 < £3 = 6 x 10°.
T

97

41

16 ~ 920,413043 for
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It is clear that (C1)-(C4) has been satisfied. Next, we show that the all condi-
tions of the Theorem 3.1 are also satisfied.
Firstly, we show that the condition (a) of the Theorem 3.1 is satisfied for

1 =1,2,3. For (t,ki+1) € [0,1] X [0, 15 x 105}, we get p;(ki+1(t)) < 650,003 <

l _ . l
Ai’_ ~ 651,88124, I (ki1 (1)), Lij(kisn (1)) < 500 < A—3 ~ 651, 88124.

' Secondly, we show that the condition (b) of the Tlheorem 3.1 is satisfied for
i =1,2,3. For (t,ki41) € [2,2] x {30,15 X 105], we get p;(kip1(t)) > 635,01 >

l
62 ~ 634, 284453.
Lastly, we show that the condition (c) of the Theorem 3.1 is satisfied for ¢ =

¢
1,2,3. For (t,k;y1) € [0,1] x [0,25} we get pi(kiy1(t)) < 0,01 < /Tl ~ 0,010864,

_ - 14
Iij(lii+1(t1))7 Iij(/fiJrl(tl)) < 07008333 < Afl ~ 07010864

Then, all of Theorem 3.1’s criteria are satisfied. Hence, T has at least three fixed
points x1(t), R1(t) and R1(t) € K(¢,6 x 10%). As a result, by setting r4(t) =
k1(t), Ra(t) = R1(t) and R4(t) = R1(t), we obtain the existence of at least three
positive solutions (k1, ke, k3), (R1, k2, k3) and (&1, ke, k3) for the IBVP (4.1) given
iteratively by

1 k
() = / H(t, )6, (5)pre (e (9))ds + 3 Wos(85), 7 =3,2,1,
0 =
1 k
Bt = / H(t, )00 (5)p (v (5))ds + 3" Wi (t1), 7 =3,2,1
0 =
and
1 k
Ft) = / H(t, )0 (5)p (irsa (5))ds + 3" Wi (t8), 7 =3,2,1
0 =
such that

0 < (ki) <10 < o(Ri), O(Fi) <30 < 0(Fi), (k) <6x10°
forv=1,2,3.
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