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FIXED k-CASSINI OVAL RESULTS ON METRIC SPACES

Şaban Güvenç and Murat Taş

Abstract. In this paper, we generalize the well-known Cassini curves to met-

ric spaces by introducing the concept of k-Cassini ovals. We provide various

examples of k-Cassini ovals in different metric spaces, accompanied by illus-
trative shapes. Furthermore, we present the existence and uniqueness theo-

rems for the transformation T : X → X, establishing conditions under which

T preserves the k-Cassini oval within the metric space (X, d). Finally, we
demonstrate an application of this framework to the LReLU (Leaky Rectified

Linear Unit) function.

1. Introduction and background

Fixed Point Theory is a fundamental area of mathematics, particularly in the
fields of analysis, topology, and geometry. The central idea is simple: a fixed point
of a function T is a fixed point x in the domain such that

Tx = x.

This concept has profound applications in various branches of mathematics, as
well as in applied fields like economics, computer science, and engineering. Several
important theorems in fixed point theory guarantee the existence of fixed points
under certain conditions. Here are some of the most well-known theorems:

• Banach Fixed Point Theorem [2],
• Brouwer Fixed Point Theorem [5],
• Schauder Fixed Point Theorem [19],
• Kakutani Fixed Point Theorem [12].
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46 GÜVENÇ AND TAŞ

In addition to theoretical studies, the application areas of fixed point theory
are also important. Some examples of application areas include:

• Mathematical Economics,
• Numerical Methods,
• Differential Equations,
• Dynamical Systems,
• Computer Science,
• Control Theory,
• Topology and Geometry,
• Optimization.

Fixed point theory is a vast and powerful area of mathematics with a wide range
of applications in both theoretical and applied contexts. From proving the exis-
tence of solutions in differential equations to applications in economics, computer
science, and control theory, fixed point results provide the foundation for solving
many complex problems. Key theorems such as Banach’s Contraction Theorem,
Brouwer’s Fixed Point Theorem, and Kakutani’s Theorem have had a profound
impact on fields ranging from game theory to numerical analysis.

When the number of fixed points of a given function T : X → X is more than
one, investigating a geometric interpretation of the set of fixed points has recently
brought a geometric perspective to fixed point theory. This approach was initially
explored under the fixed circle problem [17] and later expanded under the fixed
figure problem ( [20] and the references therein).

The study of the invariance of different geometric shapes under the fixed figure
problem has become an important aspect of the geometry of fixed point theory.
Each geometric shape studied sheds light on a new area of research. For example,
concepts such as fixed ellipses, fixed hyperbolas, fixed Cassini curves, and fixed
k-ellipses have been explored, and with the help of these concepts, new results
regarding fixed figures from different perspectives have been contributed to the
literature ( [1], [7], [9], [20] and the references therein).

A Cassini oval (or Cassini curve) is a type of plane curve defined by a specific
equation in terms of distances to two fixed points (foci). The family of k-Cassini
ovals is a generalized version of this concept, which depends on a parameter k that
alters the shape of the curve. A k-Cassini oval can be understood as a generaliza-
tion of the standard Cassini oval, where a parameter k is introduced to scale or
transform the equation of the oval. Specifically, the k-Cassini oval may be defined
through a variation of the original equation, which results in a family of curves that
continuously change their shape depending on the value of k (see, [3], [4] and [6]
for more details).

Considering all the works mentioned above, in this paper, we aim to derive
new fixed figure theorems using the concept of the k-Cassini oval. To achieve this,
we first provide examples of k-Cassini ovals on different metric space structures,
ensuring that the concept is thoroughly understood. Then, using the concept of
the k-Cassini oval, new fixed figure theorems are stated and proven. These proven
theorems are the existence and uniqueness theorems for the fixed k-Cassini oval.
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Furthermore, to demonstrate the consistency of the obtained theoretical results,
providing examples and a theorem excluding the identity function are presented.
Finally, to show the applicability of the theoretical results, an application to acti-
vation functions is provided.

2. Main results

In this section, we give some fixed k-Cassini oval theorems on metric spaces
with necessary examples.

Definition 2.1. Let (X, d) be a metric space. Then the k-Cassini oval (or
k-Cassini curve) is defined by

C[x1, . . . , xk; r] =

{
x ∈ X :

k∏
i=1

d(x, xi) = r

}
.

Remark 2.1. If we take k = 1 then we get a circle and if we take k = 2 then
we get a Cassini oval on metric spaces.

Example 2.1. Let
(
X = R2, d

)
be a metric space with the metric d : X×X →

R defined as
d (a, b) = |u1 − v1|+ |u2 − v2| ,

such that a = (u1, u2) , b = (v1, v2) ∈ X. Let us define two 3-Cassini ovals with
multi-focal points

{x1 = (−1/2, 0) , x2 = (0, 0) , x3 = (0, 1)} for C1

and
{x1 = (−1, 0) , x2 = (0, 0) , x3 = (0, 1)} for C2

as follows (see Figure 1) :

C1 [x1, x2, x3; r] = {p (x, y) ∈ X : (|x+ 1/2|+ |y|) (|x|+ |y|) (|x|+ |y − 1|) = r} ,
C2 [x1, x2, x3; r] = {p (x, y) ∈ X : (|x+ 1|+ |y|) (|x|+ |y|) (|x|+ |y − 1|) = r} .

Example 2.2. Let
(
X = R2, d

)
be a metric space with the metric d : X×X →

R defined as

d (a, b) =

√
(u1 − v1)

2
+ (u2 − v2)

2
,

such that a = (u1, u2) , b = (v1, v2) ∈ X. Let us define a 3-Cassini oval for x1 =
(3, 0) , x2 = (0, 0) , x3 = (0, 4) as follows (see Figure 2) :

C [x1, x2, x3; r] =

{
p (x, y) ∈ X :

√
(x− 3)

2
+ y2.

√
x2 + y2.

√
x2 + (y − 4)

2
= r

}
.

Example 2.3. Let
(
X = R2, d

)
be a metric space with the metric d : X×X →

R defined as
d (a, b) = max {|u1 − v1| , |u2 − v2|} ,

such that a = (u1, u2) , b = (v1, v2) ∈ X. Let us define a 3-Cassini oval for x1 =
(1, 0) , x2 = (0, 0) , x3 = (0, 1) as follows (see Figure 3) :

C [x1, x2, x3; r]={p (x, y)∈X :max {|x−1| ,|y|} .max {|x| ,|y|} .max {|x| , |y−1|}=r} .
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Figure 1. The 3-Cassini ovals C1 (left) and C2 (right)

Example 2.4. Let
(
X = R3, d

)
be a metric space with the metric d : X×X →

R defined as

d (a, b) = |u1 − v1|+ |u2 − v2|+ |u3 − v3| ,

such that a = (u1, u2, u3) , b = (v1, v2, v3) ∈ X. Let us define a 3-Cassini oval for
x1 = (1, 0, 0) , x2 = (0, 1, 0) , x3 = (0, 0, 1) as follows (see Figure 4) :

C [x1, x2, x3; r] = {p (x, y, z) ∈ X : (|x− 1|+ |y|+ |z|) . (|x|+ |y − 1|+ |z|)
. (|x|+ |y|+ |z − 1|) = r} .

Example 2.5. Let
(
X = R3, d

)
be a metric space with the metric d : X×X →

R defined as

d (a, b) =

√
(u1 − v1)

2
+ (u2 − v2)

2
+ (u3 − v3)

2
,

such that a = (u1, u2, u3) , b = (v1, v2, v3) ∈ X. Let us define a 3-Cassini oval for
x1 = (5, 0, 0) , x2 = (0, 2, 0) , x3 = (0, 0, 1) as follows (see Figure 5) :

C [x1, x2, x3; r] =

{
p (x, y, z) ∈ X :

√
(x− 5)

2
+ y2 + z2

.

√
x2 + (y − 2)

2
+ z2.

√
x2 + y2 + (z − 1)

2
= r

}
.

Example 2.6. Let
(
X = R3, d

)
be a metric space with the metric d : X×X →

R defined as

d (a, b) =
4

√
(u1 − v1)

4
+ (u2 − v2)

4
+ (u3 − v3)

4
,
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Figure 2. The 3-Cassini oval for x1 = (3, 0) , x2 = (0, 0) , x3 = (0, 4).

such that a = (u1, u2, u3) , b = (v1, v2, v3) ∈ X. Let us define a 3-Cassini oval for
x1 = (−1, 0, 0) , x2 = (1, 0, 0) , x3 = (0, 1, 0) as follows (see Figure 6) :

C [x1, x2, x3; r] =

{
p (x, y, z) ∈ X :

4

√
(x+ 1)

4
+ y4 + z4

.
4

√
(x− 1)

4
+ y4 + z4.

4

√
x4 + (y − 1)

4
+ z4 = r

}
.

Example 2.7. Let
(
X = R2, d

)
be a metric space with the metric d : X×X →

R defined as

d (a, b) =

√
(u1 − v1)

2
+ (u2 − v2)

2
,

such that a = (u1, u2) , b = (v1, v2) ∈ X. Let us define a 4-Cassini oval for x1 =
(1, 0) , x2 = (0, 0) , x3 = (0, 2) , x4 = (−3, 1) as follows (see Figure 7) :

C [x1, x2, x3, x4; r] =

{
p (x, y) ∈ X :

√
(x− 1)

2
+ y2.

√
x2 + y2

.

√
x2 + (y − 2)

2
.

√
(x+ 3)

2
+ (y − 1)

2
= r

}
.
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Figure 3. The 3-Cassini oval for x1 = (1, 0) , x2 = (0, 0) , x3 = (0, 1).

Example 2.8. Let
(
X = R2, d1

)
and

(
X = R2, d2

)
be two metric spaces with

the metrics d1,2 : X ×X → R defined as

d1 (a, b) =

√
(u1 − v1)

2
+ (u2 − v2)

2
,

d2 (a, b) = |u1 − v1|+ |u2 − v2| ,
such that a = (u1, u2) , b = (v1, v2) ∈ X. Now, let us define two 4-Cassini ovals for
x1 = (1, 1) , x2 = (−1, 1) , x3 = (−1,−1) , x4 = (1,−1) as follows (see Figure 8) :

C1 [x1, x2, x3, x4; r] =

{
p (x, y) ∈ X :

√
(x− 1)

2
+ (y − 1)

2
.

√
(x+ 1)

2
+ (y − 1)

2

.

√
(x+ 1)

2
+ (y + 1)

2
.

√
(x− 1)

2
+ (y + 1)

2
= r

}
,

C2 [x1, x2, x3, x4; r] = {p (x, y) ∈ X : (|x− 1|+ |y − 1|) . (|x+ 1|+ |y − 1|)
. (|x+ 1|+ |y + 1|) . (|x− 1|+ |y + 1|) = r} .

Notice that C1 also contains a sinusoidal spiral when r = a4 = 4; since x1, ..., x4 are
chosen as corners of a regular n-gon (a square in this case). Here a =

√
2 denotes

the radius of the square with respect to the d1 metric.
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Figure 4. The 3-Cassini oval for x1 = (1, 0, 0) , x2 = (0, 1, 0) , x3 = (0, 0, 1).

Proposition 2.1. Let (X, d) be a metric space, and C[x1, . . . , xk; r] and
C ′[x′

1, . . . , x
′
k; r

′] two k-Cassini ovals. Then there exists at least one self-mapping
T : X → X such that T fixes the k-Cassini ovals C = C[x1, . . . , xk; r] and C ′ =
C ′[x′

1, . . . , x
′
k; r

′].

Proof. Let us define the self mapping T : X → X as

Tx =

{
x, x ∈ C ∪ C ′

α, otherwise

for all x ∈ X, where α is a constant such that
∏k

i=1 d(α, xi) ̸= r and
∏k

i=1 d(α, x
′
i) ̸=

r′. It is clear that for all x ∈ C ∪ C ′, x is a fixed point of T . As a result, T fixes
both C and C ′ as a whole. □

Proposition 2.1 can be generalized as follows:



52 GÜVENÇ AND TAŞ

Figure 5. The 3-Cassini oval for x1 = (5, 0, 0) , x2 = (0, 2, 0) , x3 = (0, 0, 1).

Proposition 2.2. Let (X, d) be a metric space, and C[x1, . . . , xk; r], ...,
Cn[xn

1 , . . . , x
n
k ; r

n] any k-Cassini ovals. Then there exists at least one self-mapping
T :X→X such that T fixes the k-Cassini ovals C[x1, . . . , xk; r], ..., C

n[xn
1 , . . . , x

n
k ; r

n].

Proof. By the similar arguments used in the proof of Proposition 2.1, it can
be easily seen. □

From Propositions 2.1 and 2.2, it is important to search the existence and
uniqueness conditions of the fixed k-Cassini ovals. We can say that the fixed k-
Cassini oval does not have to be unique as seen from the above propositions. For
this purpose, we give the following theorems:

Theorem 2.1. Let (X, d) be a metric space and C[x1, . . . , xk; r] any k-Cassini
oval on X. Let us define the mapping µ : X → [0,∞) as

µ (x) =

k∏
i=1

d(x, xi),

for all x ∈ X. If there exists a self-mapping T : X → X such that
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Figure 6. The 3-Cassini oval for x1 = (−1, 0, 0) , x2 = (1, 0, 0) , x3 =

(0, 1, 0).

(Ck1) d(x, Tx) ⩽ µ(x)− µ(Tx) for all x ∈ C[x1, . . . , xk; r],

(Ck2)
∏k

i=1 d(Tx, xi) ⩾ r for all x ∈ C[x1, . . . , xk; r],
(Ck3) d(Tx, Ty) ⩽ hd (x, y) for all x ∈ C[x1, . . . , xk; r], y ∈ X−C[x1, . . . , xk; r]

and some h ∈ (0, 1) ;
then C[x1, . . . , xk; r] is the unique fixed k-Cassini oval of T.

Proof. Now, we prove the existence of a fixed k-Cassini oval of T . Let x ∈
C[x1, . . . , xk; r]. Using the hypothesis, we obtain

d(x, Tx) ⩽ µ(x)− µ(Tx)

=

k∏
i=1

d(x, xi)−
k∏

i=1

d(Tx, xi)

= r −
k∏

i=1

d(Tx, xi) ⩽ r − r = 0
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Figure 7. The 4-Cassini oval for x1 = (1, 0) , x2 = (0, 0) , x3 = (0, 2) ,

x4 = (−3, 1).

and so x is a fixed point of T . Hence, C[x1, . . . , xk; r] is a fixed k-Cassini oval of T .
Finally, we show the uniqueness of a fixed k-Cassini oval. On the contrary,

we assume that C[x′
1, . . . , x

′
k; r

′] is another fixed k-Cassini oval of T . Let x ∈
C[x1, . . . , xk; r] and y ∈ C[x′

1, . . . , x
′
k; r

′] such that x ̸= y. Using the condition
(Ck3), we get

d(Tx, Ty) = d(x, y) ⩽ hd(x, y),

a contradiction with h ∈ (0, 1). It should be x = y. Consequently, C[x1, . . . , xk; r]
is a unique fixed k-Cassini oval of T . □

Remark 2.2. (i) Theorem 2.1 generalizes the given fixed-circle theorem in [17]
and the given fixed Cassini curve result in [7].

(ii) The condition (Ck1) guarantees that Tx is not in the exterior of the k-
Cassini oval C = C[x1, . . . , xk; r] for each x ∈ C and the condition (Ck2) guarantees
that Tx is not in the interior of the k-Cassini oval C for each x ∈ C. So we have
T (C) ⊆ C.

(iii) The condition (Ck3) can be considered as Banach type contractive condi-
tion.
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Figure 8. The 4-Cassini ovals C1 (left) and C2 (right)

Example 2.9. Let (X, d) be a metric space, C1 = C[x1, . . . , xk; r], C2 =
C[x′

1, . . . , x
′
k; r

′] any two k-Cassini ovals and α a constant such that

k∏
i=1

d(α, xi) ̸= r and

k∏
i=1

d(α, x′
i) ̸= r′.

Let us define the self-mapping T : X → X as

Tx =

{
x, x ∈ C1 ∪ C2

α, otherwise

for all x ∈ X. Then T satisfies the conditions (Ck1) and (Ck2), but T does not
satisfy the condition (Ck3). T fixes two k-Cassini ovals C1 and C2.

In the following example, we see that T has a unique fixed k-Cassini oval.

Example 2.10. Let (X, d) be a metric space, C = C[x1, . . . , xk; r] any k-Cassini
oval and α a constant such that

3d (x, α) < d (x, y) ,

for all x ∈ C and y ∈ X − C. Let us define the self mapping T : X → X as

Tx =

{
x, x ∈ C

α, otherwise

for all x ∈ X. Then T satisfies the conditions (Ck1), (Ck2) and (Ck3). Hence C is
a unique fixed k-Cassini oval of T .

Theorem 2.2. Let (X, d) be a metric space, C = C[x1, . . . , xk; r] any k-Cassini
oval on X and the mapping µ : X → [0,∞) defined as in Theorem 2.1. If there
exists a self-mapping T : X → X such that

(C ′
k1) d (x, Tx) ⩽ µ (x) + µ (Tx)− 2r for all x ∈ C[x1, . . . , xk; r],
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(C ′
k2)

∏k
i=1 d(Tx, xi) ⩽ r for all x ∈ C[x1, . . . , xk; r],

(C ′
k3) d (Tx, Ty) ⩽ hmax {d (x, y) , d (Tx, x) , d (Ty, y)} for all x ∈ C[x1, . . . , xk; r],

y ∈ X − C[x1, . . . , xk; r] and some h ∈ (0, 1) ,
then C[x1, . . . , xk; r] is a unique fixed k-Cassini oval of T .

Proof. Now, we prove the existence of a fixed k-Cassini oval of T . Let x ∈
C[x1, . . . , xk; r]. Using the hypothesis, we get

d (x, Tx) ⩽ µ (x) + µ (Tx)− 2r

=

k∏
i=1

d(x, xi) +

k∏
i=1

d(Tx, xi)− 2r

= r +

k∏
i=1

d(Tx, xi)− 2r

=

k∏
i=1

d(Tx, xi)− r ⩽ r − r = 0

and so x is a fixed point of T . Hence C[x1, . . . , xk; r] is a fixed k-Cassini oval of T .
Finally, we show the uniqueness of C[x1, . . . , xk; r]. Let us assume C ′[x′

1, . . . , x
′
k; r

′]
is another fixed k-Cassini oval of T . Let x ∈ C[x1, . . . , xk; r] and y ∈ C ′[x′

1, . . . , x
′
k; r

′]
such that x ̸= y. Using the condition (C ′

k3) , we obtain

d (Tx, Ty) = d (x, y) ⩽ hmax {d (x, y) , d (Tx, x) , d (Ty, y)}
= hd (x, y) ,

a contradiction with h ∈ (0, 1) . Thus we have x = y. Consequently, C[x1, . . . , xk; r]
is unique. □

Remark 2.3. i) Theorem 2.2 generalizes the given fixed-circle theorem in [17]
and the given fixed-Cassini curve result in [7].

ii) The condition (C ′
k1) guarantees that Tx is not in the interior of the k-Cassini

oval C = C[x1, . . . , xk; r] for each x ∈ C and the condition (C ′
k2) guarantees that

Tx is not in the exterior of the k-Cassini oval C for each x ∈ C. So we have
T (C) ⊆ C.

Example 2.11. Let (X, d) be a metric space, C = C[x1, . . . , xk; r] any k-Cassini
oval and α a constant such that

d (y, α) < d (x, y)

and
2d (x, α) < d (x, y) ,

for all x ∈ C and y ∈ X − C. Let us define the self mapping T : X → X as

Tx =

{
x, x ∈ C

α, otherwise

for all x ∈ X. Then T satisfies the conditions (C ′
k1), (C

′
k2) and (C ′

k3). So C is a
unique fixed k-Cassini oval of T .
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Theorem 2.3. Let (X, d) be a metric space, C = C[x1, . . . , xk; r] any k-Cassini
oval on X and the mapping µ : X → [0,∞) defined as in Theorem 2.1. If there
exists a self-mapping T : X → X satisfying the conditions (Ck1), (Ck3) and

(C ′′
k 2) βd (x, Tx) +

∏k
i=1 d(Tx, xi) ⩾ r for each x ∈ C[x1, . . . , xk; r] and some

β ∈ [0, 1) ,
then C[x1, . . . , xk; r] is a unique fixed k-Cassini oval of T .

Proof. We prove the existence of a fixed k-Cassini oval of T. Let
x ∈ C[x1, . . . , xk; r]. Using the hypothesis, we find

d (x, Tx) ⩽ µ (x)− µ (Tx)

=

k∏
i=1

d(x, xi)−
k∏

i=1

d(Tx, xi)

= r −
k∏

i=1

d(Tx, xi)

⩽ r − r + βd (x, Tx) = βd (x, Tx)

and since β ∈ [0, 1) , then it should be x = Tx. Hence C[x1, . . . , xk; r] is a fixed
k-Cassini oval of T .

Using similar arguments given in the proof of Theorem 2.1, the uniqueness of
a fixed k-Cassini oval can be easily seen. □

Remark 2.4. i) Theorem 2.3 generalizes the given fixed-circle theorem in [17]
and the given fixed-Cassini curve result in [7].

ii) The condition (C ′′
k 2) implies that Tx can lie on or the exterior or interior

of the k-Cassini oval.
iii) If we consider Example 2.10, then the conditions of Theorem 2.3 are satis-

fied by T defined in Example 2.10.

Theorem 2.4. Let (X, d) be a metric space and C[x1, . . . , xk; r] any k-Cassini
oval on X. Let us define the mapping ϕ : R+ ∪ {0} → R as

ϕ (x) =

{
x− r, x > 0
0, x = 0

for all x ∈ R+ ∪ {0} . If there exists a self-mapping T : X → X satisfying

(C ′′′
k 1)

∏k
i=1 d(Tx, xi) = r for each x ∈ C[x1, . . . , xk; r],

(C ′′′
k 2) d(Tx, Ty) > r for each x, y ∈ C[x1, . . . , xk; r] with x ̸= y,

(C ′′′
k 3) d(Tx, Ty) ⩽ d (x, y)− ϕ (d (x, Tx)) for each x, y ∈ C[x1, . . . , xk; r],

(C ′′′
k 4) d(Tx, Ty) < max {d (x, y) , d (x, Tx) , d (y, Ty) , d (x, Ty) , d (y, Tx)} for

each x ∈ C[x1, . . . , xk; r] and y ∈ X − C[x1, . . . , xk; r],
then C[x1, . . . , xk; r] is a unique fixed k-Cassini oval of T .

Proof. To prove the existence of a fixed k-Cassini oval of T , we suppose that
x ∈ C[x1, . . . , xk; r]. Let x be any point in X such that x ̸= Tx.Using the condition
(C ′′′

k 2), we have

(2.1) d
(
Tx, T 2 (x)

)
> r,
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and using (C ′′′
k 3), we get

d
(
Tx, T 2 (x)

)
⩽ d (x, Tx)− ϕ (d (x, Tx))

= d (x, Tx)− d (x, Tx) + r = r,

a contradiction with (2.1). Hence it should be x = Tx and so C[x1, . . . , xk; r] is a
fixed k-Cassini oval of T.

Finally, we show the uniqueness of the fixed k-Cassini oval C[x1, . . . , xk; r] of
T . To do this, let C ′[x′

1, . . . , x
′
k; r

′] be another fixed k-Cassini oval of T , x ∈
C[x1, . . . , xk; r] and y ∈ C ′[x′

1, . . . , x
′
k; r

′] such that x ̸= y. By (C ′′′
k 4), we get

d (Tx, Ty) = d (x, y) < max {d (x, y) , d (x, Tx) , d (y, Ty) , d (x, Ty) , d (y, Tx)}
= max {d (x, y) , 0, 0, d (x, y) , d (y, x)}
= d (x, y) ,

a contradiction. It should be x = y. Consequently, C[x1, . . . , xk; r] is a unique fixed
k-Cassini oval of T. □

Remark 2.5. (i) Theorem 2.4 is a generalization of a fixed-circle theorem
in [17].

(ii) The condition (C ′′′
k 4) can be considered as Rhoades type contractive con-

dition [18].

Example 2.12. Let X = {−1, 0, 1, 5, 120, 150} be the usual metric space. Let
us take a 3-Cassini oval C [−1, 0, 1; 120] such as

C [−1, 0, 1; 120] = {x ∈ X : |x+ 1| . |x| . |x− 1| = 120} = {5} .

Let us define the self-mapping T : X → X as

Tx = 5,

for all x ∈ X. Then T satisfies the conditions of Theorem 2.4 and so C [−1, 0, 1; 120]
is a unique fixed 3-Cassini oval of T .

Now we investigate a contraction that excludes the identity map IX : X → X
defined by IX (x) = x for all x ∈ X in Theorems 2.1,2.2,2.3,2.4. Initially, we provide
a condition that is satisfied exclusively by the identity map IX as follows:

Theorem 2.5. Let (X, d) be a metric space, C[x1, . . . , xk; r] any k-Cassini oval
on X and the mapping µ : X → [0,∞) defined as in Theorem 2.1. T satisfies the
condition

(Iex)

d (x, Tx) ⩽
k

k + 1

|µ (x)− µ (Tx)|
max {D1, D2}

for all x ∈ X if and only if T = IX . Here we denote

D1=

k−2∑
m=0

[d (x, Tx)]k−m−1
.

∑
1⩽i1<i2<...<im⩽k

[d (Tx, xi1) .d (Tx, xi2) . · · · .d (Tx, xim)]
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+
∑

m=k−1
1⩽i1<i2<...<im⩽k

[d (Tx, xi1) .d (Tx, xi2) .....d (Tx, xim)]

and

D2 =

k−2∑
m=0

[d (x, Tx)]
k−m−1

.
∑

1⩽i1<i2<...<im⩽k

[d (x, xi1) .d (x, xi2) .....d (x, xim)]


+

∑
m=k−1

1⩽i1<i2<...<im⩽k

[d (x, xi1) .d (x, xi2) .....d (x, xim)] .

Proof. Let T satisfy the condition (Iex) and x ̸= Tx for some x ∈ X. Firstly,
notice that D1 > 0 and D2 > 0, considering the fact that x1, x2, ..., xk are distinct
points and for m = k − 1, the last parts of D1 and D2 have at least one positive
term. In this case, we arrive at max {D1, D2} > 0, which does not lead to a division
by zero error. One can directly distribute the following terms in left hand side as

(2.2)

k∏
i=1

(a+ bi) =

k−1∑
m=0

ak−m
∑

1⩽i1<i2<...<im⩽k

bi1 .bi2 .....bim +

k∏
i=1

bi ;

for a ⩾ 0, bi ⩾ 0, i ∈ {1, 2, ..., k} . Here, let at most one of the bi be 0; otherwise,
all bi > 0. Our selection of numbers will become clear as we explore two options:

(i) If µ (x) ⩾ µ (Tx) , using (Iex) and writing a = d (x, Tx) , bi = d (Tx, xi) in
equation (2.2), we have

(k + 1) d (x, Tx) ⩽ k
µ (x)− µ (Tx)

max {D1, D2}
⩽ k

∏k
i=1 d (x, xi)−

∏k
i=1 d (Tx, xi)

D1

⩽ k

∏k
i=1 [d (x, Tx) + d (Tx, xi)]−

∏k
i=1 d (Tx, xi)

D1

= k
d (x, Tx) .D1

D1
= k.d (x, Tx) ;

a contradiction with x ̸= Tx. Notice that when we factor out d (x, Tx) , we carefully
separate the last term from the sum in order to avoid the indeterminate form

[
00
]
.

(ii) If µ (x) ⩽ µ (Tx) , using (Iex) and writing a = d (Tx, x) , bi = d (x, xi) in
equation (2.2), we obtain

(k + 1) d (x, Tx) ⩽ k
µ (Tx)− µ (x)

max {D1, D2}
⩽ k

∏k
i=1 d (Tx, xi)−

∏k
i=1 d (x, xi)

D2

⩽ k

∏k
i=1 [d (Tx, x) + d (x, xi)]−

∏k
i=1 d (x, xi)

D2

= k
d (x, Tx) .D2

D2
= k.d (x, Tx) ;

Again, this contradicts x ̸= Tx.Hence, the assumption x ̸= Tx for some x ∈ X
is wrong. So x = Tx for all x ∈ X, that is, T = IX . The converse statement is
trivial. □
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Remark 2.6. If a self-mapping T : X → X satisfies the conditions of Theorems
2.1 to 2.4, but does not satisfy the condition (Iex) , then we exclude the identity
map. As conclusion, we can state the following final theorem:

Theorem 2.6. Let (X, d) be a metric space, C[x1, . . . , xk; r] any k-Cassini oval
on X and the mapping µ : X → [0,∞) defined as in Theorem 2.1. If T satisfies
the conditions of the Theorems 2.1 to 2.4, and in addition

d (x, Tx) >
k

k + 1

|µ (x)− µ (Tx)|
max {D1, D2}

for some x ∈ X, then T is not the identity map and C[x1, . . . , xk; r] is the unique
fixed k-Cassini oval of T.

For k = 2, the k-Cassini oval becomes the well-known Cassini oval and all of
our results are valid. So we can give the following corollary for k = 2:

Corollary 2.1. Let (X, d) be a metric space, C[x1, x2; r] any Cassini oval on
X and the mapping µ : X → [0,∞) defined as

µ (x) = d (x, x1) d (x, x2) .

If T satisfies the conditions of the Theorems 2.1 to 2.4 (for k = 2), and in addition

d (x, Tx) >
2

3

|µ (x)− µ (Tx)|
max {D1, D2}

for some x ∈ X, then T is not the identity map and C[x1, x2; r] is the unique fixed
Cassini oval of T. Here we denote

D1 = d (x, Tx) + [d (Tx, x1) + d (Tx, x2)]

and

D2 = d (x, Tx) + [d (x, x1) + d (x, x2)] .

If we consider 3-Cassini ovals, we can see that

D1 = d (x, Tx)
2
+ d (x, Tx) . [d (Tx, x1) + d (Tx, x2) + d (Tx, x3)]

+ [d (Tx, x1) .d (Tx, x2) + d (Tx, x1) .d (Tx, x3) + d (Tx, x2) .d (Tx, x3)]

and

D2 = d (x, Tx)
2
+ d (x, Tx) . [d (x, x1) + d (x, x2) + d (x, x3)]

+ [d (x, x1) .d (x, x2) + d (x, x1) .d (x, x3) + d (x, x2) .d (x, x3)] .

The rest is generated from the general formulas in Theorem 2.5. To clarify, for
m = 0, since the multiplicative identity is 1, we interpret∑

1⩽i1<i2<...<im⩽k

bi1 .bi2 .....bim

as equal to 1, in our theorems. It is also noteworthy to mention that for k = 1, if
we iterate backwards and consider D1 = D2 = 1; our results contain the fixed-circle
identity exclusion theorem too.
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3. An application to the Leaky Rectified Linear Unit (Leaky ReLU)

In this section, we give an application to the leakly rectified linear unit activa-
tion function to show the importance of the obtained results. The leakly rectified
lienar unit activation function is defined as follows [13]:

(3.1) LReLU(x) =

{
0, 01x, x ⩽ 0
x, x > 0

Let us take X = R with the usual metric. Then we get

C [1, 3, 5; 15] = {x ∈ X : |x− 1| . |x− 3| . |x− 5| = 15}
= {0, 6} .

The activation function LReLU(x) satisfies the conditions (Ck1) and (Ck2) of The-
orem 2.1 for k = 3, x1 = 1, x1 = 3, x1 = 5, r = 15, µ (x) = |x− 1| . |x− 3| . |x− 5| .
Hence C [1, 3, 5; 15] is a fixed 3-Cassini oval of T = LReLU . LReLU(x) does not
satisfy (Ck3) , so C [1, 3, 5; 15] is not unique.

-1.0 -0.5 0.5 1.0
x

0.2

0.4

0.6

0.8

1.0

LReLU(x)

Figure 9. The LReLU(x) Function

It is obvious that LReLU(x) ̸= IX . Let us see that for x = −1 ∈ X = R, the
condition (Iex) is invalid. Since T (−1) = −0, 01, we have

d (−1, T (−1)) = |−1− (−0.01)| = 0, 99

µ (x) = µ (−1) = |−1− 1| . |−1− 3| . |−1− 5| = 48,

µ (Tx) = µ (−0, 01) = |−0, 01− 1| . |−0, 01− 3| . |−0, 01− 5| = 15, 185501



62 GÜVENÇ AND TAŞ

D1 = d (x, Tx)
2
+ d (x, Tx) . [d (Tx, x1) + d (Tx, x2) + d (Tx, x3)]

+ [d (Tx, x1) .d (Tx, x2) + d (Tx, x1) .d (Tx, x3) + d (Tx, x2) .d (Tx, x3)]

= (0, 99)
2
+ (0, 99) . [(1, 01) + (3, 01) + (5, 01)]

+ [(1, 01) . (3, 01) + (1, 01) . (5, 01) + (3, 01) . (5, 01)]

= 33, 1001

D2 = d (x, Tx)
2
+ d (x, Tx) . [d (x, x1) + d (x, x2) + d (x, x3)]

+ [d (x, x1) .d (x, x2) + d (x, x1) .d (x, x3) + d (x, x2) .d (x, x3)]

= (0, 99)
2
+ (0, 99) . [2 + 4 + 6]

+ [2.4 + 2.6 + 4.6]

= 56, 8601

k

k + 1

|µ (x)− µ (Tx)|
max {D1, D2}

=
3

4

|48− 15, 185501|
56, 8601

≈ 0, 432832

As a result, for x = −1, we find

d (x, Tx) = 0, 99 > 0, 432832 ≈ k

k + 1

|µ (x)− µ (Tx)|
max {D1, D2}

.

So, the fact that LReLU(x) ̸= IX is also validated by satisfying the opposite of
(Iex).
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